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Introduction 



The theory of higher categories is notorious for having an excessive proUferation of definitions, many of 

which arc difficult to compare with one another. Nevertheless, a general consensus has emerged in some 
special cases. Let us use the term (oo, n)-category to indicate a higher category in which all fc-morphisms are 
assumed to be invertible for k > n. It has long been understood that the theory of (oo, 0)-categories (that 
is, higher categories in which all morphisms are rcqiiired to be invertible) should be equivalent to classical 
homotopy theory. Consequently, for practical purposes one can define an (oo, 0)-category to be a topological 
space, or a simplicial set which satisfies the Kan extension condition. 

The theory of (oo, l)-categorics is also quite well understood, though in this case there is a variety of 
possible approaches. Arguably the simplest of these is the Boardman-Vogt theory weak Kan complexes: 
that is, simplicial sets which satisfy a weaker version of the Kan extension condition (these are also known 
as quasicategories in the literature; we will follow the terminology of [40] and refer to them simply as co- 
categories). However, there are a number of other possible approaches: for example, one could define an 
(oo, l)-category to be a topological category (that is, a category C in which every mapping set Home(X, y) 
is endowed with a topology, such that the composition of morphisms is continuous) , a simplicial category, a 
Segal category, or a complete Segal space. These notions are equivalent to one another. More precisely, we 
have the following: 

Theorem 0.0.1. There is a diagram of right Quillen equivalences 

SetA CatA 

Go 

Fun(A''f , SetA) ^ Segset^, 

with the following features: 

{Al) In the upper left hand corner, we have the category SetA of simplicial sets, endowed with the Joyal 
model structure (see ^T.2.2.5). The fibrant objects of SetA are precisely the oo-categories. 

{A2) In the upper right comer, we have the category Gat a of simplicial categories, with the model structure 
constructed by Bergner in [7]; see also ^T.A.3.2. 

{A3) In the lower right corner, we have the category Segsct^ of preSegal categories: that is, bisimplicial sets 
X,, with the property that the 0th column X,o is a constant simplicial set. These we endow with the 
projective model structure (see Theorem 2.2.16). 

(j44) In the lower left corner, we have the category Fun(A°^, SetA) of all bisimplicial sets, which we endow 
with the complete Segal model structure introduced by Rezk (see [55] or Proposition 1.5.4). 

(Bl) The upper horizontal arrow is given by the homMopy coherent nerve functor N : CatA SetA of 
Cordier and Porter. This is a right Quillen equivalence by virtue of Theorem T. 2. 2. 5.1 (an alternative 
proof is given in [32]). We denote the left adjoint of this functor by <L : SetA — * CatA- 

{B2) The left vertical arrow is given by the forgetful functor Go : Fim(A°^, SetA) — > SetA which carries a 
bisimplicial set X„ to the 0th row Xo». -Joyal and Tierney have shown that this functor is a right 
Quillen equivalence (see [33]); we will reprove this result as Corollary 4.3.14. 

{B3) The right vertical arrow associates to every simplicial category C, the bisim,plicial set N(C,), obtained by 
applying the nerve construction degreewise. It determines a fully faithful embedding from the category 
Gat A of simplicial categories to the category Seg§f.t^ of preSegal categories, and is a right Quillen 
equivalence (a proof of this result is given in [10]; we will prove a generalization of this result as 
Theorem 2.2.16). 
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(B4) The lower horizontal arrow denotes a right adjoint to the inclusion Seg$et^ C Fun(A''^, SetA)- Bergner 
has shown that this functor is a right Quillen equivalence (see [10]; we will prove a generalization of 
this result as Proposition 2.3.1). 

Remark 0.0.2. There is a sense in which the diagram of Theorem 0.0.1 is commutative up to homotopy. 
Let Fq : SetA — ^ Fun(A°'', SetA) be a left adjoint to Gq, and let Fi : SetA — * Pun(A°P, SetA) denote the 
composition 

SetA CatA C S'e.gsctA ^ Fun(A°P, SetA). 

There exists another functor F : SetA Fun(A°^, SetA) and a pair of natural transformations Fq <— F ^ Fi 
with the following property: for every simplicial set X, the induced maps Fo{X) ^ F{X) Fi{X) are 
weak equivalences (with respect to the complete Segal model structure on Fim(A°'', SetA))- 

To describe the functor F : SetA —>■ Fun(A°^, SetA), it is convenient to introduce yet another object: 
the category (SetA)/ n(a°p) of simplicial sets X equipped with a map X — *• N(A°^), where A denotes the 
category of simplices. This category is related to the category Fun(A°^, SetA) by a pair of adjoint functors 

(SetA)/ N(A)»p -e — ^ Fun( A°^', SetA) 

' ^ ' N.(A<'f) 

where N,(A°p) denotes the relative nerve functor introduced in §T.3.2.5. It follows from Proposition 
T. 3. 2. 5. 18 that these adjoint functors determine a Quillen equivalence between (ScIa)/ N(A)°r' (endowed with 
the covariant model structure) and Fun(A)°^', SetA) (endowed with the injective model structure). Passing 
to localizations, we deduce the existence of a Quillen equivalence between the category Fun(A°^, SetA) (en- 
dowed with the complete Segal model structure) and (SetA)/N(A)op (endowed with a suitable localization of 
the covariant model structure). 

Let X be a simplicial set, viewed as a covariant functor from A"^ into the category of sets. By means 
of a Grothendieck construction, we can think of X in a different way: as a category cofibered in sets over 
A°P. More precisely, let A^ denote the category of simplices of X: the objects of Ax are given by maps of 
simplicial sets A" X where n > 0, and morphisms by commutative diagrams 




We can then view the nerve N(Ax)°'' as an object of (SctA)/N(A)°p- This construction determines a fully 
faithful embedding of SetA into (SetA)/N(A)<'!', which we will denote by sd. The functor F is defined to be 
the composition 

SetA ^ (SetA)/N(A)»f ^'^^""^ Fun(A°P,SetA). 

(For a definition of the natural transformations Fq <— F — > Fi, and the verification that they have the 
asserted properties, we refer the reader to §4.3). 

Wc can describe the situation informally as follows: there arc a number of models for the theory of 
(cx), l)-categories which are known to be equivalent to one another, via more-or-less explicit combinatorial 
constructions. The main goal of this paper is to establish an analogous picture for the theory of (oo,2)- 
categories; moreover, all of the essential players are slightly more elaborate versions of their {oo, l)-categorical 
counterparts. There is one exception: we do not have an obvious analogue of the adjoint functors {Fo,Go) 
in the (oo, 2)-categorical setting. However, we do have an analogue of the functor F, which serves as an 
adequate replacement. Our main results can be summarized as follows: 
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Theorem 0.0.3. There is a diagram of model categories and right Quillen equivalences 



Set^ 




(Sefi)/N(A) 



Fun(A''f , Set+) ^ Seg^ett 



where: 



{Al) In the upper left hand corner, we have the category Set^ of scaled simplicial sets: that is, pairs {X, T) 
where X is a simplicial set and T is a collection of 2-simplices in X, which includes all degenerate 



{A2) In the upper right hand comer, we have the category Catgg^+ of $ct\- enriched categories, or marked 

simplicial categories. Here Set^ denotes the category of marked simplicial sets: that is, pairs {X, M) 
where X is a simplicial set and M a collection of 1-simplices of X , which includes all degenerate 1- 
simplices. (We can think of an object of Catgg^+ as a simplicial category G, such that for every pair of 
objects x,y € G, the simplicial set Mapg(a;, y) comes equipped with a distinguished class of edges, which 
are required to be stable under composition.) 

{A3) In the lower right corner of the diagram, we have the category Seg(^§et'^) of $et\- enriched preSegal 
categories, endowed with the projective model structure of Theorem 2.2.16. This can be viewed as the 
full subcategory of Fun(A°'', §ct^) spanned by those marked bisimplicial sets X„ such that each X,o 
is a constant simplicial set. 

{A4) In the lower left comer of the diagram, we have the category Fuii(A°^, §et^) of simplicial objects of 
Set^ . We regard this category as endowed with a localization of the injective model structure which we 
will refer to as the complete Segal model structure (see Proposition 1.5.4). 

{A5) In the middle left side of the diagram, we have the category (§ei^)/N(A)°p whose objects are simplicial 
sets X equipped with both a marking and a map X N(A)°^'. We endow this category with a suitable 
localization of the coCartesian model structure, which is described in Proposition 1.5.7. 

{A6) In the middle right side of the diagram, we have the category Segg^^+ of §>et\- enriched preSegal cate- 
gories, endowed with the injective model structure of Proposition 2.3.1. 

{Bl) The upper horizontal functor : Catgg^+ — > Set^ is a decorated version of the homotopy coherent 
nerve N; it carries a marked simplicial category C to the pair (N(e),T), where T is a collection of 
2-sim,plices in 6 which depends on the collection of m,arked edges in the mapping spaces Mapg(a;,j/) 
(for the complete definition, we refer the reader to Definition 3.1.10). The functor W admits a left 
adjoint, which we will denote by (t^". 

{B2) The upper left vertical arrow (§et^)/N(A)°p ^ Set^ is defined as the right adjoint to a functor sd+ : 
§et^ — * (Set J) / N(A)°p I which is a decorated version of the functor sd : SetA (SetA) / n(a)°j' described 
in Remark 0.0.2 (in other words, we have sd'^{X,T) = {sd{X),M), where M is a collection of edges 
in sd{X) = N(Ax)°^ which depends on the collection T of 2-simplices in X). 

{B3) The upper right vertical arrow is a fully faithful embedding eatgg^+ ^ Segg^^+ , which is a decorated 
version of the embedding CatgetA Segset^^ to a marked simplicial category C,, it associates the 
bisim.plicial set N(e,), obtained by applying the nerve construction degreewise (endowed with a suitable 
marking). 



2-simplices. 
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(B4) The bottom horizontal arrow is a right adjoint to the inclusion functor Segg^^^+ ^ Fun(A°^, Set^). 

(-B5) The lower left vertical arrow is given by the marked relative nerve functor N+(A°^) described in 
%T. 3.2.5. We denote the left adjoint to this functor by S^+(A°f). 

(B6) The lower right vertical arrow is the identity functor, which is a right Quillen equivalence by virtue of 
Proposition 2.3.9. 

Moreover, this diagram is commutative in the following sense: there exists a natural transformation of 
functors a : F ^ F' where F denotes the composition 

Set^c sd^ (Set+)/N(A)op ^'^-^""^ Pun(A°f,Set+) 

and F' the composition 

Set'l C° eats^,+ Seg^^,+ Fun(A''P, Set+). 

Furthermore, for every scaled simplicial set X, the m.ap a{X) : F{X) F'{X) is a weak equivalence (with 
respect to the complete Segal model structure on Fun(A°^, Sct^)J. 

Remark 0.0.4. In Theorem 0.0.3, the category §et^ of marked simplicial sets plays the role of a good 
model for the theory of (oo, l)-categorics. Some of the assertions of Theorem 0.0.3 continue to hold if we 
replace Set J by other models. For example, the forgetful functor §et^ SetA determines a right Quillen 
equivalence if we endow SetA with the Joyal model structure (Theorem T. 3. 1.5.1). This gives rise to a 
commutative diagram of right Quillen equivalences 

eatset+ ^ CatSetA 



Fun(A°P, Set+) ^ Fun(A°P, SetA) 

which gives us another three models for the theory of (oo, 2)-catcgories. (Here the left column consists of 
Quillen equivalences appearing Theorem 0.0.3, and the right column is defined analogously.) 

The bulk of this paper will be devoted to constructing the diagram described in Theorem 0.0.3 and 
verifying that it has the desired properties. We begin in §1 by reviewing Rezk's theory of complete Segal 
spaces. We will present a variation on his definitions, which will allow us to define the model categories 
described in (A'S) and {A5), and to establish the Quillen equivalence described in {B5). In §2, we will review 
the formalism of Segal categories, which we will use to define the model categories described in (^4) and 
{A6) and to establish the Quillen equivalences of (-B3), (-B4), and (-B6). 

The notions of Segal categories and complete Segal spaces have the virtue of generalizing to higher 
dimensions: using the work of Simpson- Tamsamani or Barwick, one can give a definition of (oo, n)-category 
for any nonnegative integer n, using induction on n. However, in either case, the resulting theory describes 
an (c», n)-category as an (n + l)-uple simplicial set. Consequently, these definitions increase in complexity 
with n, and become somewhat cumbersome to work with directly. Our goal in §4 is to provide an alternative 
definition in the case n = 2 which does not share this defect. We will achieve this goal by introducing a 
theory of scaled simplicial sets. Our definition was inspired by Verity's work on stratified simplicial sets (see 
[71] and [72]), though our goals are considerably less ambitious. We will use it to define the model category 
described in (Al), and to construct the Quillen equivalences of (Bl) and (B2). In order to carry out the 
details, we will need an analogue of straightening and unstraightening constructions of §T.3.2 to the setting 
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of locally coCartesian fibrations, which we provide in §3. These constructions will be presecan be regarded 
as providing a higher-categorical version of the Grothendieck construction for lax functors, and should be 
useful in a variety of other contexts. 

Our original goal in developing the tlicjory described in this paper is to have an adequate higher-categorical 
language for describing Goodwillie's calculus of functors. In §5, we will review the rudiments of Goodwillie's 
theory (namely, the theory of first derivatives) from a higher-categorical point of view. The material of §5 is 
almost entirely independent of the remainder of the paper, except for the final section (§5.3) where we explain 
how to interpret the theory of Goodwillie derivatives as giving rise to a functor between (cjo, 2)-categories. 

Remark 0.0.5. The material presented here is really only the first step in a much larger project, whose 
aim is to understand the Goodwillie calculus in terms of higher category theory. We plan to return to this 
subject in [48]. 

1 Complete Segal Spaces 

In this section, we will review Rezk's theory of complete Segal spaces, and the higher dimensional gen- 
eralization thereof (due to Barwick). Let us begin by sketching the basic idea. Suppose that C is an 
(oo, n)-category. We would like to describe 6 in terms of invariants of a less sophisticated nature: for exam- 
ple, (oo, A;)-categories for k < n. We can begin by extracting an (oo, 0)-category Co from C, by discarding all 
of the noninvertible morphisms in C at all levels. The passage from C to Co involves a loss of information: 
Co knows everything about the objects of C, but nothing about noninvertible morphisms between them. To 
retain this information, we first note that for every pair of objects X,Y G C, we expect to have an (oo, n — 1)- 
category of morphisms Mapg(X, F). This (oo,n — l)-category depends functorially on the pair X,Y G Cq. 
Consequently, we can organize the collection of all of the (oo,n — l)-categories {Mapg(X, y)}x,yee into a 
single (oo,n — l)-category Ci, whose objects are given by triples {X e Co,y e Cq, / S Mapg(X, F)). More 
generally, for each A; > 0, we can consider an (oo,n — l)-category Cfc consisting of {2k + l)-tuples 

{Xo e CcXi e eo,...,Xfe e Co,/i G Mape(Xo,Xi),...,/fe G Mape(Xfe_i,Xfe))} 

in other words, composable sequences of morphisms 

fl Y f2 f2 fk Y 

The collection of (oo,n — l)-categories {C/s}i;>o forms a simplicial (oo,n — l)-category C, satisfying the 

following Segal condition: 

(^1) For each /c > 0, the canonical map 

Cfe^CiXeo Cixeo-.. Ci 

is an equivalence of (oo,n — l)-categories. 

This simply encodes the idea that an object of C^ consists of a sequence of k morphisms {/i}i<i<fc in C, 
constrained only by the requirement that the domain of each is the codomain of /j. 

Gonversely, if we are given a simplicial (oo,n — l)-category C, satisfying the Segal condition (Al), then 
we should be able to extract an (oo, n)-category C as follows: 

• The objects of C are the objects of Cq. 

• Given a pair of objects X, y G Co, the (oo, n — l)-category of maps Mape(X, Y) is given by the fiber 
product {X} Ci Xeo{F}. 
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• Given a sequence of objects Xq,..., Xk e Co, the composition law 

Mape(Xo,Xi) x . . .Mape(Xfc_i,Xfc) ^ Mape(Xo,Xfe) 
is given by the composite map 

({Xo} xco Ci xeo{Xi}) X ... X {{Xk-i) xq, Ci xeo{^fc}) ^ '^kXe, x...xeo({^o} x . . . x {Xk}) 

^ {Xo}xe,eiXe,{Xk}- 

Here the invertibiUty of the first map follows from assumption {Al). 

This construction determines a left inverse (up to equivalence) to the earlier process which extracts a sim- 
plicial (oo, n — l)-category from an (cx), n)-category. However, it is not generally a right inverse, because 
generally the underlying (oo, 0)-category of C does not agree with the Cq. To rule out this phenomenon, we 
need to make two additional assumptions on C,: 

{A2) The (oo, n — l)-category Co is an (oo, 0)-category. 

{A3) The simplicial (oo,n — l)-category 6, is complete (see Definition 1.2.10). 

Our objective is to make the above ideas precise, working in a general cxD-categorical context. We begin 
in §1.1 by introducing the notion of a category object of an oo-category y-. that is, a simplicial object of y 
satisfying axiom (Al) (the case of interest is that in which ^ is some version of the theory of (oo, n — 1)- 
catcgorics). In order to formulate axiom (A2), we need need to assume that ^ is equipped with a suitable 
subcategory X C y of "oo-groupoids" . In §1.2, we will formulate analogues of {A2) and {A3) under the 
assumption that the inclusion X C ^ is a distributor (see Definition 1.2.1). By imposing (^1), (^2), and 
{A3), we will obtain a full subcategory CSSxcy C Fun(N(A)°^', y) which we will refer to as the oo-category 
of complete Segal space objects of y. In §1.3, we will show that the diagonal embedding X CSSxcy 
gives rise to another distributor, so the construction ^ CSSxcy can be iterated. To obtain the theory 
of (oo, n)-catcgorics, we simply apply this construction n times, with initial data X = y = S. In §1.4 we 
will present an alternative construction: we can begin instead with the distributor § C Catoo and apply the 
above construction (n — 1) times. (The fact that these two constructions give the same result is not obvious: 
it depends on the equivalence between our theory of oo-catcgories and the theory of complete Segal spaces. 
This is a result of Joyal and Tierney which we will later reprove as Corollary 4.3.14.) 

We will conclude this section with §1.5, where we reformulate the theory of complete Segal space objects 
in the language of model categories and use it to explain part of Theorem 0.0.3. 



1.1 Category Objects and Groupoid Objects 



Let £ be an ordinary category. Then £ is determined (up to canonical isomorphism) by the simplicial set 
N(£). In other words, we can regard the ordinary category Cat of small categories as a full subcategory of the 
category SetA of simplicial sets. Moreover, we can give a simple explicit characterization of this subcategory: 
a simplicial set X, is isomorphic to the nerve of a category if and only if, for every n > 0, the canonical map 
Xn Xi Xxo Xi Xxo ■ ■ ■ Xxo Xi is a bijection. Motivated by this observation, we introduce the following 
definition: 

Definition 1.1.1. Let C be an oo-category. A category object of C is a simplicial object X £ Fun(N(A)°P, C) 
with the following property: for every integer n > 0, the functor X exhibits -'^'([n]) as a limit of the diagram 



X({0,1}) 



^({0}) 




X{{n-l,n}) 



X{{n}). 



(Here abuse notation identifing a nonempty finite linearly ordered set / with the corresponding object of 
A°^.) Let eat(e) denote the full subcategory of Fun(N(A)°P, C) spanned by the category objects. 
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Example 1.1.2. Let C be (the nerve of) the category of sets. Then we can identify category objects of C 
with ordinary categories. 

In other words, a simplicial object X, is a category object if, for each n > 0, the canonical map 

Xn — > Xi Xxo ^1 XXo X ■ ■ ■ XXo ^1 

is an equivalence in C; here the right hand side is well-defined so long as C admits puUbacks. 

Example 1.1.3. Let 6 be an oo-category, and let Spd(e) denote the full subcategory of Fun(N(A)''P, C) 
spanned by the groupoid objects of 6 (see Definition T.6.1.2.7). Then Spd(e) C eat(e). 

Example 1.1.4. Let 6 be an cx;-catcgory. For every object C G C, the constant functor N(A)°P {C} C C 
is a groupoid object of 6. This construction determines a fully faithful embedding (5 : C — > Spd(C). We will 
say that a groupoid object of 6 is constant if it lies in the essential image of 6. 

If C admits small colimits, then the functor 6 admits a left adjoint, given by the geometric realization 
construction 

gpd(e) c Fun(N( A)°f , e) ''"-^ e . 

It follows that if C is presentable, then the full subcategory of constant groupoid objects of C is an accessible 
localization gpd(e) (see §T.5.5.4). 

Remark 1.1.5. Since the simplicial set N{A)°p is weakly contractible, a simplicial object X, of an oo- 
category e is constant if and only if, for every morphism [m] [n] in A, the induced map X„ — *• X^ is an 
equivalence. 

For our purposes, the most important special case of Definition 1.1.1 is that in which 6 is the oo-category 
S of spaces. A category object of § is usually called a Segal space. We will later see that every Segal space 
X, determines an cxD-category. In particular, we can extract a homotopy category from X,, which is enriched 
over the homotopy category 3i of spaces. Our next goal is to explain how to extract this homotopy category 
directly from X,: 

Definition 1.1.6. Let X, be a category object of S, and let !K = hS denote the homotopy category of 
spaces. We define a ?{-enriched category, the homotopy category hX,, as follows: 

(1) The objects of hX, are the points of Xq. 

(2) Given a pair of points x,y € Xq, we define Ma,p^^{x,y) to be the homotopy fiber product 

{x} Xxo Xi Xxo M e ?{. 



(3) Given a sequence of points Xq, . . . ,Xn G Xq, the associated composition law is given by the composition 

n ^^Pw^.i^i-l^Xi) ^ {Xo} XxoXiXxoixl} Xxo^iXxo ■■■XXo{Xn-l} XXo^iXxoiXn} 

l<i<n 

{Xo} 'XXo Xi XXo Xi XXo ■ ■ ■ XXo Xi XXo {Xn} 
^ {xo} XXo Xn XXo {Xn} 

- MapHx.(a;o,a;„). 

Note that every point / G Xi determines a morphism in the homotopy category hX, , which we will denote 

by [/]. 

According to Example 1.1.3, every groupoid object of § is a Segal space. Our next goal is to establish 
a partial converse: a Segal space X, is a groupoid object of § if and only its homotopy category hX, is a 
groupoid (Proposition 1.1.8). First, we need to introduce a bit of terminology. 
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Notation 1.1.7. Let be a simplicial object of an (X)-category C. For every simplieial set K, let A/^ 
denote the category of simplices of K (see §T.4.2.3). We let X[K) denote a limit of the composite diagram 

N(A/^)°f ^ N(A)°f i e, 
if such a limit exists. This limit always exists, for example, if K is finite and 6 admits finite limits. 
Proposition 1.1.8. Let X, he a category object of$. The following conditions are equivalent: 

(1) The category object X, is a groupoid object of§. 

(2) For every point f ^ Xi, the morphism [/] is invertible in the homotopy category hX, . 
Proof. We have a puUback diagram 

X{A^) '—^XiAD 

q 

X{Kl) ^X(A{0'i'>U{2}). 

The proof of Proposition T. 6. 1.2. 6 shows that X, is a groupoid object if and only if the map p' is a homotopy 
equivalence. Since X, is a category object, the map q' is an equivalence. The composition p'og' ^ determines 
a map from r : X{I^) — > X{h^) in the oo-category §/x(A{o.i> 1J{2})) and (1) is equivalent to the assertion 
that r is a homotopy equivalence. This can be reformulated as follows: 

(1') For every point r] of X(A{°'i> U{2}), the induced map 

Tr, : X{k\) Xx(^{o,i}y{2}) W ^ ^(^o) Xx(A{<'.i> U{2}) M 

is an equivalence in §. 

In the situation of (1'), we can identify rj with a pair (/, z), where / G Xi and z G Xq. Let x and y denote 
the images of / in Xq. Unwinding the definitions, we see that can be identified with the map 

Mapix, (y, z) -> Mapi^^ (x, z) 

given by composition with [/] . This map is a homotopy equivalence for every point z £ Xo if and only if [/] 
is invertible in hX,. The requirement that this condition holds for every f G Xi is equivalent to (2). □ 

Notation 1.1.9. Let X» be a category object in §. Every point / € Xn determines a composable sequence 
of morphisms 

[/i] [/2I [h] [M 

Xo ^ Xl ^ X2 ^ ■ ■ ■ ^ Xn 

in the homotopy category hX, which is well-defined up to isomorphism, and (up to isomorphism) depends 
only on the connected component of / in X„. We will say that / is invertible if each [/j] is an invertible 
morphism of hX,. We let X~ denote full simplicial subset of X„ spanned by the invertible points, so that 
X~ is a union of connected components of Xn- The simplicial subsets {X!^ C X„}„>o assemble to form a 
new simplicial object of 8, which we will denote by X^ . 

It is straightforward to establish the following universal property of X^: 

Proposition 1.1.10. Let X, be a category object o/S. Then: 

(1) The simplicial object X~ is a groupoid object o/S. 
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(2) Let Y, he a groupoid object of S. Then composition with the canonical map X~ X, induces a 
homotopy equivalence 

Corollary 1.1.11. The inclusion Spd(S) C eat(S) admits a right adjoint, given by X, i— > 

We can informally summarize Proposition 1.1.10 as follows: X~ is the largest groupoid object contained 

in the category object X,. Our goal for the remainder of this section is to obtain a similar construction when 
X, is a category object of an arbitrary cx)-category C which admits finite limits. Our first step is characterize 
X^ in a different way. 

Notation 1.1.12. Let K denote the simplicial set 

AO ]l A3 [] A" 

obtained from A^ by collapsing the edges A^^'^^ and A^^'^^. We let C K denote the image of the edge 
^{1,2} c A3 in K. 

Proposition 1.1.13. Let C K be as in Notation LI. 12. 

(1) Let X, be a category object of S. Then the canonical map (p : X'"{K) — > X{K) is a homotopy 

equivalence. 

(2) Let C be an co-category which admits finite limits, and let Y, be a groupoid object of 6. Then the 
canonical map Y{K) Y{K'^) is an equivalence in 6. 

Proof. It follows immediately from the definitions that the map </) is a homotopy equivalence onto its essential 
image, which consists of all points of X{K) such that the induced diagram 




in the homotopy category hX, consists entirely of isomorphisms. The essential surjectivity now follows by a 
simple diagram chase. This proves (1). Assertion (2) follows from Proposition T. 6. 1.2. 6, since the inclusion 
K'^ C isT is a homotopy equivalence which is bijective on vertices. □ 

Proposition 1.1.14. Let C be an oo-category which admits finite limits. 

(1) The inclusion Spd(C) C eat(C) admits a right adjoint, which we will denote by X, i— > X^. 

(2) For every category object X, of C, the canonical maps 

= X-{K°) ^ X-{K) ^ X{K) Xo ^ Xo 

are equivalences. 

Proof. We first treat the case where C = 3'(2)) is the oo-category of presheaves on another oo-category D. 
In this case, we have canonical isomorphisms 

gpd(e) ~ Fun(D°f , gpd(S)) eat(e) ~ Pun(D°f , eat(S)), 

so assertion (1) follows from Corollary 1.1.11. To verify (2), it suffices to check that the resulting maps are 
equivalences after evaluation at every object £ D. We may therefore reduce to the case where C = §, 
where the desired result follows from Proposition 1.1.13. 
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Wc now consider the general case. Without loss of generality we may suppose that 6 is small. Let j : 
C — > J'(C) denote the Yoneda embedding. Since j preserves finite limits, it induces fully faithful embeddings 

Spd(e) c gpd(T(e)) eat(e) c eat(T(e)). 

The first part of the proof shows that the inclusion Spd(3'(C)) C Cat(CP(C)) admits a right adjoint X, X^. 
To complete the proof, it will suffice to show that if X, is a category object of CP(C) such that each X„ is 
representable (that is, each Xn lies in the essential image of the Yoneda embedding j : 6 — > J'(C)), then the 
simplicial object X~ has the same property. Since X^ is a category object of J'(C) and the collection of 
representable functors is stable under finite limits (because 6 admits finite limits and j is left exact), it will 
suffice to show that Xq and X^ arc representable. The first part of the proof shows that these objects are 
equivalent to Xq and X{K), respectively; the first is a representable functor by assumption, and the second 
is a finite limit of representable functors and therefore representable. □ 

1.2 Segal Spaces and Complete Segal Spaces 

In §1.1, we introduced the definition of a category object of an arbitary oo-category y, which gives a precise 
articulation of axiom {Al) appearing in the introduction to §1. Our goal in this section is to do the same 
for axioms (A2) and {A3). To obtain a sensible theory, we need to introduce some assumptions on y. 

Definition 1.2.1. A distributor consists of an oo-category y together with a full subcategory X satisfying 

the following conditions: 

(1) The oo-categorics X and y are presentable. 

(2) The full subcategory X C y is stable under small limits and colimits in y. 

(3) Let Y ^ X he a. morphism in y such that X £ X. Then the puUback functor X/x ^ /y preserves 
small colimits. 

(4) Let denote the full subcategory of Fun(A^,'y) spanned by those morphisms f : Y ^ X such that 
X G X, and let tt : — > X be the functor given by evaluation at {1} C A^. Since y admits pullbacks, 

the evaluation functor Fun(A-'^,y) Fun({l},y) ~ y is a Cartesian fibration, so that tt is likewise a 

— - — op — ' — op 

Cartesian fibration. Let x '■ ^ ^^^oo be a functor which classifies tt. Then x : X — > Cat,^ preserves 
small limits. 

Remark 1.2.2. Condition (2) of Definition 1.2.1 is equivalent to the requirement that the inclusion i : X C y 
preserves small limits and colimits. In view of Corollary T.5.5.2.9, this is equivalent to the requirement that 
i admits both left and right adjoints. 

Example 1.2.3. Suppose that X = y in Definition 1.2.1. Then condition (3) is equivalent to the requirement 
that colimits in X are universal, and condition (4) is equivalent to the assertion that the collection of all 
morphisms in X is local (in the sense of Definition T. 6. 1.3. 8). It follows from Theorem T. 6. 1.0. 6 and T. 6. 1.3. 9 
that the inclusion X C y is a distributor if and only if X is an oo-topos. 

Our first goal is to reformulate conditions (3) and (4) of Definition 1.2.1 in more concrete terms. 

Proposition 1.2.4. Let X C y fee a fully faithful inclusion of oo-categories satisfying conditions (1) and (2) 
of Definition 1.2.1, let K be a small simplicial set, and let q : K" — > X 6e a colimit diagram. Consider the 
following conditions: 

(a) Let X G X denote the image under q of the cone point of , so that we may view q as defining a map 
q : K ^ X/x- Let f :¥ ^ X be a morphism in y. Then the morphism K ^^/y obtained by pullback 
of q along the map f classifies a colimit diagram — > y . 
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(6) The composition x° Q '■ ~^ ^^^00 colimit diagram. Here x : X — > Cat^^ classifies the Cartesian 
fibration tt : ^ X appearing in Definition 1.2.1. 

(c) Let a : p q be a natural transformation between diagrams p,q : where q is colimit diagram 

X and a = a\K is a Cartesian transformation. Then a is a Cartesian transformation if and only ifp 
is a colimit diagram. 

Then (a) A (6) (c). 

Proof Let 6 = Fun(ii:^, y)/? and 6 = Fun(/s:, y)/?. Let 6° denote the full snbeategory of 6 spanned by 
Cartesian natural tranformations a : p ^ q, and let C'^ be defined similarly. Finally, let 6 denote the full 

subcategory of C spanned by those natural transformations a -.p such that p is a colimit diagram and 

_ -—-1 ^0 

a = a\K is a Cartesian transformation. Assertion (a) is the requirement that Cat C 6 , and assertion (c) 
- — -1 ^0 

is the requirement that Cat = C . The implication (c) => (a) is obvious. Let us assume that (a) is satisfied; 

- — -0 ^1 

we wish to show that (6) holds if and only if Cat C C . 

Let D denote the full subcategory of Fun(if^, y) spanned by the colimit diagrams. Proposition T. 4. 3. 2. 15 
asserts that the restriction map D Pun(iV', is a trivial fibration. It follows that the associated map 
D^^ Fun(if, y)/* is also a trivial fibration, and therefore restricts to a trivial fibration C ^ C°. 

— n 

According to Proposition T. 3. 3. 3.1, condition (6) is equivalent to the assertion that the projection C — > C 
is an equivalence of 00-categories. In view of the above argument, this is equivalent to the assertion that the 
fully faithful inclusion C C C is essentially surjective. Since C is clearly stable under equivalence in C, (6) 
holds if and only if C = C , as desired. □ 

Corollary 1.2.5. Let X C y be a fully faithful inclusion of 00 -categories saiisfying conditions (1) and (2) 
of Definition 1.2.1. Then X C y is a distributor if and only if the following condition is satisfied: for every 
small simplicial set K and every natural transformation a : p ^ q, if q is a colimit diagram in X and 
a = a\K is Cartesian, then a is Cartesian if and only if p is a colimit diagram. 

Remark 1.2.6. It follows from the characterization given in Corollary 1.2.5 that if X C y is a distributor, 
then X C X is also a distributor; in particular, X is an 00-topos (Example 1.2.3). 

Definition 1.2.7. Let X C y be a distributor. We will say that a simplicial object Y, G Fun(N(A)°f , y) is 

a Segal space object if the following conditions arc satisfied: 

(1) The simplicial object Y, is a category object of y. 

(2) The object lo belongs to X. 

We let SSxcy denote the full subcategory of Fun(N(A)''^',y) spanned by the Segal space objects. 
Remark 1.2.8. We have a homotopy puUback diagram of 00-categories 

SSxoy ^ Cat(y) 



X ^y, 

where Cat(y) C Fun(N(A)°P, y) is the 00-category of category objects of y. It follows from Theorem 
T. 5. 5. 3. 18 that the 00-category SSxcy of Segal space objects of y is presentable, and that each functor in 
this diagram admits a left adjoint. 
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Notation 1.2.9. Let X C ^ be a distributor. Then the inclusions 

gpd(X) c eat(X) c eat(y) 

admit right adjoints, by Proposition 1.1.14 and Remark 1.2.2. It follows that the inclusion Spd(X) C SSxcy 
admits a right adjoint, which we will denote by Gp. Note that Proposition 1.1.14 implies that for every Segal 
space object Y, e SSxcy, the colocalization map (GpF), — » Y, induces an equivalence (GpF)o — > Yq. 

Definition 1.2.10. Let X C y be a distributor. Wc will say that a Segal space object Y, of y is com.plete 
if the groupoid object (GpF), G Spd(X) is constant (Example 1.1.4). We let CSSxcy denote the full 
subcategory of Fun(N(A)°P, spanned by the complete Segal space objects. 

Remark 1.2.11. Let X C y be a distributor. It follows from Lemma T. 5. 5. 4. 17 that CSSxcy is an accessible 
localization of SSxcy, and therefore an accessible localization of Fun(N(A)°^',y). 

Our goal for the remainder of this section is to describe the localization functor L : SSxcy CSSxcy 
more explicitly. For example, given a morphism / : Y, ^ Y,' between Segal space objects of y, we would 
like a simple criterion for testing whether or not Lf is an equivalence. This criterion can be formulated as 
follows: 

Definition 1.2.12. Let X C y be a distributor, and let /, : V, ^ Y,' be a map between Segal space objects 
of y. We will say that /, is a Segal equivalence if the following conditions are satisfied: 

(a) The map | Gp Y",] \ Gp Y,'| is an equivalence in the oo-topos X. 

(6) The induced diagram 

Fi > Y{ 

Fo X Yo ^Fo'x^o 

is a puUback square in y. 
We can now state the main result of this section. 
Theorem 1.2.13. Let X C y he a distributor. Then: 

(1) The inclusion CSSxcy C SSxcy admits a left adjoint L. 

(2) Let f : Y, ^ Y,' be a morphism between Segal space objects of^. Then Lf is an equivalence if and 
only if f is a Segal equivalence. In particular, for each Y, G SSxcy , the localization map Y, — > LY, is 
a Segal equivalence. 

The remainder of this section is devoted to the proof of Theorem 1.2.13. We begin with a few easy 
observations about the collection of Segal equivalences in SSxcy ■ 

Remark 1.2.14. Let X C y be a distributor, and let / : Y, ^ Y,' be a Segal equivalence. Let K be any 
simplicial set, and let V be the set of vertices of K. Then the diagram 

Y{K) ^Y'{K) 

Hvev ^0 ^ Hvev ^0 

is a puUback square. 
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Remark 1.2.15. Let X C y be a distributor, and let G : y ^ X be a right adjoint to the inclusion of 
X into y. Then composition with G carries Segal equivalences in SSxc^s to Segal equivalences in SS-xqx- 
Combining this observation with Remark 1.2.14 and Proposition 1.1.13, we deduce that for every Segal 
equivalence / : V, — > Y,' in y, the induced diagram 

(GpF)i >(Gpr)i 



is a puUback square; in other words, the induced map GpF, GpY,' is a Segal equivalence. 
Remark 1.2.16. Let X C y be a distributor, and suppose given a commutative diagram 




of Segal space objects of y. Suppose further that 5 is a Segal equivalence. Then / is a Segal equivalence if 
and only if /i is a Segal equivalence; this follows immediately from the definition. In fact, there is a converse 

to this statement: if / and h arc Segal equivalences, then g is a Segal equivalence. This does not follow 
immediately from the definition, but it is a consequence of Theorem 1.2.13, which we will prove below. 

Remark 1.2.17. Let X C y be a distributor, and let / : Y, — > Y,' be a map between Segal space objects 
of y. Suppose that / satisfies condition (6) of Definition 1.2.12. Then condition (a) is equivalent to the 

following: 

(a') The map Yo ^ | Gp Y,'| is an effective epimorphism in the 00-topos X. 

The implication (a) =^ (a') is clear, since the map Yq |GpY,| is an effective epimorphism. Conversely, 
suppose that (a') is satisfied; we wish to show that the canonical map | Gp Y,| \ GpY,'| is an equivalence. 
This map determines an augmented simplicial object Y, : N(A+)°^' y such that Y_i = |GpY,'| and 
Y, I N(A)''P = GpY,. We wish to prove that Y, is a colimit diagram. Since X is an 00-topos and Y, is a 
groupoid. Since X is an 00-topos and the augmentation map m : Yo ^ | Gp Y,' | is an effective epimorphism, 
it will suffice to show that the augmented simplicial object Y, exhibits GpY, as a Cech nerve of u. Since 
Gp Y, is a groupoid object by assumption, we are reduced to proving that the map g : Yl ^ Yo x | Gp 
is an equivalence. This follows from (6), since g is a puUback of the equivalence Y/ YJ X|Gpyj| Yg. 

Remark 1.2.18. Let X C y be a distributor, and let / : Y", ^ Y,' be a map between Segal space objects 

of y. Suppose that / satisfies condition (6) of Definition 1.2.12. Then condition (a) is satisfied whenever 
/o : Yq — > Yq' is an effective epimorphism. This follows immediately from Remark 1.2.17, since the canonical 
map Yq I GpY,' I is an effective epimorphism. 

We will prove Theorem 1.2.13 by applying the following general principle: 

Proposition 1.2.19. Let C he an 00-category. Suppose given a full subcategory C° C 6, a collection S of 
m,orphisms in G, and a functor L : C — > C equipped with a natural transformation a : id — > L, satisfying the 

following conditions: 

(1) The full subcategory 6° and the collection of morphisms S are stable under equivalence. 

(2) Suppose given a commutative diagram 
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in C, where g belongs to S. Then f & S if and only ifh&S. 

(3) Let f : X be a morphism in Q. If X,Y G SP and f G S, then f is an equivalence. 

(4) For every object X G <5, the morphism ax ■ X LX belongs to S, and the object LX belongs to Q^. 

(5) The functor L carries morphisms of S to morphisms of S (in view of assumption (3), this is equivalent 
to the requirement that L carries morphisms of S to equivalences). 

Then: 

(a) The essential image of L coincides with 6°. 

(6) The functor L : 6 ^ C*^ is left adjoint to the inclusion of into C. 

(c) A morphism f of G belongs to S if and only if Lf is an equivalence. 

Proof. We first prove (a). Note that condition (4) guarantees that L factors through 6°. Conversely, suppose 
that X G SP. Condition (4) guarantees that LX e 6*^ and that ax ■ X —> LX belongs to 5, so that ax is 
an equivalence by (3); it follows that X belongs to the essential image of L. 

We now prove (6). In view of Proposition T.5.2.7.4, it will suffice to prove that for X G C, the maps 
ulx '■ LX — > LLX and Lax '■ LX — > LLX are equivalences. We note that condition (3) implies that 
a^x and ax belong to S. Applying (5), wc deduce that Lax is an equivalence. To prove that a^x is an 
equivalence, it will sufhce (by virtue of (3)) to show that LX and LLX belong to 6°, which follows from 
assumption (4). 

To prove (c), we must show that if / : X — > F is a morphism such that Lf is an equivalence, then f G S. 
Consider the diagram 




LX ^ LY. 

Assumption (4) guarantees that the vertical morphisms belong to S. Applying (2), we deduce that f G S as 
desired. □ 

We now proceed to deduce Theorem 1.2.13 by showing that the hypotheses of Proposition 1.2.19 are 

satisfied, if wc take C = SSxcy, = CSSxcy, and S to be the class of Segal equivalences. To prove this, 
we will need to construct a functor L : SSxcy SSxcy and a natural transformation a : id ^ L satisfying 
conditions (4) and (5). 

Construction 1.2.20. Let X C y be a distributor. We let 3 denote the oo-category N(Fun([l], A))°p. Let 
i : N(A)''P 3 denote the fully faithful inclusion which carries an object [n] € A to the morphism [n] [0], 
and let : Fun(N(A)°P, y) Fun(3, y) denote the associated right Kan extension functor. For < j < 1, 
let Ci : 3 N(A)°P be the functor given by evaluation at the object j G [1], so that the composition ej o i 
is the identity on N(A)°p. Let eg : Fun(N(A)°P, y) Fun(0, y) be given by composition with cq. 

For every Segal space object Y, of y, the canonical identification {i o eo)*Y, ~ Y, induces a map eo^. 
uV,. Form a pullback diagram 

DY, > e*oY, 



i^GpY), ^i,Y,. 

The construction Y, i-^ DY, determines a functor from SSxcy to Fun(3, y), which we will denote by D. 
We define full subcategories 3o ^ 3i C as follows: 
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• An object / : [n] — > [m] of 3 belongs to 3i if and only if / is surjective. 

• An object / : [n] — > [m] of 3 belongs to 3o if and only if / is bijective. 

Let 7r° and tt^ denote the restrictions of ei to 3o and 3i, respectively. We note that is an isomorphism. 
Let L : SSxcy — > Fun(N(A)°P, y) denote the composition 

SSxcy ^ Fun(g,y) Fun(ai,y) ^ Fun(N(A)°P,y), 

where TTj'^ is given by loft Kan extension along tt^. 

For any Segal space object Y, of the canonical map DY, n*Y, induces an identification DY, \ 3o — 
{-K^)*Yt (this follows from the observation that (Gpy)o — ^0; see Notation 1.2.9). We therefore obtain a 
canonical map 

y. -TrPpy.iao) ^TTjiw.. 

This construction determines a natural transformation a : id — > L of functors from SSxc^ to Fun(N( A)°^', y ). 

Remark 1.2.21. More informally, the functor D may be described as follows. Let Y, be a Segal space 
object of y, and let / : [n] ^ [m] be an object of 3^- Then {DY,){f) is given by the fiber product 

Lemma 1.2.22. Lei X C y 6e a distributor. Suppose given a commutative diagram 

Z—^Y 

f 

Z' Y' ^ X'. 

Assume further that: 

(1) Every square in the above diagram is a puUback. 

(2) The map f is an effective epimorphism in the 00-topos X. 

(3) The map g is an equivalence in y . 
Then the map g' is an equivalence in y . 

Proof. Let X, : N(A)°J' be a Cech nerve of /, so that Xq — X. Define simplicial objects Y, and Z, by the 
formulas 

Y„ = Y'xx'Xr, Z„ = Z'xx'X„, 

so that we have a natural transformation of simplicial objects (7, : y, — > Z». Assumption (1) guarantees that 
go is equivalent to g, and therefore an equivalence by assumption (3). Since g, is a Cartesian transformation, 
we conclude that each g„ is an equivalence. It follows that g, induces an equivalence |Z, | |y, |. Since X C y 
is a distributor, this map can be identified with the puUback of g' along the monomorphism j : |X, | — > X'. 
We complete the proof by observing that condition (2) guarantees that j is an equivalence. □ 

Lemma 1.2.23. Let X C y be a distributor, and let / : y, — > Y^ be a map between simplicial objects of^. 
Suppose that: 

(1) The object Y, is a Segal space object of^. 

(2) The induced map Yq — »• Yq is an effective epimorphism in X. 



16 



(3) For each n > 0, the diagram 

Y s- Y' 



no<i<n ^ *■ no<i<n 

is a pullback square in ^ . 
Then Y,' is a Segal space object of^, and the map f is a Segal equivalence. 

Proof. We first show that Y,' is a Segal space object of y . Since Ig e X by assumption, it will suffice to show 
that Y,' is a category object of It follows from (1) and (3) that the canonical map 

becomes an equivalence after pullback along the map g : no<j<n ^ no<i<n ^o- Assumption (2) implies 
that g is an effective epimorphism in X, so that tp is an equivalence by Lemma 1.2.22. 

We now claim that / is a Segal equivalence. This follows immediately from assumption (3) (in the case 
n = 1) and Remark 1.2.18. □ 

Lemma 1.2.24. Let X C y be a distributor, and suppose given a diagram 




of Segal space objects of^. If f and h are Segal equivalences and the map f induces an effective epimorphism 
Xq -^Yq, then g is a Segal equivalence. 

Proof. The only nontrivial point is to verify that the map 

Yi ->■ Yo Xzo Zi Xzo Yo 

is an equivalence in Since / and h are Segal equivalences, this map becomes an equivalence after pullback 
along the effective epimorphism Xq x — > Yq x Yq. We conclude by applying Lemma 1.2.22. □ 

Lemma 1.2.25. Let X be an oo-topos, and let f : X, ^ Y, be a Segal equivalence between category objects 
of X. Suppose that X, is a groupoid object and that the map Xq ^Yq is an effective epimorphism. Then Y, 

is a groupoid object. 

Proof. In view of Proposition T. 6. 1.2. 6, it will suffice to show that if if —> if' is a weak homotopy equivalence 
of finite simplicial sets which is bijective on vertices, then the induced map <p : Y{K') — » Y{K) is an 
equivalence in X. Let V denote the common vertex set of K and K'. Since the map Xq Yq is an effective 
epimorphism, it will suffice to check that <j) is an equivalence after pullback along the map n,;ey-'^o — * 
rivey ^0- Invoking Remark 1.2.14, we can identify the pullback of with the map X{K') — > X{K), which 
is an equivalence in view of our assumption that X, is a groupoid object (Proposition T. 6. 1.2. 6). □ 

Lemma 1.2.26. Fix integers m,n>0, and let C denote the full subcategory o/ A/[„] Xa ^/[n] spanned by 
those diagrams 

[m] ^ [k] ^ [n] 
for which f is surjective. Then N(C) is weakly contractible. 
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Proof. Let C' denote the full subcategory of C spanned by those objects for which the map / x 5 : [fc] — > 
[m] X [n] is injective. The inclusion C' — *■ C admits a left adjoint, given by [k] 1-^ [k]/ ~, where ~ is the 
equivalence relation defined by the requirement that i ~ j if and only if /(i) = f{j) and g{i) = g{j). 
Consequently, it will suffice to prove that N(C') is weakly contractible. We observe that C' can be identified 
with the partially ordered set of linearly ordered subsets S C [m] x [n], such that the projection map S — > [m] 
is surjective. 

We now proceed by induction on n. If n = 0, then 6' has a single object (corresponding to the subset 
S = [m] X [0]) and the result is obvious. We may therefore assume that n > 0. For < i < m + 1, let 

denote the full subcategory of C' spanned by those subsets S C [m] x [n] which do not contain (j, n) for 
j > i. We have a chain of inclusions 

The inductive hypothesis guarantees that N(C^) is weakly contractible. To complete the proof, it will suffice 
to show that each of the inclusions N(e-) C N(e^_|_i) is a weak homotopy equivalence. 

Let T) C e-+i be the full subcate gory spanned by those subsets S C [m] x [n] satisfying the following 
condition: if {i,n) € S, then {i,n - 1) e S. We will prove that the inclusions N(e-) C N(D) C N(e-+i) 
are weakly contractible. To prove this, it suffices to observe that the inclusion 6- C D has a right adjoint 

is ii (i n) ^ S 

(given by 5 I— > < ' ) and the inclusion D C N(e^_|_i) has a left adjoint (given by 

[S — {{i,n)} if (i,n) e S. 

1)} if(i,n)e5.^' 

Proposition 1.2.27. Let X Q-^ he a distributor, and let L : SSxcy Fun(N(A)°P, y) and a : id ^ L be 
as defined in Construction 1.2.20. Then: 

(1) For every Segal space object Y, o/y, the simplicial object LY, is a Segal space object of^. 

(2) For every Segal space object Y, o/^, the natural tra,nsforrn,ation a induces a Segal equivalence Y, LY,. 

(3) If f :Y, ^ Y,' is a Segal equivalence of Segal space objects o/y, then Lf is a Segal equivalence. 

(4) //Y, is a groupoid object ofX, then LY, is again a groupoid object ofX. 

(5) For every Segal space object Y, o/y, the Segal space object LY, is complete. 

Proof. Throughout the proof, we will employ the notation of Construction 1.2.20. For each object [n] G 
N(A)°^', let 3[„] denote the fiber product 3^ XN(A)op{[n]} (where 3^ maps to N(A)°^' by the projection tt^). 
We first prove: 

(*) The inclusion d\n] ^ Xn(A)°p N(A)°p)/[„] is cofinal. 

In view of Theorem T. 4. 1.3.1, it will suffice to show that for each object J G 3^ Xn(A)°p(N(A)°p)/[„], the 
00-category {d\n])j/ is weakly contractible. We can identify X with a commutative diagram 





a 

[n] -^-^ [m] 



18 



in A, where a. is surjective. The oo-category can then be identified with the opposite of the nerve 

of the category C([n] [m] [fc]) whose objects are commutative diagrams 



m 



where a' is also surjective. We observe that 



e([n] 



WW) 



is equivalent to a product 



n e(rHO-W-"-HO) 



0<i<»Ti 



(where, by convention, the category e(/3~^{i} {i\ <— a~^{i}) consists of a single object if /3~^{i} is 
empty). It therefore suSices to treat the case where m = 0, which follows from Lemma 1.2.26. 

Let Sfn] denote the subcategory of 3[n] consisting of all the objects, together with those morphisms which 
correspond to diagrams of surjective maps 



m 



[n]. 

We observe that the inclusion d'[n] ^ 2[n] is equivalent to the (n + l)st power of the inclusion N{As)°p C 
N(A)°P, and therefore cofinal (Lemma T.6.5.3.7). Combining this observation with (*), we conclude that 
for any functor F : 3^ —^^ there is a canonical equivalence 

(7r,iF)([n])~colimF|af„]. 

Let y, be a Segal space object of y. We have a pullback diagram 



DY, 



4Y, 



uGpY,\3^ ^i*Y, 

of functors from 3 toV- Invoking the assumption that Y, is a category object of y, we deduce that the right 
vertical map induces a Cartesian transformation (eoy.)|a^„] — *■ (u^«)|afn] ^ach n > 0. It follows that 
the left vertical map also induces a Cartesian transformation 

DY,\3fn]^ii* Gpr.)|a'. 
Since X C y is a distributor, Proposition 1.2.4 guarantees that the diagram 

DY.{C) > LY,{[n]) 



iu Gpr.)(C) > colim(i» Gpr.)| 
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is a puUback square in y, for each object C G Sfn]- particular, taking C to be the initial object of 
(and using the fact that colimits in X commute with products), we see that the diagram 

Yn ^ LYn 

where 

y = I Gpy.l = colimW.I afo] - LYo. 

We observe that this is the diagram induced by the natural transformation a. Since the map Yq is an 

effective epimorphism, it follows from Lemma 1.2.23 that LY, is a Segal space object of V and that the map 
a -.Y, ^ LY, is a Segal equivalence. This proves (1) and (2). 

To prove (3), let us suppose that / : 1^ — > F,' is a Segal equivalence. We wish to prove that the induced 
map Lf : LY, — > LY^ is an equivalence of simplicial object of y. Consider the diagram 



Y, — ^ y: 




Since / and ayv are Segal equivalences, wc deduce that g is a Segal equivalence (Remark 1.2.16). Using 
the fact that g and ay. are Segal equivalences, together with the fact that the map ay. induces an effective 
epimorphism Yq — > LYq ~ | Gpy, |, we deduce that Lf is a Segal equivalence (Lemma 1.2.24). 

To prove assertion (4). wc may assume without loss of generality that X = y; the desired result then 
follows from (2) and Lemma 1.2.25. It remains to prove (5). Assertion (4) guarantees that LGpY, is a 
groupoid object of X admitting a map to LY,. We therefore obtain a canonical factorization 



GpLF. 




L Gp Y. LY.. 

Let 3)[o] denote the fiber product 2^ Xn(A)°p(N(A)°p)/[o]- We have a commutative diagram 

colim(i? Gp r. ) I 3° > I Gp n I ^ \LGpY,\ 

Qo 

colim(I?GpF.)|a/[o] (iGpF)o 

91 

colim(I?r.)|a}[o] {LY)o ^ \{GpLY),. 

We now argue as follows: 

• The maps po, Pi, and p2 are equivalences by construction. 

• The map qi is an equivalence (since LYq depends only on GpY,, and the functor GpV, is idempotent). 
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• The map qo is an equivalence. To prove this, we observe that (DGpY), can be identified with 
the composition of Y, with the projection tt : — *■ N(A)°*'. It follows that tt induces a map 
colim(£) Gp y),| 3/[Qj —>■ |Gpy,| which is left inverse to qq. To prove that this left inverse is an 
equivalence, it suffices to observe that the projection 3)[o] N(A)°^' is cofinal (this follows from (*) 
and Proposition T.4.1.1.3). 

• The composition si o so is an equivalence, since the map Y, — > LY, is a Segal equivalence by (2). 

It now follows by a diagram chase that r is an equivalence, so that LY, is a complete Segal space object of 
y as desired. □ 

Lemma 1.2.28. Let X C y he a distributor, and let /, : Y, ^ Y^ be a Segal equivalence between complete 

Segal space objects of^. Then f is an equivalence. 

Proof. We must show that fn'-Yn^ Y^ is an equivalence for n > 0. Since Y, and Y,' are category objects 
of it will suffice to treat the case n < 1. 

We first consider the case n = 0. We have a commutative diagram 

|Gpr.|^^|Gpy.'| 



(Gpy)o — ^(Gpy')o 

lo ^^Fo' 

The map /' is an equivalence because / is assumed to be a Segal equivalence. The upper vertical maps are 
equivalences since Y, and Y,' arc complete, and the lower vertical maps arc always equivalences (see Notation 
1.2.9); it follows by a two-out-of-three argument that /o is an equivalence. 

We now treat the case n= 1. Since /, is a Segal equivalence, we have a pullback diagram 

Yi ^ Y{ 

Yo X Yo ^ X ^0- 

The first part of the proof shows that the lower horizontal map is an equivalence, so that the upper horizontal 
map is also an equivalence as desired. □ 

Proof of Theorem 1.2.13. Combine Propositions 1.2.19 and 1.2.27, Lemma 1.2.28, and Remark 1.2.16. □ 

For later use, we record the following property of distributors: 

Proposition 1.2.29. Let X C y be a distributor. Suppose that: 

(0) Filtered colimits in V are left exact (Definition T. 7. 3. 4-2). 

(6) Let G : y ^ X 6e a right adjoint to the inclusion. Then G commutes with filtered colimits. 
Then: 

(1) The full subcategory CSSxcy is stable under small filtered colimits in y. 
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(2) Let L : Fuii(N(A)°p, y) CSSxq^ be a left adjoint to the inclusion. Then L preserves small filtered 
colimits, when regarded as a functor from Fun(N(A)°P, V) to itself. 

(3) Filtered colimits in CSSxcy are left exact. 

(4) Let X' C CSSxcy be the essential image of the diagonal map X Fun(N(A)°P, y), and let G' be a 
right adjoint to the inclusion X' C CSSxcy- Then G' preserves small filtered colimits. 

Remark 1.2.30. Suppose that y is an absolute distributor. In this case, we can identify X with § so that the 
functor G : y — > X is corepresented by the final object 1 G y. Condition (6) is equivalent to the requirement 
that 1 is a compact object of y. 

Proof. We first prove (1). Let C be a small filtered oo-category, p : Q ^ CSSxcy a diagram, and Y, a 
colimit of p in Fun(N(A)°P, y). We wish to prove that Y, is a complete Segal space object of y. We first 
invoke (a) to deduce that Y, is a category object of y. Since Iq is a filtered colimit of objects in X, we 
deduce that Ya G X, so that Y, G SSxcy- To prove that Y, is complete, we must show that the groupoid 
Gp y, is constant. Since the collection of constant groupoid objects of X is stable under filtered colimits, it 
will suffice to show that the functor 

Gp : SSxcy Spd(X) 

preserves filtered colimit. We observe that Gp can be defined by first composing with G pointwise (which 
preserves filtered colimits by virtue of (6)) and then applying a right adjoint U to the inclusion Spd(X) C 
Cat(X). It will therefore suffice to show that U preserves filtered colimits. Since Spd(X) is stable under 
filtered colimits in X (since filtered colimits in X are left exact by Example T.7.3.4.7), it will sufiice to show 
that for each n > 0, the functor 

eat(X) ^ X 

preserves filtered colimits. Since C/(X)„ ~ U{X)i y.u(x)a ■ ■ ■ '^u(x)o U{X)i, we can reduce to the case where 
n < 1. The desired result now follows from Proposition 1.1.14 (and that fact that filtered colimits in X are 
left exact). 

Assertion (2) follows immediately from (1). Assertion (3) follows from (a), since CSSxcy is stable under 
filtered colimits and finite limits in Fun(N(A)°^', y). Finally, assertion (4) follows from the observation that 
G' is the restriction of Gp to the full subcategory CSSxcy C SSxcy, and the functor Gp preserves filtered 
colimits by the above argument. □ 

1.3 Higher-Dimensional Complete Segal Spaces 

In the last section, we saw that to every distributor X C y, one can associate a new oo-category CSSxcy of 
complete Segal objects of y. Our first goal in this section is to show that this construction can be iterated: 
according to Proposition 1.3.2, the inclusion X' C CSSxcy is again a distributor, where X' denotes the 
essential image of the (fully faithful) diagonal embedding X Fun(N(A)°P, y). First, we need to estabhsh 
a preliminary result. 

Lemma 1.3.1. Let X C y be a distributor. Suppose given an effective epimorphism U^^yXy X in the 
oo-topos X. For each v G V, let (f>y : y' ^ y' " denote the associated pullback functor. Let Y, be a 
simplicial object of^^^ such that, for each v GV, the composite functor 

y." : N(A)°f U y/-^ h y/-^" ^ y 

is a complete Segal space object of^. Then the composite functor 

Y' : N(A)°f ^ y 

is a complete Segal space object of y . 
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Proof. We first show that Y, is a category object of y. Choose n > 0, and consider the canonical map 
/ : Yn Yi ... X-Yo Yi- We wish to show that / is an equivalence. By assumption, / becomes an 
equivalence after pullback along each of the maps ^ X. It follows that / is an equivalence after pullback 
along the effective epimorphism Xy — !■ X, so that / is itself an equivalence by virtue of Lemma 1.2.22. 

We next show that Y, is a Segal space object of y. Let G : ^ — > X denote a right adjoint to the inclusion. 
For each v gV and each n > 0, we have a pullback diagram 

^ n ^ n 



Xy 9- X. 

Since G preserves pullback diagrams, we obtain a canonical identification GY^ ~ GYn Xx X^. Since each 
is a Segal space object of the maps GYq Yq are equivalences. It follows that the map GYq Yq 

becomes an equivalence after pullback along each of the maps Xy ^ X. Arguing as above, we conclude that 

GYq ^ 1^ is an equivalence, so that Yq € X as desired. 

It remains to show that Y, is complete. For each v € V, let Xy denote the constant simplicial object of 

X taking the value Xy, and define X similarly. We have a pullback diagram of Segal space objects 

y: — > Y, 

Xy X 

for each v £V. It follows that the induced diagram 

Gpl7 ^GpY. 

GpXy ^GpX 

is a pullback square of groupoid objects in X. Since each Y^ is complete, we conclude that the groupoid 
object GpY, becomes constant after pullback along each of the maps Xy X. It follows that GpY, becomes 
constant after pullback along the effective epimorphism U,;'^i' ~^ X- The desired result now follows from 
Lemma 1.2.23 and Remark 1.1.5. □ 

Proposition 1.3.2. Let X C y fee a distributor, and let X' denote the essential image of the diagonal 
embedding X Fun(N(A)°P, X) C Fun(N(A)°f Then the inclusion X' C CSSxcy is a distributor. 

Proof. Since the oo-category N(A)°^' is weakly contractiblc, the diagonal functor X ^ X' is an equivalence 
of oo-categorics. In particular, X' is presentable. Since X C y is stable under small limits and colimits, the 
full subcategory X' is stable under limits and colimits in Fun(N(A)°P, y), and in particular in CSSx<z^- To 
complete the proof, we will show that the inclusion X' C CSSxc^ satisfies the conditions of Corollary 1.2.5. 
Let iiT be a small simplicial set and let a -.p ^ qhea natural transformation of diagrams p, q : K'^ — > CSSxcy 
such that g is a colimit diagram in X' and the restriction a = a\K is a Cartesian transformation. We wish 
to prove that the following assertions are equivalent: 

(a) The natural transformation a is Cartesian. 

(fe) The diagram p is a colimit diagram in CSSxcy- 

For every object [n] G N(A)°p, the induced map : K'' — > X is a colimit diagram, and the induced 
transformation is Cartesian. Applying Corollary 1.2.5, we deduce that (a) is equivalent to the following 
requirement: 
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(6') For each [n] G N(A)°^', the map p[„] : K" ^ ^ is a cohmit diagram. In other words, p is a cohmit 
diagram in the oo-category Fun(N(A)°P, y). 

It is clear that (6') implies (6). To prove the converse, let Y, be a colimit oi p = p\K in the oo-category 
Fun(N(A)°P, y); we must show that Y, is a complete Segal space object of y. 
Without loss of generality, we may assume that q factors as a composition 

X X ^ X', 

where q" is the diagonal map. Let X G 'X denote the image of the cone point under q'. For every vertex v 
of K, let Xy denote the image of v under q', so that we have an effective epimorphism Xy ^ X in the 
oo-topos X. The map a determines a lifting of Y, to a simplicial object of y' . Using Corollary 1.2.5 and 
the fact that p factors through CSSxcy , we deduce that each of the induced diagrams 

is a complete Segal space object of y. It follows from Lemma 1.3.1 that Y, is a complete Segal space object 
of y, as desired. □ 

In practice, we are primarily interested in the case of distributors X C y where y is an oo-category of 
(oo, n)-categories, and X is the full subcategory spanned by the oo-groupoids. In this case, X is equivalent 
to the oo-catcgory of spaces and its inclusion into y is uniquely determined. Consequently, Definition 1.2.1 

can be rephrased entirely in terms of the ambient category y: 

Definition 1.3.3. Let y be a presentable oo-category. It follows from Theorem T. 5. 1.5. 6 that there exists 
a functor F : S — > V which preserves small colimits and final objects; moreover, F is uniquely determined up 
to equivalence. We will say that y is an absolute distributor if the following conditions are satisfied: 

(1) The functor F is fully faithful. 

(2) The inclusion X C y is a distributor, where X denotes the essential image of F. 

In this case, we let SSy and CSSy denote the oo-catc!gorics 5'S'xcy and CSSxcy of Segal space objects and 
complete Segal space objects associated to the distributor X C y. 

Corollary 1.3.4. Let y be an absolute distributor. Then the oo-category CSSy of complete Segal space 
objects of^ is again an absolute distributor. 

Example 1.3.5. The oo-category § of spaces is an absolute distributor. 
Definition 1.3.6. We define oo-categories Cat(oo.n) by induction on n as follows: 

• If n = 0, we let Cat^oo „) denote the oo-category § of spaces. 

• If n > 0, we let Cat(oo,n) denote the oo-category CSSeat^^ „_i) of complete Segal space objects of 
Cat(oo^„_i) . 

Remeirk 1.3.7. We will later show that the oo-category Cat(oo i) is equivalent to the oo-category Catoo of 
oo-categories (Corollary 4.3.16). 

Variant 1.3.8. Let X be an oo-topos. Then we can define a sequence of distributors X„ C y„ by induction 

as follows: 

• If n = 0, we let X„ = y„ = X. 

• For n > 0, we let y„+i = CSSx^^cy^, and X„+i denote the essential image of the diagonal embedding 
We can think of y„ as the oo-category of stacks of (oo, n)-catcgories on X. 
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1.4 Catoo as an Absolute Distributor 

Our goal in this section is to prove the following result: 

Theorem 1.4.1. The oo-category Catcxa is an absolute distributor (see Definition 1.3.3). 

It is possible to deduce Theorem 1.4.1 by combining Example 1.3.5, Corollary 1.3.4, and Corollary 4.3.16. 

However, wc will give a direct proof in this section, which will yield some additional dividends. 

We begin by observing that § can be identified with the full subcategory of Catoo spanned by the Kan 
complexes. 

Lemma 1.4.2. The inclusion 8 C Catoo admits left and right adjoints. 

Proof. It will suffice to show that for every oo-category C, there exist Kan complexes X and Y and maps 

X ^e-^Y 

with the following properties: 

• For every Kan complex Z, composition with / and g induces homotopy equivalences 

Mape^t^ (Z, X) ^ Mape^t^ {Z, C) 

Mape,t^(r,2)^Mape,t^(C,Z). 

These conditions are satisfied if wc choose X to be the largest Kan complex contained in C, and g : G Y 
to be any weak homotopy equivalence such that y is a Kan complex. □ 

Theorem 1.4.1 follows immediately from Lemma 1.4.2, Corollary 1.2.5, and the following result; 

Proposition 1.4.3. Let t be a small oo-category, and suppose given a natural transformation a:p^q of 
diagrams p,q:£.^^ Catoo- Assume that q is a colimit diagram in S, and that a = a\£. is Cartesian. Then 
a is Cartesian if and only if p is a colimit diagram. 

We will deduce Proposition 1.4.3 from a more general result, which does not require the hypothesis that 
q factors through S. To formulate this result, we need to introduce a definition: 

Definition 1.4.4. Let / : C ^ D be a morphism in Catoo- We will say that / is essentially a coCartesian 
fibration if / factors as a composition 

where /' is an equivalence of oo-categories and /" is a coCartesian fibration. 
Remark 1.4.5. Let / : C ^ 2) be a morphism in Catoo, and choose any factorization 

where /' is an equivalence of oo-categories and /" is a categorical fibration. Then / is essentially a coCartesian 
fibration if and only if /" is a coCartesian fibration. 

Remark 1.4.6. Let / : C ^ 'D be a morphism in Catoo, where D is a Kan complex. Then / is essentially a 
coCartesian fibration. This follows immediately from Proposition T. 3. 3. 1.8. 

In view of Remark 1.4.6, Proposition 1.4.3 is an immediate consequence of the following result: 

Proposition 1.4.7. Let £. be a small oo-category, and suppose given a natural transformation a:p ^q of 
diagrams p,q : ^ Catoo- Assume that: 
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(a) For every object E £ 8., the map p{E) q{E) is essentially a coCartesian fibration. 
{b) The natural transformation a = a| £ is Cartesian. 
(c) The map q is a colimit diagram. 
Then the following conditions are equivalent: 

(1) The map p is a colimit diagram. 

(2) The natural transformation a is Cartesian, and the map p{v) q{v) is essentially a coCartesian 
fibration, where v denotes the cone point of . 

We proceed to reduce Proposition 1.4.7 to a more concrete statement. Let q = q\E. Then q is classified 

by a coCartesian fibraton of simplicial sets tt : B — * £. Similarly, the diagram p = p| £ is classified by a 
coCartesian fibration C — » £, and the natural transformation a is encoded by a commutative diagram 



e 




where the functor r preserves coCartesian edges. 

Let denote the marked simplicial set (2), 5), where S is the collection of 7r-coCartesian edges of D, 
and let C" be defined likewise. In view of Proposition T.3.3.4.2, we can identify the colimit of q with an 
oo-category D' equipped with a weak equivalence "D^ — > D''' of marked simplicial sets; here D'^ is the marked 
simplicial set {D', S') where S' denotes the collection of all equivalences in D' . Similarly, the diagram p is 

encoded by a map of marked simplicial sets C** C' which is a weak equivalence if and only if p is a colimit 
diagram, and the natural transformation a is encoded by a commutative diagram 

e' ^D' 



e ^T). 

We may therefore reformulate Proposition 1.4.7 as follows: 

Proposition 1.4.8. Suppose given a commutative diagram of oo- categories: 




satisfying the following conditions: 
(a) The maps p and q are coCartesian fibrations. 

(6) The m.ap f carries p- CO Cartesian edges ofG to equivalences in C', and the map f carries q-coCartesian 
edges of D to equivalences in 2)'. 

(c) For every object E G £,, the induced map Ce ^ T>e is essentially a coCartesian fibration. 
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{d) For every morphism E ^ E' in E, the induced homotopy coherent diagram 

^De 



Ge' ^ De' 

is a homotopy pullback diagram of oo- categories. 

(e) The map D'' D'^ is a weak equivalence of marked, simplicial sets; here we regard an edge of D as 
marked in if it is q-co Cartesian, while an edge of D' is marked in D' if it is an equivalence. 

Then the following conditions are equivalent: 

(1) The induced map is a weak equivalence of marked simplicial sets, where and G'^ are defined 
as in (e). 

(2) The map r' is essentially a coCartesian fibration, and for each E G £. the diagram 

Ge ^©E 



g/ > J)/ 

is a homotopy pullback square of oo- categories. 

The proof will require a few preliminary results. We first introduce a bit of terminology: 

Definition 1.4.9. We will say that a map p : {X, £) {Y, £') of marked simplicial sets is a marked 
coCartesian fibration if the following conditions are satisfied: 

(1) The underlying map of simplicial sets p : X is a. coCartesian fibration. 

(2) An edge f of X belongs to £ if and only if / is p-coCartesian and p{f) G £'. 

(3) For every marked edge / : y — *■ y' in y, the induced map Xy Xy> is an equivalence of oo-categories. 

Lemma 1.4.10. Let f : (X, £) (^7 £') be a marked coCartesian fibration, and suppose given an 00- 
category D and a map h : Y ^ D' which carries each edge in £ to an equivalence in D' . Then there exists 
a commutative diagram of marked simplicial sets 



(X,£)^^(F,£') 




where: 

(a) The marked simplicial set = (D, £d), where £d denotes the collection of all equivalences in D (and 

D'^ is defined likewise). 

(6) The marked simplicial set C'' = (C, £e), where G is an 00-category and £e consists of the collection of 
all f -coCartesian morphism in G. 

(c) The map f is a coCartesian fibration. 
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{d) The maps g and g' are weak equivalences of marked simplicial sets. 

(e) For every vertex y ofY, the induced map Xy — > Gg(y) is an equivalence of oo- categories. 

(/) The map j is a categorical fibration. 

In particular, the morphism in Catoo determined by f is essentially a coCartesian fibration. 

Proof. Let K he a, contractible Kan complex equipped with a monomorphism K which is bijective on 

vertices. The map h admits a factorization 

r ^ r JJ (£ xK) ^ D D' 
e xAi 

where h" is a cofibration and a categorical equivalence, and h'" is an categorical fibration (so that D is an 
oc-catcgory). The coCartesian fibration / is classified by a map x '■ Y Catoo, which carries every edge in 
£' to an equivalence in Catoo- It follows that x can be extended to a map x ■ D —>■ Catoo- This map classifies 
a coCartesian fibration /' : C — > D. Without loss of generality, we may replace X — > K by the equivalent 
coCartesian fibration Y Xx> G ^ Y . Wc; c;laim that this construction has the desired properties. The only 
nontrivial point is to verify that the map (j) : {X, £) — > C'' is a weak equivalence of marked simplicial sets. 
We can factor ^ as a composition 

{x,e)^z^e\ 

where Z = {Z,E.z) denotes the marked simplicial set 

{Y' ]J (£ xif)«) x^, C^ 

(£ xAi)t 

It will therefore sufiice to show that ^' and cj)" are weak equivalences of marked simplicial sets. 
The map </>' is an iterated pushout of inclusions of the form 

Since K is contractible, there exists a retraction r : K ^ and a homotopy H : K x K from the 

identity to r. Choosing a coCartesian lifting of this homotopy, we obtain map 

H : {K^ x^, &) X (A^)* ^ x^, e\ 

which exhibits (A^)' deformation retract of x jjii C'' in the category of marked simplicial sets. 

It follows that (j)' is a weak equivalence. 

To prove that cf)" is a weak equivalence, we consider the commutative diagram 

7\> — ^ pb 



z — ^ c^ . 

Both of the vertical arrows are weak equivalences (since they can be obtained as iterated pushouts of 
inclusions of the form 5*^ C S*", where S* is a Kan complex). Consequently, it will suffice to show that 
Z^ & is an equivalence of marked simplicial sets: in other words, that the inclusion Z C C is an 
equivalence of oo-categories. This follows from Corollary T. 3. 3. 1.4, since /' is a coCartesian fibration and 
h'" is a categorical equivalence. □ 
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Remark 1.4.11. In the situation of Lemma 1.4.10, we can assume without loss of generality that the 
map X ^ e is a monomorphism of simplicial sets: if necessary, we can replace C by QxK, where ii" is a 
contractible Kan complex equipped with a monomorphism X ^ K. 

Lemma 1.4.12. Suppose given a commutative diagram of marked simplicial sets 

p 

X 



— / P —I 
X 

where p and p' are marked coCartesian fibrations. This diagram is a homotopy pullback square of marked 
simplicial sets if and, only if for every vertex y ofY, the induced map of fibers Xy — > X'^^^-^ is an equivalence 

of oo- categories. Here X and X' denote the underlying simplicial sets of X and X , respectively. 

Remark 1.4.13. The hypothesis of Lemma 1.4.12 is satisfied, in particular, if the diagram 

X 



Y 



is a pullback square. 

Proof. Choose a commutative diagram 



Y 



satisfying the conditions of Lemma 1.4.10. It will now suffice to prove Lemma 1.4.12 after replacing X by 
C''' and y by D'''. Now choose another commutative diagram 




satisfying the conditions of Lemma 1.4.10, such that the map / is a monomorphism. Then / is a trivial 
cofibration of marked simplicial sets, so that the mapping problem depicted in the diagram 



X 



& ^ D'" 

admits a solution. Since every object of D is equivalent to an object lying in the image of the map Y ^ 
we can replace X by e'' and F by D''. We are now reduced to proving that the diagram of oo-categories 
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(in which the horizontal maps are coCartesian fibrations) is a homotopy pullback square if and only if the 
induced map C/j ^'g{D) is an equivalence, for each object D £ D. This follows from Corollary T. 3. 3. 1.4 
and Proposition T.3.3.1.5. □ 

Lemma 1.4.14. Suppose given a commutative diagram of oo- categories 




where q is a coCartesian fibration. Then r is a coCartesian fibration if and only if the following conditions 
are satisfied: 

(a) The map p is a coCartesian fibration, and the map r is an inner fibration. 

(6) For each object E e. £., the induced map rs ■ Ge ^ "^e is a coCartesian fibration. 

(c) For every morphism E ^ E' in E, the induced functor Ge — >■ Ge' carries rE- coCartesian morphisms 

to rE' -coCartesian morphisms. 

Proof. It is clear that if r is a coCartesian fibration, then conditions (o) and (6) arc satisfied. We may 
therefore assume that (a) and (6) hold. Invoking Proposition T. 2. 4. 2. 11, we conclude that r is a locally 
coCartesian fibration. Moreover, a morphism f : X mG\s locally r-coCartesian if and only if it admits 
a factorization 

X ^ zCy 

where /' is a p-coCartesian morphism of C, and /" is an r_E-coCartesian morphism of Ge for some E € 
£. According to Proposition T.2.4.2.8, the map r is a coCartesian fibration if and only if the collection 
of locally r-coCartesian morphisms in 6 is stable under composition. Since the collection of locally r- 
coCartesian morphisms is obviously stable under composition on the right by p-coCartesian morphisms and 
under composition on the left by TE-coCartesian morphisms for each E £ 8., we see that r is a coCartesian 
fibration if and only if the following condition is satisfied: 

(*) Suppose given a pair of morphisms X ^ Y Z in G, where / is an re-coCartesian morphism in Ge 
for some E & E, and the map g is p-coCartesian. Then g o f is locally r-coCartesian. 

Let g' : E ^ E' be the morphism in £ induced by g, and choose a p-coCartesian morphism X ^ X' lifting 
X. We obtain a commutative diagram 



X'^^Z. 

covering the diagram 

E ^E 



E' ^E' 

in £. Note that g o / is locally r-coCartesian if and only if /' is an r^'-coCartesian morphism in Ge', and 
that /' is the image of / under the associated functor Ge Ge'- The condition that this holds for every 
morphism f : X ^ Y in Ge and every map p{Y) = E ^ E' in E (which then admits an essentially unique 
p-coCartesian lifting g -.Y ^ Z) is manifestly equivalent to (c). □ 
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Proof of Proposition 1.4-8. Without loss of generality, we may assume that r is a categorical fibration. It 
follows that for every object E € the induced map rs ■ Ge ^ "^e '^s a categorical fibration which is 
essentially a coCartesian fibration, and therefore a coCartesian fibration. In view of Proposition T. 3. 3. 1.3, 
condition (c?) of Proposition 1.4.8 is equivalent to the requirement that every morphism E ^ E' in E induces 
an equivalence of oo-categories 

This implies in particular that the induced map Ge' carries TE-coCartesian morphisms to rs'- 

coCartesian morphisms. Invoking Lemma 1.4.14, we deduce that r is a coCartesian fibration. 

Since (/> is a categorical equivalence of coCartesian fibrations over T)e, it induces an equivalence after 
passing to the fibers over any vertex D e "De. Unwinding the definitions, we conclude that for every q- 
coCartcsian morphism D ^ D' , the induced map Gjj Ge)/ is an equivalence of oc-catcgorics. Suppose 
first that (1) is satisfied; we will prove (2). The assertion that r' is essentially a coCartesian fibration follows 
immediately from Lemma 1.4.10. For the second assertion, we consider the commutative diagram of marked 
simplicial sets 

4 — 



The lower square is a homotopy pullback because the lower vertical maps are weak equivalences, and the 
upper square is a homotopy pullback by Lemma 1.4.12. It follows that the outer square is a homotopy 
pullback diagram, so that 

Ge ^I^E 



G' ^D' 

is a homotopy pullback diagram of oo-categories. 

Let us now prove that (2) (1). Without loss of generality that r' is a categorical fibration. Condition 
(2) then guarantees that r' is a coCartesian fibration, and (by virtue of Lemma 1.4.12) that for each E € £, 
the induced map 

Ge — > 1>E Xd' G 

induces an equivalence of oo-categories after passing to the fiber over any vertex of D^;. It follows that the 

map C ^ D x>x)/ C' induces an equivalence of oo-catcgorics after passing to the fiber over any vertex of CD, 
so that (by Lemma 1.4.12) the diagram of marked simplicial sets 

gll 



g/h > 

is a homotopy pullback square. Since the right vertical map is a weak equivalence, we conclude that the left 
vertical map is also a weak equivalence, as desired. □ 

Remark 1.4.15. The inclusion S C Catoo satisfies the hypotheses of Proposition 1.2.29. That is: 

(a) Filtered colimits in Catoo are left exact. 
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(6) Let G : Catoo — * § denote a right adjoint to the inclusion. Then G commutes with filtered colimits. 

Assertion (h) follows from the observation that the functor which assigns to each oc-category 6 the largest 
Kan complex contained in C commutes with filtered colimits. To prove (a), it will suffice to show that the 
collection of pullback diagrams in Catoo is stable under small filtered colimits. In other words, we must show 
that if 3 is a small filtered c>o-category and F : 3^ x{A^ x A-'^) ^ Catoo is a diagram with the property that 
F\d'^ x{f} is a colimit diagram for each vertex w of x A^, and x A^ x A^ is a pullback square 

for each J E 3, then i^|{oo} x A-^ x A^ is again a pullback square, where oo denotes the cone point of 3'^ ■ 
Without loss of generality, we may suppose that 3 is the nerve of a filtered partially ordered set A (Proposition 
T. 5. 3. 1.16), and that F is induced by an injectively fibrant diagram (AU{oo}) x [1] x [1] Set^ (Proposition 
T.4.2.4.4). Let G denote the diagram obtained by composing with the forgetful functor Set^ Set a, which 
is a right Quillen equivalence if we endow SetA with the Joyal model structure. We will regard G as giving 
a commutative square 

X ^X' 

Y — *-y' 

of functors from A U {oo} into the category of simplicial sets. Note that each Y'{a) is an oo-category, 
and each of the maps X'{a) Y'{a) ^ Yia) is a categorical fibration. It follows that the map X{a) — »■ 
X'{a) Xy/(„) ^(a) is a categorical equivalence for a G ^, so that the induced map 

colimaeAX{a) colimaeA{X'{a) Xy^a) - {coliniaeA X' {a)) Xcoiiin„g^ r'(a) (colim„eA y(o)) 

is again a weak equivalence. Using Corollary T.2.4.6.5, we deduce that colimaeAy'{a) is an oo-category and 
the maps 

colimoe^ X'{a) colimoeA Y'{a) <— colimae^ Y{a) 
are categorical fibrations, so that the diagram 

colimaeA X{a) ^ colimog^ X'{a) 



colim„£A Y{a) > colimag^ Y'{a) 

is a homotopy pullback square. It follows that the weakly equivalent diagram 

X{oo) ^X'(oo) 



y(oo) — ^y'(oo) 

is also a homotopy pullback square in §, as desired. 

1.5 Models for Complete Segal Spaces 

In §1.3, wo defined the oc-category CSSy of complete Segal objects of y, where y is any oo-category which is 
an absolute distributor. In this section, we will show that if V can be realized as the underlying oo-category 
of a well-behaved model category, then CSSy has the same property. Applying this in the case y = Catoo 
(which is an absolute distributor by virtue of Theorem 1.4.1), wc will obtain some of the models for the 
theory of (oo, 2)-categories which appear in the statement of Theorem 0.0.3. 

Definition 1.5.1. We will say that a simplicial model category A is an absolute distributor if the following 

conditions are satisfied: 
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(1) The model category A is combinatorial and left proper. 

(2) The underlying oo-category N(A°) is an absolute distributor, in the sense of Definition 1.3.3. 

Example 1.5.2. The category of simplicial sets is an absolute distributor when equipped with the Kan 
model structure. 

Example 1.5.3. The category Set^ of marked simplicial sets is an absolute distributor; this follows from 
Theorem 1.4.1. 

Proposition 1.5.4. Let A be a simplicial model category which is an absolute distributor. Then category 
Fun(A°J', A) admits a simplicial model structure which is characterized by the following properties: 

(C) A morphism f : X, Y, of simplicial objects of A is a cofibration if each of the maps Xn ^ Yn is a 
cofibration; that is, if and only if f is an injective cofibration. 

(W) Let f : X, ^ Y, be a morphism between simplicial objects of A. If the induced map X„ Yn is a 
weak equivalence in A for each n>0, then f is a weak equivalence. 

(In other words, the model structure on Fun(A°^', A) is a localization of the injective model structure.) 

(F) A simplicial object X, of A is fibrant if and only if it is injectively fibrant, and the induced diagram 
N(A)°P — > N(A'') (which is well-defined up to equivalence) is a complete Segal space object o/N(A°). 

Moreover, this model structure on Fun(A°*', A) is again an absolute distributor. 

Proof. Let B = Pun(A°^,A), endowed with the injective model structure. Using Proposition T.4.2.4.4, 
we deduce that the underlying oo-category N(B°) is canonically equivalent to Fun(N(A)°P, A). The de- 
sired result now follows from Proposition T.A.3.7.8 and Remark 1.2.11, and the final assertion follows from 
Corollary 1.3.4. □ 

We will refer to the model structure of Proposition 1.5.4 as the complete Segal model structure. 

Remeirk 1.5.5. Let A be as in Proposition 1.5.4, and let X, be a fibrant object of Fun(A°^,A). In 
particular, X, is an injectively fibrant diagram. It follows that: 

(a) The object Xq € A is fibrant. 

(6) The map Xi — > Xq x Xq is a fibration. 

(c) Since X, determines a category object in the underlying oo-category N(A°), the map X„ — > Xi x^o 
... Xxo Xi exhibits X„ as a homotopy limit of the diagram 

Xi ;•• X, 




In view of (a) and (6), this homotopy limit coincides with the usual limit, so the map / : X„ — > 
Xi Xxo • • • -'^i is a weak equivalence. 

(d) Since X, is injectively fibrant, the map / is fibration. It is therefore a trivial fibration in A. 

Remark 1.5.6. We have defined the complete Segal model structure on Fun(A°^, A) as a localization of 
the injective model structure. However, we could just as well have begun with the projective or Reedy model 
structures on Fun(A°^, A). After an appropriate localization, we would obtain a model category which is 
Quillen equivalent to the one described in Proposition 1.5.4. 
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We can combine Proposition 1.5.4 with the Quillen equivalence of Proposition T. 3. 2. 5. 18 to obtain another 

model for the oc-catcgory CSSeat^'- 

Proposition 1.5.7. The category (Sef^)/N(A)op admits a simplicial model structure, which is characterized 

by the following properties: 

(C) A morphism X ^ Y in (Sef^)/N(A)<'p is a cofibration if and only if the underlying map of simplicial 
sets is a monomorphism. 

{W) Every coCartesian equivalence in (§ei^)/ ^(^jop is a weak equivalence. 

{In other words, the model structure on (Set^)/ a localization of the coCartesian model structure.) 

(F) An object {X, £) of (Set^)/ nja)"? is fibrant if and only if the map p : X N(A)°^' is a coCartesian 
fibration, £ is the set of all p-coCaHesian edges of X, and p is classified by a map N(A)°^' Catoo 
which is a complete Segal space object of Catoo • 

Moreover, the adjoint functors 

(Seii)/N(A)°p^^Fun(A°P,§eti) 

N+(A''f) 

determine a Quillen equivalence of the category (§ef^)/]sf(A)<'p {with the model structure described above) with 
the category Fun(A"P, §et^) {with the complete Segal model structure of Proposition 1.5.4)- In particular, 
(Set^)/N(^)op is an absolute distributor. 

Proof. Let A denote the category (§et^)/N(A)°p endowed with the coCartesian model structure, and B 
the category Fun(A''^, SetJ) endowed with the injective model structure. Proposition T. 3. 2. 5. 18 implies 
that the relative nerve functor / Nj (A°^) determines a right Quillen equivalence from B to A. Note 
that has the structure of a simplicial functor. It follows from Corollary T.A.3.1.12 that the induced 
map N(B°) N(A°) is an equivalence of oo-categories. In view of Proposition T.4.2.4.4, we conclude that 
N(B°) is equivalent to Fun(N(A)°^', Catoo)- The existence of the model structure in question now follows 
from Proposition T.A.3.7.8, Remark 1.2.11, and Theorem 1.4.1. 

It remains only to prove that the adjoint functors ^^{^°^) and Nj'(A°^) determine a Quillen equivalence. 
It is easy to verify that these adjoint functors satisfy the hypotheses of Lemma 2.2.14, and therefore determine 
a Quillen adjunction. We conclude by observing that the right derived functor of N^(A°^) determines an 
equivalence from the homotopy category hB to the homotopy category hA, which restricts to an equivalence 
of categories between hFun(A°P, §et^) C hB to h(Set^)/N(A)°p C hA. □ 

We can use the same reasoning to obtain the following simpler result: 

Proposition 1.5.8. The category §etA/N(A)<'p admits a simplicial model structure, which is characterized 
by the following properties: 

(C) A morphism X ^ Y in SetA/N(A)<'p is a cofibration if and only if the underlying map of simplicial 

sets is a monomorphism. 

{W) Every covariant equivalence in SetA/N(A)op is a weak equivalence. 

{In other words, the model structure on SetA/N(A)°p is a localization of the covariant model structure.) 

{F) An object X of SetA / n( A)"? is fibrant if and only if the map X N( A)°p is a left fibration, classified 
by a complete Segal object x '■ N(A)°^' $ of the oo-category S of spaces. 
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Moreover, the adjoint functors 

S.(A°P) 

{Set a)/ n(A)°p - — ^ Fun(A°f , SetA) 

N.(A°P) 

determine a Quillen equivalence of the category §etA/N(A)°!' {with the model structure described above) with 
the category Fun(A°^, SetA) {with the complete Segal model structure of Proposition 1.5.4)- IiT' particular, 
(SetA)/N(A)°p is an absolute distributor. 

Wc will abuse terminology by referring to the model structures of Propositions 1.5.7 and 1.5.8 as the 

complete Segal model structures. 

Remark 1.5.9. Since the inclusion S C Catoo carries complete Segal space objects of § to complete 
Segal space objects of Catoo, Proposition T. A. 3. 7.9 implies that the forgetful functor (§e<^)/N(A)°p 
(SetA)/N(A)°p is a left Quillen functor (with respect to the complete Segal model structures). 

Wc conclude this section with a technical result about the behavior of the complete Segal model categories 
of Proposition 1.5.4: 

Proposition 1.5.10. Let A be a simplicial model category satisfying the following conditions: 
(a) The model category A is an absolute distributor. 

{b) The collection of weak equivalences in A is stable under filtered colimits. 
(c) Filtered colimits are left exact in the underlying oo-category N(A)''. 
{d) The final object of'N{A)° is compact. 

Then the collection of weak equivalences in Fun(A''^, A) {with respect to the complete Segal model structure) 

is stable under small filtered colimits. 

Proof. Let B denote the category Fun(A°^, A) endowed with the injective model structure. Let ^ be a small 
filtered category, and let a : X — > F be a natural transformation of functors X, F : 3 — > A such that, for 
each J € 0, the map X{J) — > Y{J) is a weak equivalence with respect to the complete Segal model structure. 
Choose a diagram 

X >y 



X' ^Y- 



X" ^ Y" 

where the vertical morphisms are weak equivalences with respect to the projective model structure on 
Fun(3, B), and the objects X" ,Y" G Fun(3, B) are projectively fibrant and cofibrant. Assumption (&) 
guarantees that the collection of weak equivalences for the projective model structure is stable under filtered 
colimits. We may therefore replace X by X" and Y by Y" , and thereby reduce to the case where X and 
Y are projectively fibrant and cofibrant. In this case, the colimits of X and Y can be identified with their 
homotopy colimits, which are also (by virtue of Theorem T. 4. 2. 4.1) the colimits of the induced diagrams 
X,F :N(a) ->N(B°). 

Let L : N(B°) (7<S'<S'n(ao) denote a composition of a right adjoint to the inclusion C5'S'n(a<>) C 
Fun(N(A)°P,N(A°)) with the equivalence Fun(N(A)°P, N(A°)) ~ N(B°). By assumption, the map X( J) ^ 
Y{J) becomes an equivalence in C>S'>S'n(a°) after applying the functor L. Since L commutes with filtered 
colimits (this follows from (c) and {d) by virtue of Proposition 1.2.29), we deduce that the induced map 
LcolimX LcolimF is an equivalence, so that the map colimX — > colimK is a weak equivalence with 
respect to the complete Segal model structure as desired. □ 
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Example 1.5.11. The conditions of Proposition 1.5.10 are satisfied if A is the category of simplicial sets 
(endowed with the Kan model structure), or if A is the category of marked simplicial sets. 

2 Segal Categories 

In §1, we introduced the notion of a Segal space. To every Segal space X,, one can associate an (oo, 1)- 
category C whose objects are the points of Xq. The resulting correspondence between Segal spaces and 
(oo, l)-categories is not one-to-one. In general, a given (oo, l)-category can be obtained in this way from 
many different Segal spaces. One way to eliminate this ambiguity is to restrict attention to the complete 
Segal spaces: in other words, to require that Xq be as "large" as possible. In this section, we will adopt 
another approach, where we require instead that Xq be very "small" . More precisely, we will consider Segal 
spaces X, with the property that the set Xq is discrete. A Segal space with this property is called a Segal 
category. 

The theory of Segal categories is another approach to the foundations of higher category theory. It has 
a number of advantages and disadvantages when compared with the theory of complete Segal spaces: 

(1) A Segal category X, has an underlying set of objects Xq. This makes it possible to directly compare 
the notion of a Segal category with a more naive approach to higher category theory, like the theory 
of simplicial or topological categories. 

(2) Let X, be a Segal category, and let S = Xq he the set of objects of X,. For each n > 0, we have a 
canonical map p : Xn — > 5"+^, which determines a decomposition 

]J X[sQ,...,Sn\ 

where X[s(). . . . , s„] denotes the fiber of p over {sq, .... In practice, it is usually easier to work 
directly with the summands X[sq, . . . ,Sn] of Xn than it is to work with Xn itself. This is somewhat 
advantageous when we work with Segal categories enriched over a model category category A: we will 
not need to assume that A is an absolute distributor. 

(3) Restricting our attention to Segal spaces X, such that Xq is discrete does not fully eliminate the 
problem that a given (oo, l)-category can be represented by many different Segal spaces. This is 
a phenomenon which is apparent even at the level of ordinary categories: the construction which 
assigns to each category C its underlying set of objects is not invariant under equivalence. A practical 
consequence of this phenomenon is that it is not easy describe the weak equivalences between Segal 
categories directly. 

Our goal in this section is to outline the theory of Segal categories and its relationship to other models 
for higher category theory. We will begin in §2.1 by defining the notion of a A-enriched preSegal category, 
for any category A. The collection of A-enriched prcSegal categories can be organized into a category Segjs^. 
The idea is that if A is a sufficiently nice model for the theory of (oo, n — l)-categories, then SegA will be a 
model for the theory of (oo, n)-categories. For example, in the case n = 1 we can take A to be the category 
of simplicial sets; in the case n = 2 (the primary case of interest to us in this paper) we can take A to be 
the category of marked simplicial sets. 

For any category A, there is a fully faithful embedding i from the category CatA of A-enriched categories 
to the category Seg^. of A-enriched prcSegal categories. In §2.2, we endow Seg^ with a projective model 
structure and show that the functor i is a right Quillen equivalence, provided that A satisfies some mild 
hypotheses. 

In §2.3, we will compare the theory Segal categories with the theory of Segal spaces. More specifically, 
we will describe a functor from the category Segx of A-enriched preSegal categories to the category of 
Fun(A°^,A) of simplicial objects of A (in many cases of interest, such as the case where A = SetA or 
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A = §et^, this functor is a fully faithful embedding). Under suitable hypotheses, we will endow Segx with 
an injective model structure and prove that the functor ^e^A — *■ Fun(A°^, A) is a left Quillen equivalence, 
where Pun(A°^, A) is endowed with the complete Segal model structure of Proposition 1.5.4. We will also 
show that the projective and injective model structures on SegA are Quillen equivalent, provided that both 
are defined. 

2.1 Basic Definitions 

In this section, we will introduce the notion of a A-enriched preSegal category, where A is another category. 
We begin by establishing some terminology. 

Definition 2.1.1. Let S be a set. We define a category A5 as follows: 

• An object of A5 is an object [n] S A together with a map of sets 

c:[n] = {0,...,n}^S. 

• Given a pair of objects ([fi],c) and {[n'],c') in A5, a morphism from ([n],c) to ([n'],c') is a map of 
linearly ordered sets / : [n] [n'] such that c = c' o /. 

• Composition of morphisms is defined in the obvious way. 

Notation 2.1.2. Given an (n + l)-tuple of elements (sq, • • • , s„) € S"~^^, we let [sq, Si, . . . , s„] denote the 
object ([n], c) G As, where c : [n] ^ 5 is the map z Sj. 

Definition 2.1.3. Let A be a category. A A-enriched preSegal category consists of the following data; 

• A set S, called the set of objects. 

• A functor X : A^^ — ^ A such that, for every element s £ 5, the value ^([s]) is a final object of A. 

Given preSegal categories {S,X : A°g A) and {S',X' : Ag* A), a map of preSegal categories from 
{S, X) to (S", X') is a pair (/, a), where / : S — *■ S" is a map of sets and a is a natural transformation from 
X to the composite functor 

IX As> ^ A. 

We let ^e^A denote the category of A-enriched preSegal categories. 

Example 2.1.4. Let A be a category which admits finite products, and regard A as endowed with the 
Cartesian monoidal structure. Then every A-enriched category C determines a A-enriched preSegal category 
{S, X) as follows: 

• We take S to be the set of objects of 6. 

• For every sequence of elements sq, . . . , s„ e S, let X[so, . . . , s„] = Home(so, si) x . . . x Home(sn-i, ■?„). 

This construction determines a fully faithful embedding from the category CatA of A-enriched categories to 
the category SegA.- The essential image of this embedding consists of those A-enriched preSegal categories 
{S, X) with the following additional property: 

(*) For every sequence of objects sq, ■ ■ ■ ,Sn & S, the map 

X[so, Si, . . . , S„] X[so, Si] X . . . X X[Sn-l,Sn\ 

is an isomorphism in A. 
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In view of Example 2.1.4, we can regard the notion of a A-enriched preSegal category as a generalization 
of the notion of a A-enriched category. To ensure that this generahzation is not too drastic, it is natural to 
impose a homotopy-theoretic analogue of condition (*): 

Definition 2.1.5. Let A be a model category. We say that a A-enriched preSegal category {S, X) is a 
A-enriched Segal category if, for every sequence of objects sq, . . . , s„ G 5, the map 

(j) : X[so, si, . . . , s„] X[so, si]x ... X X[s„_i, s„] 

exhibits X[so, ■ ■ ■ , Sn] as a homotopy product of the objects {X[si-i, Si]}i<,<„. 

We will say that {S,X) is locally fibrant if X[so, . . . ,s„] is a fibrant object of A, for every sequence of 
objects .So, • • • , s„. 

Remark 2.1.6. If {S, X) is locally fibrant, or if the collection of weak equivalences in A is stable under the 
formation of finite products, then {S, X) is a A-enriched Segal category if and only if the map 

X[sq, . . . , S„] X[so, .Si] X ... X X[s„-i,Sn] 

is a weak equivalence for every sequence of elements sq, . . . , Sn S. 

Example 2.1.7. Let C be a A-enriched category, where A is a model category. Then the A-enriched 
preSegal category associated to C (see Example 2.1.4) is a A-enriched Segal category. 

In §2.2, we will see that if A is a sufficiently nice model category, then S'e.gA inherits a model structure 
whose fibrant objects are precisely the locally fibrant A-enriched Segal categories. Our goal for the remainder 
of this section is to lay some of the groundwork for the proof of this statement. 

Notation 2.1.8. Let n > 0, and let A e A be an object. We define a A-enriched preSegal category 

Fr'\A) = {S,X) as follows: 

• The underlying set S is [n] — {0, . . . , n}. 

• Suppose given an object ([m],c : [m] S) of Ag. We define X{[m],c) to be an initial object of A if 
the map c is not monotone, a final object of A if the map c is constant, and the object A otherwise. 

We observe that Pr"(^) can be described by the following universal property: given any A-enriched preSegal 
category {S, X), giving a map Fr"(A) — > {S, X) is equivalent to giving a sequence of objects So, . . . ,Sn & S 

and a map A — > X([so, . . . , s„]). 

Definition 2.1.9. Let A be a model category. We will say that a map / : {S,X) — > {S',X') of A-enriched 
preSegal categories is a generating projective cofibration if one of the following conditions holds: 

(a) The set S is empty, S' consists of a single element, and the functor X' : — > A is a constant functor 
taking value equal to a final object 1 e A. 

(6) There exists a cofibration /o : A — > B in A and an integer n > such that / is the induced map 
Fr"(^) ^Fr"(B). 

We will say that a morphism in Seg^ is a projective cofihration if it belongs to the smallest weakly saturated 
class of morphisms in Segx containing all generating cofibrations. 

We will say that a A-cnriched preSegal category {S, X) is cofibrant if the map — > {S, X) is a cofibration, 
where denotes the initial object of SegA- 

Remark 2.1.10. In Definition 2.1.9, we can replace the class of morphisms {b) by the collection of all 
morphisms {Fr"(/) : Fr"(yl) Fr"(i?)}, where f : A ^ B ranges over a collection of generating projective 
cofibrations of A. It follows that if A is a combinatorial model category, then the collection of projective 
cofibrations in Seg^ is of small generation (as a weakly saturated class), so that we can apply the small 
object argument. 
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RemEirk 2.1.11. Assume that A is a model category in which every object is cofibrant. Then each of the 
generating projective cofibrations of Definition 2.1.9 is a morphism between cofibrant objects of Scqa- 

Lemma 2.1.12. Let A be a combinatorial model category, and let f : {S,X) {S',X') be a map of 

A-enriched, preSegal categories. The following conditions are equivalent: 

(1) The map f is a projective cofihration. 

(2) The map f admits a factorization 

{S,X)C{S",X")C{S',X') 

where: 

— The map f is an iterated pushout of morphisms of type (a) appearing in Definition 2.1.9 (in other 
words, {S",X") is obtained from {S,X) by freely adjoining new objects). 

— The map f" is a retract of a transfinite composition of pushouts of morphisms of type (6) appearing 
in Definition 2.1.9. 

Proof. The imphcation (2) ^ (1) is obvious. For the converse, suppose that / is a projective cofibration. 
Using the smaU object argument (see Remark 2.1.10), we deduce that there exists a transfinite sequence of 
A-enriched preSegal categories {(5^, X/3)}/3<a with the following properties: 

• The pair [Sq^Xq) coincides with {S,X). 

• For < p < a, the map 

C0lim/3/</3(S'/3/,X/3/) {Sp,Xi3) 

is a pushout of a generating projective cofibration (j)^. 

• The A-enriched preSegal category (5', X') is a retract of the colimit colim^<a(<S'/3, Xfj) in the category 
{,SegA)(s,x)/- 

Reordering the generating projective cofibrations (pp if necessary, we may suppose that there exists an ordinal 
< a such that is of type (a) appearing in Definition 2.1.9 for /3 < ag, and of type (&) otherwise. Let 
{S,X) denote the colimit of the sequence {(<S'/3,X/3)}^<„, so that we have a retraction diagram 

(s,x) 

{S', X') > (5', X'). 

Let S C S denote the image of S' in S. For each p < a, let S'^ denote the inverse image oiS in 5^ 
(so that S'^ = 5/3 if /3 > a), and let Xj^ denote the restriction of X^ to A^?,. We now define {X", S") to be 
the pair {X'J^^, S'J^^), f the canonical map {X, S) = {Xq, Sq) — > (-^^'o' "^ao)' ^^'^ f" composition 

i^ao'^ao^ ~^ i^ao^^ao) ^ ^ {S',X'). 

It is easy to see that /' and /" have the desired properties. □ 

Example 2.1.13. Let f : A ^ B he a. cofibration in A. We define a A-enriched preSegal category 
Fr"(/) = {[n],X) as follows: 
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• For every sequence of maps io, 



X{[io, 



Here 1 and denote final and initial objects of A, respectively. We have a canonical map 'ip : Pr"(/) — > 

Fr"(i?). The domain and codomain of tjj are cofibrant objects of Seg^, and the induced map F^ip) : 
f (Fr"(/)) F(Fr"(i?)) is an isomorphism of A-enriched categories. It follows that ip is a. weak equivalence. 
Corollary 2.3.12 now implies that every pushout of V' is a weak equivalence in Scqa- 

2.2 The Projective Model Structure on Seg^ 

Throughout this section, we will assume that A is a combinatorial model category satisfying the following 
conditions: 

(Al) Every object of A is cofibrant. 

{A2) For every object X G A, the functor Y t-^ X x Y preserves small colimits. 

(^3) The Cartesian product on A endows A with the structure of a monoidal model category. In other 
words, given a pair of cofibrations f : A ^ A' , g : B ^ B' , the induced map 

f Ag:{AxB') {A' x B) ^ A' x B' 

AxB 

is again a cofibration, which is trivial if either / or g is trivial. 

(A4) The collection of weak equivalences in A is stable under filtered colimits. 

These conditions guarantee that the category CatA of A-enriched categories admits a model structure; 
see §T.A.3.2. Our goal in this section is exhibit a model structure on SegA such that the fully faithful 
embedding G : CatA ^ SegA of Example 2.1.4 is a right Quillen equivalence. Our first step is to give an 

explicit construction of a left adjoint to this embedding. 

Remark 2.2.1. Suppose given a A-enriched preSegal category {S, X) and a A-enriched category 6. A map 
of A-enriched preSegal categories {S, X) G{G) is determined by the following data: 

• For each element s e S", an object a{s) e C. 

• For each sequence of elements sq, . . . € G and every pair of integers < i < j < n, a map 

Plo,...,sn ■X{[so,...,Sn]) Mape(Q;(si),a(si)). 

Moreover, such data determines a map of A-enriched preSegal categories provided that the following condi- 
tions are satisfied: 

• li < i = j < n, then /Jg^ ... is given by the composition 

X{[sQ,...,Sn]) ^ 1 ^ MapQ{a{si),a{sj)), 
where 1 denotes the final object of A. 

• liO<i<j<k<n, then /J^'J^... is obtained by composing /Sg^ ... with Pl'^^^^ in the category C. 



. . ,ik & [n], we let 
■■,ik]) 



1 if io = . . . = ife 
B if io < ii < . . . < jfe = io + 1 
A if io < ii < . . . < ife > io + 1 
otherwise. 
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• Given a map / : [sq, . . . , s„] — > [sq, . . . , s^,] in As and a pair of integers < i < j < n, the map 
PI^^'^^P is given by composing Pl'^^^^g^ with X{f). 

Notation 2.2.2. Let S be a set containing a pair of elements x and y. We define a category 2x,v{S) as 
follows: 



An object of 3x,y{S) consists of a sequence of elements (sqi si, • • • , Sn) € 5*"+ such that sq = x and 
Sn = y, together with a sequence of integers {0 = io < ii < ■ ■ ■ < ik = n} . 

• A morphism from {{sq, ... , s„), {0 = io < ■ ■ ■ < ik = n}) to ((sg, . . . , sj^,), {0 = < . . . < z'^., = n'}) in 
the category 3x,y{S) is a map of linearly ordered sets / : [n'] — > [n] satisfying the following conditions: 

— We have /(O) = and f{n') = n. 

— For < TO < n', we have = 

— For each < j' < k', there exists < j < k such that 

(Note that j is uniquely determined unless ij = f{iji) = f{iji^i) or f{ij,) = f{iji^i) = ij+i-) 
Given a sequence of elements a;o, . . . , Xm in S, there is an evident concatenation functor 

Suppose now that wc arc given a A-cnrichcd preSegal category {S, X). Given a pair of elements x,y G S, 
we define a functor H^y : dx,y{S) ^ A as follows: 

(*) Let a = ((soj • • • , s„), {0 = io < . . . < ik = n}) be an object of 2x,y We then define H^y{a) to be the 
product 

X([so,...,Sn]) X X{[Si^,...,Si^]) X ... X X{[Si^_^,...,Sn]). 

Remark 2.2.3. Given a sequence of elements xo,. . ■ , Xm of S, the composition 

dxo,xAS) X ... X 3x„.^„xJS) ^ 3xo,x JS) "^^^"^ A 
is canonically isomorphic with the external product of the functors {^^^J^ a;j_^J^}o<^<m• 
Proposition 2.2.4. Let {S. X) he a A-enriched preSegal category. 
(1) There exists a A-enriched category F{S,X) which may be described as follows: 

(a) The objects of F{S, X) are the elements of S . 

[b) Given a pair of objects x,y G S, the mapping object Mapp(^gx)i.^j u) given by the colimit of the 



diagram 



^x.y ■ 3x,y{S) A. 



(c) Given a sequence of objects xo, ■ . ■ , Xm € S, the composition law 

^&Pf{S,X){X0,Xi) X ... X Mapp^s,X){Xm-l,Xm) ^Mappf^s,X){X0,Xm) 

is given by the chain of morphisms 

colim n H^^_^^,^ ^ colim( [] ^^xl^xjl H Sx^-u^^S) 



l<i<m l<i<m l<i<m 



colim Ff^,,^ I n 3x,.,,xAS) 



l<i<m 



colim 
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Here the isomorphism 4> results from our assumption that the Cartesian product preserves colimits 
separately in each variable, and the isomorphism </>' from Remark 2.2.3. 

(2) There exists a map of A-enriched Segal categories 

u:{S,X)^G{FiS,X)) 

which is the identity on objects and satisfies the following universal property: for every A-enriched 
category 6, the composite map 

cj> : HomeatA(F(5,X),e) ^ liomsegAG{F{S, X)),G{e)) ^ liomsegAiS,X),G{e)). 

Proof. Assertion (1) is evident. To construct the map u described in (2), we invoke Remark 2.2.1: it will 
suffice to define, for every sequence of elements sq, ■ . ■ ,Sn € S and every pair of integers 0<i<j<n, a, 
map 

Plt...,s^ ■ ^([so, ■ • ■ , Sn]) Map^(s^^)(sj, sj) 
satisfying some evident compatibility conditions. We will take Pl'^^,,,^s^ to be given by the composition 

X{[so,...,Sn]) X{[s,,S^ + l,...,Sj]) 

= H^^^,^{{si,Si + l,...,Sj),{0<j-i}) 
coMuiHf.,.. 

= ^^PF(S,X){Si,Sj). 

It is not difficult to check that these maps satisfy the conditions of Remark 2.2.1 and therefore determine a 
map u of A-enriched proScgal categories. 

To complete the proof, it will suffice to show that for every A-enriched category C, the map </> is a bijection. 
The proof proceeds by explicitly constructing a map : Homgeg^ ((5, X), 0(6)) }iomeatA{F{S, X),C) 
inverse to (j). Suppose given a map / of A-enriched preSegal categories {S, X) G(C). This data determines 
a map a from S to the set of objects of C, and a collection of maps 

0lo,...,s„ ■ ^([so, Sn]) Mape(Q!(si), a{sj)) 

as explained in Remark 2.2.1. We will define a A-enriched functor ip{f) : F{S,X) ^ 6 as follows. On 
objects, is given by the map a. To define on morphisms, we must give for every pair of elements 
x,y £ S a. map 

colimiJ^j^ — » Mapg(a(x),a(y)). 
This is equivalent to giving a compatible family of maps 

-f^^3/W ^ Mape(a(a;),a(j/)), 

where a = ((sq, • • • , «„), {0 = io < Ji < . . . < ife = n}) ranges over the objects of 3x,y{S). We take this to be 
the map given by the composition 

H^,y{cr) = X([so,...,SiJ) X ... X X([si,_,,...,s„]) 

/30,ii,„...,3,^x...x/3°;^-'^-!»„ 

—>■ Mape(a(so),a(siJ) x ... x Mape(a(sfc_i), a(s„)) 

MapQ{a{x),a{y)). 

It is straightforward to verify that this collection of maps has the desired properties, and that this construction 
determines a map ip which is inverse to ^. □ 
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It follows from Proposition 2.2.4 that the construction {S, X) i-^ F(S, X) is functorial in the A-enriched 
preSegal category {S,X), and determines a left adjoint to the functor of Example 2.1.4. Our next goal is to 
understand the homotopy types of the mapping objects in F{S,X). Since these mapping objects are given 
by colimits in A, wc would like a criterion to guarantee that these colimits are also homotopy colimits (see 
Proposition 2.2.6 below). First, we need a very formal preliminary result: 

Lemma 2.2.5. Let A, B, and C be combinatorial model categories, and Ze< : A X B — » C be a left Quillen 
bifunctor. Let 3 and 3 be small categories. Then the induced functor 

Fun(J, A) X Fun(a, B) ^ Funp x 3, C) 

is again a left Quillen bifunctor; here we regard Fun(J, A), Fun(J, B), and Fun(J x 3, C) as endowed with 

the projective model structure. 

Proof. Let f : A ^ A' he a projective cofibration in Fun(3, A) and let <? : S — > be a projective cofibration 
in Fun(3,B). Define new functors 

^' (g) B', / A : J X g ^ e 

by the formulas 

{A'^B'){I,J)=F{A'{I),B\.J)) 
{fAg){I,J)=F{A{I),B'{J)) ]J FiA'iI),B{J)). 

F{A{I),B{J)) 

We have an induced map : f A g — > A' ^ B'. We wish to prove that is a projective cofibration, 
which is trivial if either / or is a trivial cofibration. We will prove the first assertion; the second follows 
by the same argument. 

Let us first regard / as fixed, and consider the collection of all g such that ^/^g is a projective cofibration. It 

is not difficult to verify that this collection is weakly saturated. It will therefore suffice to prove the assertion 
as g ranges over a collection of generators for the weakly saturated class of all projective cofibrations in 
Fun(3, B). We may therefore assume that g = tpig, where ■0 : [0] — > 3 is a functor (corresponding to an 
object of 3), 4'\ the corresponding left Kan extension functor, and p is a cofibration in Fim([0].B) ~ B). 
Replacing 3 by [0], we may reduce to the case where the category 3 consists of a single object. We now 
regard g as fixed and apply the same argument to reduce to the case where J consists of a single object. We 
are therefore reduced to proving that the original functor 

F : A X B ^ C 

is a left Quillen bifunctor, which is true by assumption. □ 

Proposition 2.2.6. Let f : {S, X) {S, X') be a projective cofibration between cofibrant A-enriched pre- 
Segal categories which is the identity on the object set S. For every pair of objects x,y G S, the induced 
map 

ttX ttX' 

is a projective cofibration in the category of functors from 3x.y{S) to A. 

Proof. We will prove Proposition 2.2.6 imder the following additional assumption: 

(*) For every pair of elements x, y G S, the diagram H^y is projcctively cofibrant. 

Assume for the moment that this weaker version of the Proposition holds. Since {S, X) is cofibrant, Lemma 
2.1.12 implies that we have a projective cofibration /o : {S,Xo) {S,X), where Xo : A^^ — > A is defined 
by the formula 

1 if So = . . . = s„ 



Xo{[so, . . ■,Sn]) 



otherwise. 
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Here 1 and denote final and initial objects of A, respectively. Since (*) is satisfied by Xo, we deduce that 
the maps H^y are projective cofibrations, so that assumption (*) is also satisfied by X: in other 

words, condition (*) is automatic, so that Proposition 2.2.6 holds in general. 

Let us now assume that X satisfies (*). Using Lemma 2.1.12, wc deduce the existence of a transfinite 
sequence of A-enriched preSegal categories {(5, X^}/3<a with the following properties: 

• We have Xq = X. 

• If /3 < a is a nonzero limit ordinal, then Xfj is isomorphic to the colimit of the diagram {X/ji}iji^ij. 

• If /3 < a, then the map Xjj Xpi is a pushout of a generating projective cofibration of type {h) 

appearing in Definition 2.1.9. 

• The morphism X ^ X' \s a, retract of Xq X^- 

Since the collection of projective cofibrations is stable under retracts, we may assume without loss of 
generality that / is the map Xq — > X^- We will prove the following: 

(a) For each 7 < /3 < a, the map Hx,y — > Hx,y is a projective cofibration. In particular (taking 7 = and 
applying assumption (*)), the diagram Hx,§ is projectively cofibrant. 

We will prove (a) using induction on /3, regarding the ordinal 7 as fixed. If /? = 7 there is nothing to 

prove, and if /3 is a limit ordinal then the result follows from the inductive hypothesis, since the construction 
X i-> H^y preserves filtered colimits. We may therefore suppose that /3 = /3o + 1 is a successor ordinal larger 

than 7. The inductive hypothesis guarantees that the map Hx,y Hx,y" is a projective cofibration. It will 

therefore sufHce to show that the map Hx,y° —>■ Hx,y is a projective cofibration. We map now replace X by 

X(j„ (observe that our inductive hypothesis guarantees that (*) is still satisfied) and X' by Xfj to reduce to 
proving the original form of Proposition 2.2.6 under the following additional assumption: 

(*') There exists a cofibration u : A — > S in A, an integer n > 0, and a pushout square 

Pr"(A)^^Pr"(B) 



{S,X) ^{S,X'). 

This diagram is classified by a sequence of elements so, • • • , Sn € S and a commutative diagram 

A 



in the category A. 

For each k>0 and each subset SC. [k], let 

be the functor given by the formula 

(f7o,f7i,...,c7fc+i) ^ i?i^«„(<7o) X Co X Hf^^^^{ai) x Ci x . . . x Cfe x H^^y{ak+i), 

where Ci is equal to A ii i ^ S and B otherwise. Let ^f'^' denote the functor ^fj^j, and let S'l^' denote the 
colimit of the functors {^'s'lscffe]) so that we have a map 0*^ : ~^ 5"+^. 



44 



There is a natural concatenation functor 

and the map v determines a natural transformation from each 3^[^^ to H^y o ip''. Let 

: Fun(g,,,„(5) x a«„,.o(^)' x a«„,,(5), A) ^ Fun(a,,,(5), A) 

denote the left Kan extension functor. 

The diagram H^y can be realized as the direct limit of a sequence of diagrams 

with the following property: 

• For each k > 0, there is a pushout diagram (in the category Fun{3x,y{S), A)) 



To complete the proof, it will suffice to show that each il)^{(f)^) is a projective cofibration. Since V'f is a left 
Quillen functor, we are reduced to proving that (j)^ is a projective cofibration. This follows from Lemma 2.2.5, 
since is an iterated external smash product of maps of the form — > H^, y, (here denotes the initial 
object of Fun(0a,/ y/(5'), A); this map is projective cofibration by virtue of assumption (*)) and u : A B 
(which is a projective cofibration in the category Fun([0], A)). □ 

It follows from Proposition 2.2.6 that the construction (5*, X) ^ F(S, X) is homotopy invariant when 
restricted to cofibrant A-enriched preSegal categories (Proposition 2.2.9 below). To make this precise, we 
need to introduce some terminology. 

Definition 2.2.7. Let (p : {S,X) {S',X') be a morphism of A-enriched preSegal categories. We will say 

that is a pointwise fully faithful if, for every sequence of objects sq, . . . ,Sn G S, the map X{[so, . . . , s„]) — »■ 
X'{[(j){so), ■ • ■ , (/)(s„)]) is a weak equivalence in A. 

Lemma 2.2.8. Let 4> :3 3 be a functor between small categories such that the induced map N(3) — + N(a) 
is cofinal, and let A be a combinatorial model category. Then, for any functor X : J — » A, the canonical 
map 

hocolim(X o — > hocolim(X) 

is an isomorphism in the homotopy category hA. 

Proof. Replacing A by a Quillen (equivalent combinatorial model category if necessary, we may assiime that 
A is simplicial (sec, for example, [14]). Without loss of generality, we may assume that X takes values in the 
full subcategory A° of fibrant-cofibrant objects of A, and therefore determines a functor x : N(3) N(A°). 
Using Theorem T.4.2.4.1, we are reduced to proving that the induced map colim(x o (p) colim(a;) is an 
equivalence in the oo-catcgory N(A°), which follows from Proposition T. 4. 1.1. 8. □ 

Proposition 2.2.9. Let (p ■ {S,X) —>■ {S',X') be a morphism of A-enriched preSegal categories. Assume 
that: 

(1) The A-enriched preSegal categories {S, X) and {S, X') are cofibrant. 
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(2) The induced map 5 — > S" on objects is surjective. 

(3) The map (j) is pointwise fully faithful. 

Then the induced map F{(j)) : F{S,X) — > F{S',X') is an equivalence of A- enriched categories. 

Proof. Assumption (2) guarantees that F{^) is essentially surjective. It will therefore suffice to prove that, 
for every pair of objects x,y £ S, the induced map 

Mapp.(5^jf)(a;,y) Ma.pp^s',x')Wx),(l>{y)) 

is a weak equivalence in A. In other words, we must show that the map 

colim(//,^, : 3.,y{S) ^ A) ^ colim(iJ^;)^^(^) : d^'A^') - A) 

is a weak equivalence. Assumption (1) and Proposition 2.2.6 guarantee that the diagrams H^y and -ff^^,) ^(^y^ 
are projectively cofibrant, so it will suffice to show that the horizontal map in the diagram 

hocolim(//,^^ : 2.,y{S) ^ A) ^ hocolim(ff^^)_^(^) : 3,,y{S') - A) 




hocolim(3j,^y(S') d4>(x),,l>(y){S') A) 

is a weak equivalence. By the two-out-of-three property, it will suffice to show that (j) and V are weak 
equivalences. The map <j) \s a, weak equivalence because the transformation H^y ^^{x) 4,(y) \ 3x,y{'S) is a 
pointwise weak equivalence (in view of assumption (3) together with the observation that every product in 
A is a homotopy product, since every object is cofibrant and the Cartesian product functor on A is a left 
Quillen bifunctor). To prove that '0 is a weak equivalence, it will suffice (by virtue of Lemma T.4.f .1.8) to 
show that the map lSi{Sx,y{S)) ^id^{x),<p{y){S')) is cofinal. In view of Theorem T. 4. 1.3.1, this is equivalent 
to the following assertion: for every object a S 3^{x).4,{y){S'), the fiber product category 

2x,y{^)<y/ = 3x,y{^) ^3^(:c).Hy)(.S') 3<t>{x),<t>{y){S')a/ 

has weakly contractible nerve. 

Let fT = ((sq = (j){x),s'i, . . . , s'^_i,s'^ = 0(2/)), {0 = io < ii < ■ ■ ■ < ik = n}). We define full subcategories 
C C D C {dx,y{S)a/)°^ as follows: an object of {3x,y{S)(T/)°^ belongs to D if and only if the corresponding 
map 

a-.CT-f (((/)(a;),si, . . . (/'(?y)), {0 = < ii <•••<% = "}) 

in d(ji{x),<i>{y){S') has the property that a{ij) G {0 = < . . . < ift = n} for < j < k. Such an object belongs 
to C if and only if a;([n]) C {0 = io < • • • < «fe = n}. We note that the inclusion D C {dx,y{S)a/)°^ admits a 
left adjoint, and the inclusion Q CD admits a right adjoint. It follows that the inclusions 

N(e)CN(2))CN(a^(,),^(,)(5')./) 

are weak homotopy equivalences. It will therefore suffice to show that N(e) is weakly contractible. 

The category 6 is equivalent to a product Co x Ci x . . . x e„, where the categories Cj may be described 
as follows: 

• An object of 6^ is given by a nonempty sequence sq, . . . ,Sm G 4'~^Wi}: together with a nonempty 
subset K C [m]. If i = 0, we have the additional requirement that so = x and ^ K, while if i = n we 
have the additional requirement that Sm = y and m G K. 
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• A morphism from {sq, . . . ,Sm',K) to (sg, ■ • • , s—k '^i ^ monotone map a : [m] — > [m] such that 

Sj = Sq:(j) for < j < m, and ii' C a(K). If z = 0, we have the additional requirement that a(0) = 0, 

and if i = n wc have the additional requirement that a{m) — m. 

We will show that each 6,; has a weakly contractible nerve. There are several cases to consider: 

(a) Suppose that i = = n. Let C- be the full subcategory of spanned by those objects {sq, ■ ■ ■ ,Sm', K) 
such that K = {0,to}. The inclusion C Cj admits a left adjoint, so it will suffice to show that C- 
has weakly contractible nerve. We now observe that C- has an initial object, given by the sequence 

ix,y;{0,l}). 

(6) Suppose that i = < n. Let 6^ be the full subcategory of Cj spanned by those objects (sq, . . . , s^; K) 
such that K = {0}. We again observe that the inclusion C'^ C Cj admits a left adjoint, and that 6- has 
an initial object, this time given by {x; {0}). 

(c) Suppose that i = n> 0. We then argue as in case (6). 

(d) Suppose that < i < n. Consider the following functors from Cj x to Cj: 

— Let TTi, 7r2 : Ci X ^ Cj denote projection onto the first and second factor, respectively. 

— Let F : Cj X Cj — > Cj be the concatenation functor, so that 

F((so, . . . , s™; K), (so, ■ • • , s^; K')) = {{sq, ...,Sm,so,-- • , Sm), K") 

with K" ^ KU{j + m+l: j e K'}. 

— Let F- : Gi X Gi ^ Gi be the variant on the concatenation functor described by the formula 

F_{{so, . . .,Sm;K), (so, • • .,Srn;K')) = {{sq, . . . , Sm,So, ■ ■ .,Srn),K). 

— Let F+ : X Cj — > Cj be the variant on the concatenation functor described by the formula 

-F+((so, . . . , Sm; K), (so, ...,Srn; K')) = ((sq, . . . , S^, So, . . • , Sm), K"), 

where K" = { j + m + l|j e K'}. 
We have natural transformations of functors 

It follows that TTi and 7r2 induce homotopic maps from N(Cj) x N(ej) to Cj. Fix an object C S Cj (this 
is possible in view of assumption (2)). The identity map from N(ej) to itself, which is given by the 
composition 

N{Gi) ~ N(e,) X {C} C N{Gi) X N(ei) '^^'^ N(ei), 
is homotopic to the composition 

N{Gi) ~ N(ei) X {C} C N{Gi) X N{Gi) ""^'^ N(ei), 
which is a constant map taking the value C. It follows that N(ej) is weakly contractible as desired. 

□ 

Definition 2.2.10. We will say that a morphism {S,X) — > {S',X') of A-enriched preSegal categories is a 
cofibrant refinement if it is pointwise fully faithful, the map 5 — > 5' is surjective, and {S, X) is cofibrant. 
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Remark 2.2.11. For every A-enrichcd Segal category {S',X'), there exists a cofibrant refinement 4> : 
{S,X) — > {S',X'). This follows from the small object argument: we can choose (j) so that {S,X) is cofibrant 
and (f) has the right lifting property with respect to all projective cofibrations. Unwinding the definition, 
the latter condition amounts to the requirement that 5 — > 5' is surjective and the map X([so, . . . , s„]) — > 
X'{[(j){so), . . . , (pisn)]) is a trivial fibration in A, for every sequence of elements So,. . . ,Sn € S. In particular, 
this condition guarantees that (j) is pointwise fully faithful. 

Corollary 2.2.12. Let 4> : {S, X) (S", X') be a morphism of A- enriched preSegal categories. The following 
conditions are equivalent: 

(1) Suppose given a commutative diagram 

(S,X)^(S',X') 



{S,X)^^{S',X') 

such that the vertical maps are cofibrant refinements. Then the induced map F{S,X) F{s',x') is 
an equivalence of A- enriched categories. 

(2) There exists a commutative diagram satisfying the conditions listed in (1). 

Proof. Let us say that a diagram a : 

(S,X)^(S',X) 



{S,X)^!^{S',X') 

is good if the vertical maps are cofibrant refinements, and excellent if it is good and the map F{S, X) — > 
F(S ,X) is an equivalence of A-enriched categories. Using the small object argument, we can construct a 
good diagram ctq: 

iS,Xo) ^{S'Xo) 



{S,X)—^{S',X') 

with the following additional properties: 

• The vertical maps are the identity on objects. 

• For every sequence of elements So,Si,...,s„ G S, the map Xo([so, . . . , s„]) — »■ X([so, . . . , s„]) is a 
trivial fibration in A. 

• For every sequence of elements s'q,...,s'^ G S', the map Xo([so, . . . , s^]) X'{[sq, . . . ,s'^]) is a trivial 
fibration in A. 

If (1) is satisfied, then ctq is excellent, which proves (2). 

Conversely, suppose that (2) is satisfied, so that there exists an excellent diagram. We wish to prove (1): 
that is, wc wish to prove that every good diagram a is excellent. For this, it will suffice to show that a good 
diagram a is excellent if and only if ctq is excellent. 

We first observe the following immediate consequence of Proposition 2.2.9: 
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(*) Suppose given a commutative diagram 



{S,X) ^{S',X') 



{s,x)—^(s',T) 



{S,X)^^{S',X') 

where the vertical morphisms are cofibrant refinements. Then the lower square is good if and only if 
the outer rectangle is good. 

In particular, given any good diagram a: 



{S,X)—^{S',X') 

{S,X)^{S',X'), 
we can choose a factorization of as a composition 

(S,X) £ {S',X') £ (s',x') 

where is a projective cofibration and (j) is a cofibrant refinement. Taking {S, X) = {S, X) and applying 
(*), we see that a is excellent if and only if the diagram a': 



{S,X)—^{S',X') 



{S,X)^^{S',X') 



is excellent. It will therefore suffice to prove that a' is excellent if and only if ctq is excellent, which follows 
from (*) together with the existence of a commutative diagram 

(S,X) ^{S',X') 



{S,Xo) -(5',Xo) 



{S,X)^^{S',X'). 



□ 



Lemma 2.2.13. Let (j) : {S,X) — > {S',X') be a projective cofibration of A- enriched preSegal categories. 
Then the induced map F{(j)) : F{S,X) — > F{S',X') is a cofibration of A- enriched categories. 



49 



Proof. The collection of morphisms 4> for which is a cofibration is weakly saturated. It will therefore 

sufHce to prove that this collection contains each of the generating projective cofibrations of Definition 2.1.9. 
There are two cases to consider: 

(a) The set S is empty, S' consists of a single element, and the functor X' : Ag? — » A is a constant 
functor taking value equal to a final object 1 G A. In this case, F{(l)) is the inclusion from the empty 
A-enriched category to the A-enriched category with a single object (and endomorphisms given by 
1 e A); this is a generator for the class of cofibrations in CatA- 

(b) There exists a cofibration (pQ : A B in A and an integer n > such that (/> is the induced map 
Fr"(^) Fr"(B). In this case, we can identify F(S, X) with the A-enrichcd category freely generated 
by objects Xq^Xi, . . . ,Xn and maps {tpi : A — > Map(a;i, a;i+i)}o<i<n- Similarly, F{S',X') is freely 
generated by objects xo,---,Xn and maps {ip^ : B Map(a;i, a;i+i)}o<i<n- The functor F{S,X) — > 
F{S',X') is easily seen to be a pushout of n generating cofibrations in the category CatA- 

□ 

F 

Lemma 2.2.14. Suppose given a pair of adjoint functors A < ^ B , where A and B are combinatorial 

G 

model categories. Assume that: 

(1) The collection of cofibrations in A is generated (as a weakly saturated class of morphisms) by cofibra- 
tions between cofibrant objects. 

(2) The functor F preserves cofibrations and preserves weak equivalences between cofibrant objects. 

(3) The model categories A and B are left proper. 

(4) The collection of weak equivalences in A and B are stable under filtered colimits. 
Then F and G determine a Quillen adjunction between A and B. 

Proof. In view of (2), it will suHice to show that the functor F preserves trivial cofibrations. We first 
introduce a bit of terminology. We will say that a commutative square 

I / ^ 

in A is good if the maps g and g' are weak equivalences, the objects X and X' are cofibrant, and the induced 
diagram 

FX *- FX' 

•I w 

FY ^ FY' 

is a homotopy pushout square in B. We will say that a morphism / : y ^ in A is good if, for every 
trivial fibration g : X ^Y such that X is cofibrant, there exists a good square 

X^-^X' 



y — ^y. 

We will prove the following: 
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(*) Every cofibration in A is good. 

Assuming (*) for the moment, we can complete the proof as follows. Let / : F ^ F' be a trivial cofibration; 
we wish to show that Ff is a trivial cofibration. Assumption (2) guarantees that Ff is a cofibration, so 
it will sufiice to show that Ff is a weak equivalence. Choose a trivial fibration g : X ^ Y, where X is 
cofibrant. Invoking (*), we deduce the existence of a good square 

/' 

X^^X' 

a g' 
I f i 

Since / is a weak equivalence, a two-out-of-three argument implies that /' is a weak equivalence. Consider 
the diagram 

Ff 

FX > FX' 



FY FY'. 

By assumption, this is a homotopy pushout square in B. It will therefore suflace to show that Ff is a weak 
equivalence, which follows from assumption (2). 

We now prove (*). Let / : F — > F' be a cofibration in A. Using assumption (1) and the small object 
argument, we deduce the existence of a transfinite sequence of objects {^}/3<a with the following properties: 

• The object Yq coincides with Y. 

• For every nonzero limit ordinal /? < a, we have Yg ~ colinXy</3 K^. 

• For every ordinal /? < a, we have a pushout diagram 

Zp > 



Yp — ^y^+i 

where hp is a cofibration between cofibrant objects. 

• The object Y' is a retract of Fq, in Ay/. 

Choose a trivial fibration g : X ^ Y , where X is cofibrant. We first construct a transfinite sequence of 
trivial fibrations {gp : Xp — > l^}/3<a as follows: 

• If /3 = 0, we set gfj = f. 

• Let /3 < a be a nonzero limit ordinal, and let g</3 : colim^<^ X^ F^ be the colimit of the maps g^ 
for 7 < Assumption (4) guarantees that g<0 is a weak equivalence. It follows that g^^ admits a 
factorization 

colim^<^X-^, Xjs ^ Yp 
where is a trivial cofibration and gi3 is a trivial fibration. 
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• Suppose that f3 < a. Since Zp is cofibrant and the map hf^ is a trivial fibration, the attaching map 
Yp factors through Xfj. Let X'^-^ denote the pushout XfjYlz^^ ^'13- Since A is left proper, the 
induced map Yp+i is a weak equivalence. We may therefore choose a factorization 



P -jr 9/3+1 V 
^ A/3+1 Yff+i 



where p is a trivial cofibration and 5/3+1 is a trivial fibration. 
We now prove that for each (3 <a, the square 



X 



X0 



an 



■Y, 





is good. It is clear from the construction that the upper horizontal map is a cofibration (which implies that 
Xfj is cofibrant, since X is cofibrant by assumption), and that the map gjj is a trivial fibration. The only 
nontrivial point is to verify that the induced square 



FX 



Fg 



FX0 

Fgi3 



FY ■ 



FY, 



/3 



is a homotopy pushout square in B. The proof proceeds by induction on (3. If /3 = 0, there is nothing to 
prove. Suppose that /3 is a nonzero limit ordinal. We have a commutative rectangle 



FX 



FX 



FY- 



<0 ■ 



■FY0. 



■FXf, 



id 



FYp. 



Using assumption (4) and the inductive hypothesis, we deduce that the left square is a homotopy pushout. 
Assumption (2) guarantees that the upper horizontal map in the right square is a weak equivalence, so that 
the right square is also a homotopy pushout. It follows that the outer square is again a homotopy pushout, 
as desired. 

The case of successor ordinals is treated similarly: suppose that (3 < a, and consider the diagram 



FX 



■FX a 



■HXffUz.Z'fs) > FX/3+1 



FY- 



FYa 



■FY, 



/3+1 



id 



■FY, 



The inductive hypothesis guarantees that the leftmost square is a homotopy pushout, and assumption (2) 
guarantees that that the rightmost square is a homotopy pushout. It will therefore suffice to show that 
the middle square is a homotopy pushout. Since the functor F preserves colimits, the middle square is a 
pushout. Moreover, the horizontal maps in the middle square are cofibrations, by virtue of assumption (2). 
Since B is left-proper (assumption (3)), the desired result follows. 



Since Y' is a retract of Y^ in Ay/, there exists a map r : Y^ 
that we can identify Y' with the colimit of the sequence 



Ya such that r — r and rof^ = /„, such 



Y ^ Y Y 
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Consider the diagram 




Since is a trivial fibration and is a cofibration, there exists a map f : Xa Xa making the diagram 
commute. 

We will construct a commutative ladder 

g" 

x^^x°^^x^^^--- 



id 

X^^X, 



■Xr, 



as follows: 

• Let X° = = and 5° = id. 

• For i > 0, we factor the map X' X^ — * X^ as a composition 

where is a cofibration and s*+^ is a trivial fibration. 
Let X' = colimj X*, so that we have a commutative diagram 

X ^X' 




We claim that this square is good. By construction, the upper horizontal map is a cofibration, so that X' 
is cofibrant. The map g' is a filtered colimit of the compositions ° s% each of which is a trivial fibration; 
assumption (4) guarantees that g' is a weak equivalence. The only nontrivial point is to guarantee that the 
diagram 

FX ^ FX' 



FY- 



-^FY' 



is a homotopy pushout square in B. Assumption (4) guarantees that the collection of homotopy pushout 
squares in B is stable under filtered colimits; it will therefore suffice to show that for each i > 0, the outer 
square in the diagram 

FX ^ FX* 



9 

FX 



Fs* 



FY ^FYa,. 
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We conclude by observing that the upper square is a homotopy pushout (since Fs' is a weak equivalence by 
virtue of assumption (2)) and the lower square is a homotopy pushout thanks to our previous efforts. □ 

Lemma 2.2.15. Let (S,X) be a projectively cofibrant A-enriched Segal eategory, and letx,y € S. Then the 

canonical map u : X{[x,y\) Map^^^g j^-)(a;, y) is a weak equivalence in A. 

Proof. Let d'x,y{S) denote the full subcategory of dx,y{S) spanned by those objects of the form ((sq = 
X, si,...,s„ = y),{0 < n}). Let H : 3'x,y{S) A denote the restriction of H^^ to d'x^y The category 
d'x,y{S) has a final object, given by {{x,y), {0 < 1}). It follows that we have canonical identifications 

colimiJ ~ hocolimif c:i X{[x,y]). 

Moreover, we can identify the map u with the map 

colim H colim 

induced by the inclusion 3x,y Q dx,y 

We observe that the inclusion 3'x y{S) CI 3x.y{S) admits a right adjoint R. We have a canonical natural 
transformation a : Hx,y ^ H oi functors from 3x,y {iS) to A. The map R induces a morphism v : colim H^y — > 
colim i? which is left inverse to u. It will therefore suffice to show that w is a weak equivalence in A. 

Since (5*, X) is cofibrant, Proposition 2.2.6 implies that the diagram H^y is projectively cofibrant diagram. 
It will therefore suffice to show that R induces an isomorphism hocolim H^y hocolim H in the homotopy 
category hA. This map factors as a composition 

hocolim H^y hocolim(lf o R) ^ hocolim H. 

The first map is an isomorphism in hA since the natural tranformation H^y H o R in a weak equivalence 
of diagrams 3x,yiS) ~^ A, by virtue of our assumption that (5, X) is A-enriched Segal category. The second 
map is an isomorphism by Lemma 2.2.8 (the functor R admits a left adjoint, and therefore induces a cofinal 

map n{3.,y{S)) ^ n{3',js))). □ 

Theorem 2.2.16. There exists a left proper combinatorial model structure on SegA which may be described 

as follows: 

(C) A morphism 4> '• {S,X) {S',X') of A-enriched preSegal categories is a cofibration if it is a projective 
cofibration in the sense of Definition 2.1.9. 

iyV) A morphism (j) : {S,X) {S',X') of A-enriched preSegal categories is a weak equivalence if it satisfies 
the equivalent conditions of Corollary 2.2.12. 

(F) A morphism (j) : {S,X) — > {S',X') of A-enriched preSegal categories is a fibration if it has the right 
lifting property with respect to all morphisms satisfying (C) and (W) . 

Moreover: 

(a) The collection of weak equivalences in SegA is stable under filtered colimits. 
{b) The adjoint functors 

F 

SegA < ^ Cat A 

G 

determine a Quillen equivalence between SegA and CatA- 

Remark 2.2.17. We will refer to the model structure of Theorem 2.2.16 as the projective model structure 
on SegA- 
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Proof. To prove that SegA is a left proper combinatorial model category, it will suffice to show that the 
hypotheses of Proposition T. A. 2. 6. 13 are satisfied. We consider each in turn: 

(1) The collection of weak equivalences in Seg^ is perfect (in the sense of Definition T. A. 2. 6. 10). Using 
Remark 2.1.10 and the small object argument, we deduce the existence of an accessible functor T : 
SegA SegA and a natural transformation a : T — » id with the following property: for every A- 
enriched preSegal category {S,X), the transformation a induces a map T{S,X) — » {S,X) which is a 
cofibrant refinement. 

It follows that a morphism (f) in SegA is a weak equivalence if and only if the induced map {F o T) (a) is 
an equivalence of A-enriched categories. It follows immediately that the collection of weak equivalences 
in SegA is an accessible subcategory of Al^l which satisfies the two-out-of-three property. 

It remains to show that the collection of weak equivalences in A is stable under filtered colimit. Let 
3 be a small filtered category, and suppose that a : 3" — » 5"' is a natural transformation of functors 
3", 9^' : 3 ^ SegA such that, for each J G 0, the induced map 9^(J) 3^' (J) is a weak equivalence. 
We wish to prove that the induced map colim U colim 3^' is a weak equivalence. Let us say that 
a morphism in Fun(0, SegA) is projective cofibration if it belongs to the weakly saturated class of 
morphisms generated by {if{,f)}, where / ranges over projective cofibrations in SegA, J over the 
collection of all objects in 3, and if denotes the functor of left Kan extension along the inclusion 
{J} C 3- We will say that an object S of Pun(0, SegA) is projectively cofibrant if the map — > S is 
a projective cofibration. where denotes the initial object of Fnn{3, SegA)- Using the small object 
argument, we deduce the existence of a commutative diagram 

J ^ j' 

,, 

J ^J' 

in Fun(J, SegA), where 3^ and 3^ are projectively cofibrant, and the vertical maps are cofibrant refine- 
ments after evaluation at each J € 3- We observe that colim 3" and colim are cofibrant objects of 
SegA- Since the class of weak equivalences in A is stable under filtered colimits, the vertical maps in 
the diagram 

colim ^ cofim 3^ 



colim 3 *- colim j' 

are cofibrant refinements. It will therefore suffice to show that the induced map F (colim 3^) — > 
F(colimy') is an equivalence of A-enriched categories. Since F commutes with colimits and the col- 
lection of equivalences in CatA is stable under filtered colimits, it will suflice to show that F{3^{J)) 
F{3^ (J)) is a weak equivalence for each J G 3, which follows from our assumption that 3^(J) ^'{J) 

is a weak equivalence in S'eg(A). 

(2) The collection of weak equivalences is stable under pushouts by generating projective cofibrations. 
Let / : {T,Y) {T' ,Y') be one of the generating projective cofibrations of Definition 2.1.9, and let 
^ : {S,X) {S',X') be a weak equivalence. Suppose we are given a map x '■ (^)^) ~* {S,X); we 
wish to prove that the induced map 

{S,X) H {r,Y')^{S',X') H {T',Y') 
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is a weak equivalence. Choose a commutative diagram 

{S,Xo) ^{S'Xo) 

as in the proof of Corollary 2.2.12. Wc observe that {T,Y) is cofibrant, so we can lift x to a map 
Xo : {T,Y) {S,Xo). Consider the induced diagram 

{s, Xo) UiT,Y) (T', Y') ^ {s',%) U(^,^) (T', r ) 

(5, X) U(^,^) (T', Y') . (5', X') U(^,v) {T', Y'). 

Using the Icft-propcrncss of A, we deduce that the vertical maps arc cofibrant refinements. It will 
therefore suffice to prove that F(V') is an equivalence of A-enriched categories. Since F preserves 
colimits, this is equivalent to the assertion that the map 

F{S,Xo) U F{T',Y')^F{S',%) ]J F{T',Y') 

F(T,Y) F{T,Y) 

is an equivalence of A-enriched categories. Our assumption that is a weak equivalence guarantees 
that F(S,Xo) ^ F{S',Xo) is an equivalence of A-enriched categories. The desired result now follows 
from Lemma 2.2.13 and the left-properness of CatA. 

(3) Let (j> : {S,X) {S',X') be a morphism which has the right lifting property with respect to every 
projective cofibration; we wish to prove that is a weak equivalence. We note that (j) induces a 
surjection 5 — > S" and a trivial fibration X([so, ■ • • , Sn]) X'{[(j){so), . . . , (ji(s„)]) for every sequence of 
elements so,si, . . . ,Sn & S. In particular, cj) is pointwise fully faithful. 

Choose a commutative diagram 

{S,Xo) ^{S\%) 



{S,X)—^iS',X') 

as in the proof of Corollary 2.2.12. To prove that (f) is a weak equivalence, it will suffice to prove 
that the induced map F{S,Xo) — > F(S',Xq) is an equivalence of A-enriched categories, which follows 
immediately from Proposition 2.2.9. 

We now claim that F is a left Quillen functor. This follows from Lemma 2.2.13, Lemma 2.2.14, Remark 
2.1.11, and the following trivial observation: 

(*) A morphism (p between cofibrant objects of SegA is a weak equivalence if and only if F{^) is an 
equivalence of CatA-enriched categories. 

We now complete the proof by showing that F induces a Quillen equivalence between SegA and CatA- 
Assertion (*) implies that the left derived functor LF is conservative. It will therefore suffice to show that 
the right derived functor RG is fully faithful. In other words, we must show that if C is a A-enriched category, 
then the counit map 

{LF o RG) : e ^ e 
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is an isomorphism in the homotopy category hA. Without loss of gencrahty, we may assume that 6 is 
a fibrant A-cnriched category, so that we can identify i?G(C) with G(C). Choose a cofibrant refinement 
4> : {S,X) GG; we wish to prove that the adjoint map tp '■ Pi^t^) — » C is an equivalence of A-enriched 
categories. Since the functor ijj is surjective on objects, it will suffice to show that for every pair of objects 
s, s' € S, the map 

u : Ma.pp^^g^x){s,s') Mape(s,s') 
is a weak equivalence in A. We have a commutative diagram 



Mapp.(s,x)(s>s') 




X{[s, s']) ^ Mape(s, s'). 



The map w is an isomorphism in A, and the map w is a weak equivalence by virtue of Example 2.1.7 and 
Lemma 2.2.15. It follows from the two-out-of-three property that u is a weak equivalence, as desired. □ 

RerriEtrk 2.2.18. Let (5'. X) be a A-enriched Segal category. We define a new category h(S, X), the homotopy 
category o/h(S,X), which is enriched over the homotopy category hA of A: 

• The objects of h(S, X) are the elements of S. 

• Given a pair of objects x,y G S, we let Mapj^g x)(a;, y) denote the image of X{[x,y]) e A in the 
homotopy category hA. 

• Given a sequence of objects sq, . . . , G S, the composition law 

Maph(s,x)(so, si) X . . . X Map^s,x)(s ) ^ Maph(s,x)(so, 

is given by composing the map X([so, . . . , s„]) ^ X{[so,Sn\) with the inverse of the weak equivalence 
X{[so, . . . ,Sn]) ^ X{{so,Si]) X . . . X X{[s 

We observe that if C is a A-cnrichcd category, then the homotopy category of G'(C) is canonically iso- 
morphic to the homotopy category hC. It follows from Lemma 2.2.15 that if {S, X) is a cofibrant A-enriched 
Segal category, then there is a canonical isomorphism h(S,X) ~ hF(S, X). For a general (not necessarily 
cofibrant) A-cnrichcd Segal category {S,X), we can identify h(S, X) with the homotopy category F{S,X'), 

where {S,X') is a cofibrant refinement of {S,X). 

Remark 2.2.19. Combining Remark 2.2.18 with the definitions of collections of weak equivalences in SegA 
and Cat A, we deduce the following result: 

(*) Let / : {S,X) {S',X') be a map of A-enriched Segal categories. Then / is a weak equivalence in 
SegA if and only if the induced map h(S, X) h(S', X') is an equivalence of hA-enriched categories. 

In particular, the fully faithful embedding CatA ^ SegA preserves weak equivalences. 



2.3 The Injective Model Structure on Seg^ 

Our goal in this section is to describe a general context in which we can compare the theory of Segal categories 
with the theory of complete Segal Spaces. We begin by observing that for every model category A, there is 
a functor 

UnPre : SegA ^ Fun(A°P, A), 
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which carries a A-enriched preSegal category (5*, X) to the simphcial object mX, where tt : A^" is 
the forgetful functor and tt\ is given by left Kan extension along tt. More concretely, UnPre is given by the 
formula 

UnPre(5,X)„= JJ X([so, • • • , s„]). 

so,...,s„es 

Wc can now state the main result of this section as follows: 

Proposition 2.3.1. Let A be a combinatorial simplicial model category satisfying the following conditions: 
(a) The simplicial model category A is an absolute distributor. 
(6) The collection of weak equivalences in A is stable under filtered colimits. 

(c) Filtered colimits are left exact in the underlying oo-category N(A''). 

(d) The final object of A is cofibrant, and determines a compact object of'N{A°). 

(e) For every finite collection of objects {Xa\ses £ the coproduct U^gg-X's is also a homotopy coproduct 
(this is automatic if, for example, every object of A is cofibrant). 

Then there exists a left proper, combinatorial model structure on the category SegA of A-enriched preSegal 
categories, which may be described as follows: 

(C) A map f : {S,X) {S\X') of A-enriched preSegal categories is an infective cofibration if the map 
S' — > 5' is infective and, for every sequence of elements sq, . . . , s„ € S , the induced map X{so, ■ ■ ■ , s„) —>■ 
X'[f{so), . . . , f{sn)) is a cofibration in A. 

(W) A map f : {S,X) (S',X') of A-enriched preSegal categories is a weak equivalence if and only if 
the induced map UnPre(/) is a weak equivalence with respect to the complete Segal model structure on 
Fun(A°f,A). 

(F) A map f : {S, X) — > (S", X') of A-enriched preSegal categories is an infective fibration if and only if it 
has the right lifting property with respect to all morphisms which satisfy (C) and (W) . 

Moreover, the functor VnPrc : Seg(A) Fun(A°^,A) is a left Quillen equivalence, where Fun(A°^,A) 

is endowed with the complete Segal model structure. 

Remark 2.3.2. We will refer to the model structure of Proposition 2.3.1 as the infective model structure 
on SegA- 

We will give the proof of Proposition 2.3.1 after establishing a few preliminary results. 

Remark 2.3.3. Let A be a model category, and let / : Set ^ A be the functor described by the formula 
f{S) = Uses 1- Suppose that A satisfies the following conditions: 

(a) The functor / is fully faithful. 

(6) For every set S, the coproduct functor 

n A - n - A/,(^) 

ses ses 

is an equivalence of categories. 

Then the functor UnPre : SegA Fun(A°^,A) is fully faithful. Its essential image consists of those 
simplicial objects X, of A such that Xq lies in the essential image of /. Conditions (a) and (b) are satisfied 
in many cases of interest: for example, if A is the category of simplicial sets, or the category of marked 
simplicial sets. 
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Lemma 2.3.4. Let A be as in Proposition 2.3.1, and let f : A ^ B be a cofibration in A. Let if) : Fr"(/) 
Ft"'{B) be the morphism of A- enriched preSegal categories described in Example 2.1.13. Then the induced 
map UnPre(/) is a trivial cofibration in Fuii(A°^, A) (with respect to the complete Segal model structure). 

Proof. It is clear that UnPre(/) is a cofibration in Fun(A°^, A). To prove that it is a trivial cofibration, it 
will suffice to show that for every fibrant object X, of Fun(A°^, A), the induced map 

4> : MapF,„(A°p,A)(UnPreIV"(B),X.) ^ MapF,n(Aop,A)(UnPreFr"(/),X.) 

is a trivial fibration of simplicial sets. Unwinding the definitions, we see that is a puUback of the map 

(j)' : MapA(B,X„) ^MapA(A^n) Xm^p^{a,x^xx„x...xx^x,)^^Va{B,Xi Xxo x ... Xxo^i)- 

This map is a trivial fibration, since / is a cofibration by assumption and the map X„ —> Xi Xxo ■ ■ ■ Xxo 
is a trivial fibration (Remark 1.5.5). □ 

Lemma 2.3.5. Let A satisfy the hypotheses of Proposition 2.3.1, and let f : {S,X) {S,Y) be a map of 
A-enriched preSegal categories which is the identity on objects, such that the induced map X[so, . . . ,s„] —>■ 
Y[sq, . . . ,Sn] is a weak equivalence in A for every sequence sq, . . . ,Sn S S. The the induced map UnPre(/) 
is a weak equivalence in Fun(A°^, A). 

Proof. It follows immediately from assumption (e) of Proposition 2.3.1 that UnPre(/) is a levelwise equiva- 
lence of simplicial objects of A. □ 

Example 2.3.6. Let A be as in Proposition 2.3.1, let i : ^ — > i? be a trivial cofibration in A. and let 
/ : Fr"(A) Fr"{B) be the induced map of A-enriched preSegal categories. Then UnPre(/) is a trivial 
cofibration in Fun(A°'', A) (with respect to the injective model structure, and therefore with respect to the 

complete Segal model structure). 

Remetrk 2.3.7. Using Lemma 2.3.4, Example 2.3.6 and the small object argument, we deduce that for every 
A-enriched preSegal category {S,X), there exists a map / : (S,X) {S,Y) with the following properties: 

(i) The morphism UnPre(/) is a trivial cofibration with respect to the complete Segal model structure on 
Fun(A°f,A). 

(ii) For every pair of elements s, s' e S, the object Y[s, s'] e A is fibrant. 

{Hi) For every sequence of elements sq, • • • > s„ G 5, the map Y[so, - . - , ««] — > F[so, si] x . . . x F [s„_i, s„] is 
a trivial fibration in A. 

{iv) For every sequence of objects sq, . . . ,Sn & S, the map X[sq, . . . ,Sn\ — > Y[sq, . . . ,Sn\ is a cofibration in 
A. 

Lemma 2.3.8. Let A be a simplicial model category satisfying the hypotheses of Proposition 2.3.1, and let 
f : {S,X) — > {S',X') be a map of A-enriched preSegal categories satisfying the following conditions: 

(1) The underlying map of sets S S' is surjective. 

(2) For every sequence of elements sq, ■ ■ ■ , s„ G S , the induced map X{so, • • • , Sn) — > X'{f{so), • • • , f{sn)) 

is a weak equivalence in A. 

Then f satisfies condition (W) of Proposition 2.3.1. 
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Proof. Choose a map (5, X) — > {S, Y) as in Remark 2.3.7. We have a pushout diagram 



{S,X) 



^{S,Y) 



{S',X') 



Remark 2.3.7 guarantees that the functor UnPre carries the upper horizontal map to a trivial cofibration. 
It therefore carries the lower horizontal map to a trivial cofibration as well. Since A is left proper, the right 
vertical map continues to satisfy assumptions (1) and (2). We may therefore replace {S,X) by {S,Y), and 
thereby assume that the map X[so,...,s„] X[s{),si\ x ... x X[sn-i, Sn] is a trivial fibration between 
fibrant objects of A. It follows from (1) and (2) that for every sequence of objects So,...,s^ G S' , the 
functor X' exhibits X'[sq, . . . , s^] e A as a homotopy product of the objects ^i] € A}i<j<„. In 

other words, we may assume that {S^X) and {S' ,X') are A-enriched Segal categories. 

Let y = N(A°) denote the underlying cx)-category of A, and let Z, and Z', be the simplicial objects of y 
determined by UnPre(5, X) and UnPre(5', X'). Using the assumption that ^ is an absolute distributor and 
that (S*, X) and (5', X') are A-cnriched Segal categories, we deduce that Z, and Z', are Segal space objects 
of y . To complete the proof, it will suffice to show that / induces a Segal equivalence Z, — > Z', (Theorem 
1.2.13). This follows immediately from the criterion of Remark 1.2.18. □ 

Proof of Proposition 2.3.1. To deduce the existence of the desired model structure on SegA, we will apply 
the criterion of Proposition T. A. 2. 6. 13. There are only three nontrivial points to check: 

(1) The collection of weak equivalences in Scqa is stable under filtered colimits. This follows from Propo- 
sition 1.5.10, since the functor UnPre preserves all colimits. 

(2) The collection of weak equivalences in SegA is stable under pushouts by injective eofibrations. This 
follows from the left properness of the complete Segal model structure on Fmi(A°^'. A). 

(3) Let / : {S, X) — > (S", X') be a map of A-enriched preSegal categories which has the right lifting property 
with respect to all injective eofibrations. We must show that / is a weak equivalence. We observe 
that each of the generating eofibrations of Definition 2.1.9 is an injective cofibration. Consequently, 
the map S* — > S" is surjective, and each of the maps X{so, . . . , s„) — *■ X'(/(so), • • • , /(««)) is a trivial 
fibration in A. The desired result now follows from Lemma 2.3.8. 

To complete the proof of Proposition 2.3.1, it will suffice to show that UnPre is a left Quillen equivalence. 
The functor UnPre obviously preserves eofibrations and weak equivalences. Let 1 denote the final object of A. 
We observe that UnPre admits a right adjoint G : Fun{A°^, A) — *■ SegA, which may be described as follows: 
for every simplicial object Y, of A, we let G{Y,) = {S, X), where S = HomA(l, Yq) and X([so, • ■ • , s„]) = 
Yn x-^n+i 1, where the map from 1 to Fq""*"^ is determined by the sequence So,...,Sn G S = HomA(l,lo)- 
It follows that UnPre is a left Quillen functor. 

By construction, the left derived functor L UnPre is conservative. Consequently, to show that UnPre is a 
left Quillen equivalence, it will suffice to show that the counit map L UnPre oRG —>■ id is an isomorphism of 
functors from the homotopy category hFun(A°P, A) to itself. Because UnPre preserves weak equivalences, 
it can be identified with its own left derived functor. Consequently, it suffices to prove the following: 

(*) Let X, be a fibrant object of Fun(A°^, A). Then the induced map UnPreG(X,) ^ X, is a weak 
equivalence in Fun(A''^, A). 

Let y = N(A°) denote the underlying oo-category of A. Let Y, denote the simplicial object of y 
determined by X,, and Y,' the simplicial object determined by UnPre We first claim that Y,' is a 

Segal space object of y. Let X C y be the essential image of a functor S ^ y which preserves small colimits 
and final objects; we first claim that Yq G X. By construction, (UnPre G(X,))o = U^gs 1 G A, where 1 
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denotes a final object of A and S = HoniA(l, -'^o)- Assumption (e) guarantees tliat this coproduct is also 
a homotopy coproduct, so that Yq is a coproduct in y of final objects. Since the inclusion X C y preserves 
final objects and small coproducts, we conclude that 1^' e X as desired. 

We next claim that Y,' is a category object of y. To prove this, we must show that for each n > 0, the 
canonical map 

</.:y^^F/xv-,y/xy,...xy,y/ 

is an equivalence. Using (e) and the assumption that X C ^ is a distributor, we deduce that ^ is a coproduct 
of maps 

4>So,...,Sr^ '■ Z{S0, . . . ,S„) ^ Z(.So, ,Si) X ... X Z{Sn-l,Sn), 

where Z{tQ, . . . ,tk) denotes the object of V associated to the fiber product Xk x-^k+i 1 e A, where the map 

1 — > ^o'*'^ is given by {to, . . . ,tk)- Since X, is injectively fibrant, the map X/- Xq^^ is a fibration between 
fibrant objects of A, so that the fiber product is also a homotopy fiber product (Proposition T.A.2.4.4). It 
follows that (f)s„^...,s„ is a pullback of the map Yn^Yi Xy-^ . . . Xy^ Yi, which is an equivalence because V, is 
a Segal space object of A. 

To complete the proof of (*), it will suffice to show that the map Y,' — > V, is a Segal equivalence 
(Theorem 1.2.13). In view of Remark 1.2.18, this will follow if we show that the map Y^ Fo is an effective 
epimorphism in X. Since X ~ §, this is equivalent to the following assertion: every map in the homotopy 
category hX from the final object to Yq factors through Yq. Using assumption (rf), we deduce that any such 
map is represented by a morphism 1 Xq in A. The corresponding element of S determines the desired 
factorization. □ 

We conclude this section by comparing the injective model structure of Proposition 2.3.1 with the pro- 
jective model structure introduced in §2.2. These model structures are Quillen equivalent to one another 
provided that we are in a situation where both are well-defined: 

Proposition 2.3.9. Let A he a combinatorial simplicial model category satisfying the following conditions: 
(o) The collection of weak equivalences in A is stable under filtered colimits. 
(6) The underlying oo-category N(A°) is an absolute distributor. 

(c) Every object of A is cofibrant. 

(d) Filtered colimits are left exact in the underlying oo-category N(A°). 

(e) The final object o/N(A°) is compact. 

(/) For every object X G A, the functor Y i-^ X x Y preserves small colimits. 

(g) The Cartesian product on A endows A with the structure of a monoidal model category. In other 
words, given a pair of cofibrations f : A ^ A' , g : B B' , the induced map 

fAg:{AxB') {A' x B) ^ A' x B' 

AxB 

is again a cofibration, which is trivial if either f or g is trivial. 

Then the identity functor id determines a left Quillen equivalence from Segx ( endowed with the projective 
model structure of Theorem 2.2.16) to SegA (endowed with the injective model structure of Proposition 
2.3.9). 

Remark 2.3.10. The hypotheses of Proposition 2.3.9 are satisfied if A is the category SetA of simplicial 
sets (with the Kan model structure), or if A is the category Set^ of marked simplicial sets (with the model 
structure of §T.3.1.3). 
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We will give the proof of Proposition 2.3.9 after establishing a few preliminary results. We first note that 
the left properness of the projective model structure on Seg^ can be strengthened as follows: 



Proposition 2.3.11. Let A be a combinatorial model category satisfying assumptions {Al) through {A4) of 
%2.2. Suppose given a diagram a: 

{S,X) ^{S',X') 

{S,Y) ^{S',Y') 

of A-enriched preSegal categories satisfying the following conditions: 

(1) The vertical maps are the identity on objects. 

(2) For every sequence of objects s'q, . . . ,s[^ G S' , the diagram 

U.o,...,«„ ^([^0, . . . , Sn]) . . . , S'„]) 

is a homotopy pushout square in A. Here the coproducts are taken over all sq, . . . ,Sn G S lifting the 
sequence s'q, . . . , s'^ € S' . 

Then a is a homotopy pushout diagram with respect to the projective model structure on SegA- 

Proof. Using the small object argument, we can choose a map (5, X) — > {S, X) with the following properties: 

(a) Let 1 denote the final object in SegA- Then the canonical map U^gg 1 —>■ {S, X) is an iterated 
pushouts of morphisms of type (6) appearing in Definition 2.1.9. 

(6) For every sequence of elements sq,. . . ,Sn G S, the induced map X{[so, . . . , Sn]) X{[so, . . . ,Sn]) is a 
trivial fibration in A. 

In particular, {S,X) is a cofibrant refinement of {S,X). Choose a cofibrant refinement {S',x') {S',X') 
similarly. Using the small object argument again, we can factor the map {S, X) — > {S, Y) as a composition 

{S,X) ^ iS,Y) ^ {S,Y) 

with the following properties: 

(c) The map {S, X) (S, Y) is an iterated pushout of morphisms of type (b) appearing in Definition 2.1.9. 

(d) For every sequence of objects sq, . . . ,Sn G S, the map i^([so; ■ ■ ■ , Sn]) Y{[so, ■ • ■ , Sn]) is a trivial 
fibration in A. 

Let {S',y') denote the pushout {S, x')Y[f^g-^^{S,Y). Condition (2) guarantees that the map {S',y') —>■ 
{S', Y') is a cofibrant refinement. Consequently, it will suffice to show that the diagram 

{S,X) ^{S'X) 



{S,Y) ^iS',Y') 

is a homotopy pushout square in SegA- This follows from the left-properness of SegA, since the vertical 
maps are cofibrations by construction. □ 
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Corollary 2.3.12. Let A be a combinatorial model category satisfying assumptions {Al) through {A4) of 
%2.2. Let f : {S,X) {S',Y') be a map of A- enriched preS eg al categories with the following properties: 

(a) The map f is bijective on objects. 

{b) The map f is a weak equivalence. 

(c) For every sequence of elements sq,. . . ,Sn & S, the induced map X{[so, . . . , s„]) — »■ X{[f{so), . . . , /(««)]) 

is a cofibration. 

Then any pushout of f is again a weak equivalence (with respect to the projective model structure on Segx)- 

Remark 2.3.13. The collection of morphisms / which satisfy the hypotheses of Corollary 2.3.12 is evidently 
stable under retracts and transfinite composition (since the collection of weak equivalences in Seg^^ is stable 
under filtered colimits). It follows from Corollary 2.3.12 that this collection is weakly saturated. (In the 
situation of Proposition 2.3.9, it is precisely the collection of trivial cofibrations with respect to the injective 
model structure on Segx-) 

Lemma 2.3.14. Let A be as in Proposition 2.3.9. Then the functor UnPre : Segx Fun(A°^, A) carries 
projective weak equivalences in SegA to weak equivalences in Fun(A°^, A) (with respect to the complete Segal 
model structure). 

Proof. Let W denote the collection of all morphisms in SegA of the type t/j : Fr"(/) Fr"(_B) described in 
Example 2.1.13, where f : A ^ B ranges over a collection of generating cofibrations for A. Let W denote 
the weakly saturated class of morphisms generated by W. We now observe: 

(a) The functor UnPre carries every morphism in to a trivial cofibration in Fun(A°^, A), and therefore 
carries every morphism in to a trivial cofibration in Fun(A°^, A). 

(6) Every morphism in W is a weak equivalence in SegA', this follows from Example 2.1.13 and Remark 
2.3.13. 

Let / : (S,X) {S',X') be a weak equivalence in SegA- Wc wish to prove that UnPre(/) is a weak 
equivalence. Using the small object argument, we can choose a commutative diagram 

_ 

where the vertical maps belong to W and the objects {S, X) and (S", x') have the extension property with 
respect to each morphism in W. In view of (a), it will suffice to prove that UnPre(/) is a weak equivalence. 
In view of (6), the map /' is itself a weak equivalence. Wc may therefore replace {S,X) and {S',X') by 
{S,X) and {S',X ), and thereby reduce to the case where (S,X) and {S',X') have the extension property 
with respect to every morphism in W. Unwinding the definitions, we conclude that for every sequence of 
elements so, . . . , s„ G S, the map X{[so, . ■ . , s„]) X{[sq, si]) x . . . x X([s„_i, s„]) is a trivial fibration in 
A. In particular, the pair {S,X) is a A-enriched Segal category; similarly, {S',X') is a A-enriched Segal 
category. 

Since the map / is a weak equivalence in SegA, Remark 2.2.19 implies that the induced map of homotopy 

categories h(S,X) li(S',X') is an equivalence of liA-enriched categories. 

Let y denote the underlying cx)-category N(A°) of A. Since ^ is an absolute distributor, there exists a 
fully faithful functor i : S ^ V which preserves colimits and final objects. Let X denote the essential image 
of t, so that X C y is a distributor. Let Y, and Y,' denote simplicial objects of ^ determined by UnPre(5, X) 
and UnPre(S", X'), respectively. For every pair of objects x,y £ S, let H{x,y) denote the object of y 
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corresponding to X{[x,y]) S A, and define H'{x',y') G ^ for x',y' G S' similarly. By construction, we have 
for each n > canonical equivalences 

y„~ H H{so,s,)x...xH{ 
Y:,^ W H'{s'o,s[)x...xH'{s'^_„s'J. 

Sq,...,s^6S' 

In particular, the objects Yq and Yq are coproducts of final objects of y, and therefore belong to X. Using 
the fact that X C y is a distributor, we deduce that Y, and Y,' are Segal space objects of y. To complete the 
proof, it will suffice to show that the map Y, Y,' is a Segal equivalence. 

We first show that the map ^ : Yi — > Yq xyj Y( xy^ Yq is an equivalence in y. Using the fact that X C y is 
a distributor, we deduce that the right hand side can be identified with the coproduct H' {f (x) , f (y)) . 

Under this identification, the map (f> corresponds to the coproduct of the maps H{x,y) — > H'{f{x),f{y)), 
which is an equivalence because h(S, X) h(S', X') is a fully faithful functor between hA-enriched categories. 

To complete the proof that Y, Y,' is a Segal equivalence, it will suffice (by Remark 1.2.17) to show 
that the map Yq — > | Gp Y,'| is an effective epimorphism in the cxo-topos X. Under the equivalence of X with 
S, the object Yq corresponds to the discrete space S, while | Gp Y,'| correponds to some Kan complex K. We 
wish to prove that the canonical map S ttqK is surjectivc. 

Choose a connected component r] e ttqK; we wish to prove that rj lies in the image of the map S — » ttqK. 
The effective epimorphism YJ — > | Gp Y,' | determines a map S' ^ K which is surjective on connected 
components, so thcirc exists s' € S' whose image in ttoK coincides with r]. Since the functor h(S, X) US' , X') 
is an equivalence of categories, there exists an element s € S whose image in S' is isomorphic to s'. It follows 
that the image of s in ttoK also coincides with 77, so that r] lies in the image of S as desired. □ 

Proof of Proposition 2.3.9. It is easy to see that every projective cofibration is an injective cofibration. 
Combining this observation with Lemma 2.3.14, we deduce that the identity functor is a left Quillen functor 
from the projective model structure on Seg^ to the injective model structure on SegA- To complete the 
proof, we wish to show that the identity functor is a left Quillen equivalence. In view of Proposition 2.3.1, 
it will suffice to show that the functor UnPre : SegA Fun(A°P, A) is a left Quillen equivalence from the 
projective model structure on SegA to the complete Segal model structure on Fun(A°^, A). 

Let G denote a right adjoint to UnPre. To prove that (UnPre, G) is a Quillen equivalence, we consider 
an arbitrary object (S,X) £ SegA and a fibrant object Y, G Fun(A°^,A). We will to show that a map 
(f) : (5, X) GY, is a weak cqiiivalcncc in SegA if and only if the adjoint map ijj : UnPre(S', X) ^ Y, is a 
weak equivalence in Fun(A°'^, A). Let W and W be the classes of morphisms in SegA defined in Lemma 
2.3.14. Using the small object argument, we can choose a morphism u : {S,X) — * {S,X') belonging to W 
such that (S,X') has the extension property with respect to every morphism in W. Lemma 2.3.4 implies 
that tp factors through {S.X') and that the map UnPre(u) is a weak equivalence in Fun(A°^,A), while 
Example 2.1.13 and Remark 2.3.13 imply that u is a weak equivalence in SegA- We may therefore replace 
(5, X) by (S, X') and thereby reduce to the case where (S, X) is a A-enriched Segal category. 

In view of Remark 2.2.19, the map (t> is a weak equivalence if and only if the induced map of homotopy 
categories h(S,X) — » h(GY,) is an equivalence of A-enriched categories (note that GY, has the extension 
property with respect to every morphism in W by Lemma 2.3.4, and is therefore a A-enriched Segal category). 
Unwinding the definitions, this amounts to the following pair of conditions: 

(i) For every pair of elements x,y G S, the induced map 

X{[x,y])^lXY,Y^ XyA^} 

is a weak equivalence in A. 

(ii) For every morphism i] : 1 ^ Yq, there exists an element s G S whose image in GYq is equivalent to 77 
in the homotopy category h(GY,). 
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As in the proof of Lemma 2.3.14, we note that UnPre(S', X) determines a Segal space object in the 
cxD-category ^ = N(A°). Similarly, Y, determines a complete Segal space object Z', of N(A°), and the map 
V' determines a natural transformation ip : Z, ^ Z',. Let X C ^ denote the full subcategory generated under 
colimits by the final object, so that X is equivalent to the oo-category of spaces and the inclusion X C y is a 
distributor. We note that V is a weak equivalence if and only if '0 is a Segal equivalence. In view of Remark 
1.2.17, this is equivalent to the following pair of conditions: 

{i') The canonical map 

Zi —> Zo 'Xz'^ Z[ Xz'^ Zo 

is an equivalence in N(A°). 

{ii') The map Zq — > | Gp Z', \ is an effective epimorphism in the oo-topos X. 

Using the fact that Zq is equivalent to the coproduct Usgs 1 ^ X and the fact that X C y is a distributor, 
we conclude that (i') is equivalent to (a). To prove {ii'), we note that under the equivalence X ~ 8, the 
map Zq — » I GpZ^I corresponds to a map from the discrete space 5 to a Kan complex K; assertion {ii') is 
equivalent to the requirement that the map S — > woK is surjective. We conclude by observing that ttoK 
can be identified with the set of equivalence classes of objects in the homotopy category h(GY,), so that the 
surjectivity is equivalent to {ii). □ 



3 Straightening for Locally coCartesian Fibrations 

Let 5 be a simplicial set. It follows from Theorem T. 3. 2. 0.1 that the straightening and unstraightening 
functors Stg and Uns of §T.3.2 determine an equivalence between the following types of data: 

(1) Cartesian fibrations of simplicial sets X ^ S. 

(2) Simplicial functors from £[5]°*' into the category §et^ of marked simplicial sets. 

In other words, Cartesian fibrations X ^ S are classified (up to equivalence) by functors — > Catoo- 
Our goal in this section is to provide a generalization of this classification scheme to the setting of locally 
Cartesian fibrations. 

Our first step is to find an appropriate replacement for the base S of the fibration. Recall that a locally 
Cartesian fibration X — > 5 is a Cartesian fibration if and only if every restriction X x 5 — > is a Cartesian 
fibration (Proposition T.2.4.2.8). More generally, if wc arc given some collection T of 2-simplices of S, then 
we could restrict our attention to locally Cartesian fibrations X ^ S whose restriction to each 2-simplex 
of T is a Cartesian fibration. There is no loss of generality in assuming that T contains every degenerate 
2-simplex of S (since any locally Cartesian fibration X ^ is automatically a Cartesian fibration). A pair 
{S,T) consisting of a simplicial set S and a subset T C Hom(A^,S') containing every degenerate 2-simplex 
is called a scaled simplicial set. In §3.1, we will introduce the language of scaled simplicial sets, and show 
that every scaled simplicial set S = {S,T) determines an Set^-enriched category G^'^fS], whose underlying 
simplicial category agrees with ^[S]. 

In §3.2, we will introduce the relevant analogue of the Cartesian model structure to the setting of scaled 
simplicial sets. More precisely, we will show that for every scaled simplicial set S = (S*, T), there is a 
combinatorial simplicial model structure on the category {§et'^)/s of marked simplicial sets over S, whose 
fibrant objects can be identified with locally coCartesian fibrations X ^ S whose restriction to each 2- 
simplex of T is a coCartesian fibration (here we work with locally coCartesian fibrations rather than locally 
Cartesian fibrations for reasons of technical convenience). 

Suppose now that we are given a scaled simplicial set S = {S,T). In §3.5, we will introduce a pair of 
adjoint functors 

sfV _ 
(§e4)/s^(§et+)'==°[^], 

Un -5- 
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which we will refer to as the scaled straightening functor and the scaled unstraightening functor. The main 
result of this section is that these adjoint functors determine a Quillen equivalence between (§et~^)/s and 

(Set^)*^ ['"'1. The proof follows the same basic pattern as that of the analogous result in §T.3.2: 

(a) We first treat the case where S consists of a single vertex (§3.6). In this case, we can identify St^'^-g 
and Un'*'^^ with functors from the category Set^ of marked simplicial sets to itself. The desired result 
can be deduced in this case by comparing both functors to the identity. 

(6) We next consider the case where 5 is a simplex (§3.7). This requires an analysis of the structure of a 
locally coCartcsian fibration over 5, generalizing the work of §T.3.2.2. 

(c) Finally, in §3.8, we will handle the case of a general simplicial set S by writing S* as a colimit of its 
simplices. 

Warning 3.0.15. Our notation in this section might be slightly misleading. The scaled straightening and 
unstraightening functors St^'^g and Un'''^^ are not merely decorated versions of the analogous functors Stg 
and Uns defined in §T.3.2. In fact, it is very difficult to compare the constructions directly. Nevertheless, 
we will see in §4.5 that they must be related by virtue of the universal properties enjoyed by each. 

3.1 Scaled Simplicial Sets 

Our goals in this section are the following: 
(a) To introduce the category Set^ of scaled simplicial sets (Definition 3.1.1). 

(6) To introduce the class of scaled anodyne morphisms in Set^, and to establish some of its basic properties. 
In particular, we will show that the class of scaled anodyne maps is stable under pushout products by 
arbitrary monomorphisms (Proposition 3.1.8). 

(c) To define the functor <^'^ : Set^ ^^^Sef^ ^^'^ right adjoint N'*'^, the scaled nerve functor. We 
will show later §et^ can be endowed with a model structure such that the adjoint functors 
determine a Quillen equivalence of §et^ with Catg^^+ , as indicated in Theorem 0.0.3 (so that the 
underlying homotopy theory of Set^ is the theory of (oo, 2)-categories). We will carry out one crucial 
step of the proof in this section: the verification that (t^'^ carries scaled anodyne morphisms in Set^ to 
trivial cofibrations in Catgg^+ (Proposition 3.1.13). 

We begin with the basic definitions. 

Definition 3.1.1. A scaled simplicial set is a pair (X, T), where X is a simplicial set, and T is a set of 
2-simplices of X which contains every degenerate 2-simplex. We will refer to the elements of T as thin. 

Let {X, T) and (X', T') be scaled simplicial sets. A morphism from {X, T) to {X' , T') is a map of simplicial 
sets f : X ^ X' which carries T into T' . The collection of scaled simplicial sets and their morphisms forms 

a category, which we will denote by Set^. 

Notation 3.1.2. Let X be an arbitrary simplicial set. We let deg(X) denote the collection of degenerate 
2-simplices of X. We let X\, = {X,deg{X)) denote the scaled simplicial set whose underlying simplicial set 
is X in which degenerate 2-simplices are flat, and = (X, X2) the scaled simplicial set whose underlying 
simplicial set X in which all 2-simplices are flat. 

Definition 3.1.3. The collection of scaled anodyne maps is the weakly saturated collection of morphisms 
of Set^ generated by the following maps: 

{A) For each < i < n, the inclusion 

(Ar, (deg(A") U {a}) n Hom(A2, A^)) C (A", deg(A") U {a}), 
where a denotes the 2-simplex A^*~-^''''+^} C A". 
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(B) The inclusion 

(A4,T) C (A4,TU{A{"'3,4}^^{1,3,4}|| 

where T is the collection of all degenerate 2-simplices of together with the simplices {A^^'^'**^, 
^{1,2,3}^ ^{0,1,3}^ and A^O'1'2}. 

(C) The inclusion 

(A^ H A0,T)C(A" ]J A0,T), 

where n > 2 and T is the collection of all degenerate 2-simplices of A" ]J^{o,i} A'^ together with the 

image of the simplex A'f"'^'"^. 

Remark 3.1.4. For i € {1,2}, the inclusion of scaled simplicial sets fi : (A^,T) C (A^, Hom(A2, A^)), is 
scaled anodyne, where T is the collection of all 2-simplices of A^ other than A^°'''^^ . To see this, it suffices 

to observe that each fi is a pushout of a morphism of type (B) appearing in Definition 3.1.3, where the 
pushouts are formed along the surjective map of simplicial sets Pi : A^ — > A'^ characterized by the equations 

Remark 3.1.5. If A — > B is an inner anodyne map of simplicial sets, then the induced map —> is 

scaled anodyne. 

Remark 3.1.6. Definition 3.1.3 is not self-opposite: if / : {X,T) — > {Y,T') is a scaled anodyne mapmap of 
scaled simplicial sets, then the induced map {X°p,T) {Y°p,T') need not be scaled anodyne. 

Definition 3.1.7. We will say that a map {X,T) {X',T') of scaled simplicial sets is a cofibration if the 
underlying map of simplicial sets X — > X' is a monomorphism. 

Proposition 3.1.8. Let f : X ^ X' be a cofibration of scaled simplicial sets, and let g : Y ^ Y' be a scaled 
anodyne map. Then the pushout product 

fAg:{XxY') ]J{X' xY) ^ X' x Y' 

XxY 

is a scaled anodyne map. 

Proof. Without loss of generality, we may assume that / is a generating cofibration of one of the following 
forms: 

(1) The inclusion (SA")^ C AJ' for some n > 0. 

(2) The inclusion A^ C A^. 

Similarly, we may assume that g is one of the generators for the class of scaled anodyne maps specified in 
Definition 3.1.3. There are seven cases to consider: 

(lA) The map / is an inclusion (9 A")i, C AJ' and g is an inclusion of the form 

(A7*,TnHom(A2,A™)) C (A'",T), 

where < i < m and T = deg(A"*) U {A^'~^''''+^^}. Let S denote the collection of all simplices 
cr : A'^^'^) ^ A" X A™ with the following properties: 

— The simplex a is nondegenerate, and induces surjections A'^^'^) A" and A'^^'^^ A™. 

— There exist integers < p{a) < k and < j{a) < n (automatically unique) such that a{p{a)) = 
{j{cr),i) and a{p{a) - 1) = (j(cr),i - 1). 



67 



Choose an ordering S — {ai < . . . < aq}, such that a < 6 if dim((Ta) < dini(a"5), or if dim{a„) = dim((Tb) 
and j{(Ja) < j{ob)- For every index 1 < a < g, let denote the collection of all 2-simplices of A'^^'^-^ 
which are either degenerate or have the form /^{p('^a)-'^'Pi'^a)^p'^'^''.)+'^^ ^ a,nd let T'^ denote the collection 

of all 2-siniplices of Ta which belong to Ap|^"j. We define a sequence of scaled simplicial subsets 
{Za CX'x Y'}o<a<q as foUows. Set Zo = {X\ Y') Uxxvi^' x Y), and for a > define Z„ by the 
pushout diagram 

(AfcK),T„) ^Za, 

using the map CTo to extend the inclusion of Za-i into X' x Y' to an inclusion of Za into X' xY'. 

By construction, the inclusion Za C Zq is a scaled anodyne map. The inclusion (j) : Zq C X' x Y' is 
an isomorphism of the underlying simplicial sets. If n ^ 1 or m ^ 2, then is even an isomorphism 
of scaled simplicial sets, and the proof is complete. The special case where n = 1 and m = 2 requires 
a bit more care: in this case, we observe that 6 can be obtained clS 3j 3jS cl pushout of three scaled 
anodyne maps appearing in Remark 3.1.4. 

The map /is the inclusion {d A% C A^;*, and g is an inclusion (A4,T) C (A^, TU{A{°>1'4}, A^O-^.^}}}, 
where T is defined as in part (B) of Definition 3.1.3. If n > 1, then / A 5 is an isomorphism. If n = 0, 
then / A g is isomorphic to g. If n = 1, then / A g is isomorphic to an iterated pushout of copies of 
the morphism g; this follows from the fact that every map from A^^'^'^^ or A^''"'^'^'^ into A^ can be 
extended to a map from A* into A^ . 

The map / is the inclusion (9 A")^ C A", and g is the inclusion 

(A™ YL A°,T)C(A'" YL ^°'^) 

where to > 2 and T is defined as in part (C) of Definition 3.1.3. The proof is similar to that of part 
{lA). Let S denote the collection of all simplices a : A'^^'^) — > A" x A™ with the following properties: 

— The simplex a is nondegenerate, and induces surjections A'^^'^^ — > A" and A'^^'^^ A™. 

— There exist integers < p{a) < k and < ^(ct) < n (automatically unique) such that a{p{a)) = 
(i(a),0) and a{p{a) + 1) = {j{a),l)- 

Choose an ordering S = {ai < . . . < dg}, such that a < 6 if dim(cra) < dim((Tt), or if dim((Ta) = dim((7f,) 
and j{cra) > j{crb)- For every index 1 < a < g, let Ta denote the collection of all 2-simplices of A''^'^") 
which are either degenerate, have the form A^*'('^<'^~^'^'('^<»''P*^'^<''+^^ if p{(Ja) > 0, or have the form 
A{o,i,fe(a<.)} if = 0. Let T'a denote the collection of all 2-simplices of Ta which belong to Ap(^°j- 
Set Zq = {X X Y') Wxxvi-^' X for a > define Za by the pushout diagram 



(AfeK),T„) ^Za, 

using the map <Ja to extend the inclusion of Za-i into X' x Y' to an inclusion of Za into X' x Y' . 

It follows by induction on a that each inclusion Zq C is a scaled anodyne map; taking a = g we 
deduce that / A 5 is scaled anodyne as desired. 
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(2j4) The map / is the inclusion C Aj , and g is an inclusion of the form {KW C Aj . In this case, f /\g 
is an isomorphism on the underlying simplicial sets, and can be obtained by composing three scaled 
anodyne maps belonging to the type {B) of Definition 3.1.3. 

{2 A') The map / is the inclusion A^ C Aj, and g is an inclusion of the form 

(A7*,deg(An U {At'-i'''*+i>}) C (A'",deg(A") U {A^'-i'''*+i>}), 
where m > 2 and < i < m. In this case, / A 5 is an isomorphism. 

(25) The map / is the inclusion A^ C A|, and g is the inclusion (A4,T) C (A4,T U {A^O'^'^}, A^^'^.^}}} 
where T is defined as in part {B) of Definition 3.1.3. Then f A g is an iterated pushout of morphisms 
isomorphic to g; this follows from the observation that every map from A^°'^'^^ or A^"'"^'^^ to A^ can 
be extended from a map from A^ to A^. 

(2C) The map / is the inclusion A^ C Aj and g is the inclusion 

(A^ ]J A°,T)C(A" ]J A°,T) 

where n > 2 and T is defined as in part (C) of Definition 3.1.3. In this case, / A <? is an isomorphism 
of scaled simplicial sets. 

□ 

Notation 3.1.9. The category Set^ of scaled simplicial sets is Cartesian closed. That is, for every pair of 
objects X,Y G §et^, we can define a new scaled simplicial set Fun^'^(X, Y) and a map e : Fun*"^(X, F) x X — > 
Y with the following universal property: for every scaled simplicial set Z, composition with e induces a 
bijection 

Homset-(Z,Fun^^(X,F)) ^ Homset-(Z x X,Y). 

Let Set^ denote the category of marked simplicial sets, as defined in §T.3.1. We regard Set^ as endowed 
with the Cartesian model structure of §T.3.1.3, so that the forgetful fimctor §et^ — ^ SetA is a right Quillen 
functor which determines a Quillen equivalence between Set^ and SetA (where SetA is endowed with the 
Joyal model structure). We let Cat^ denote the category of Set^-enriched categories, endowed with the 
model structure of §T.A.3.2. 

Definition 3.1.10. Let 6 be a category enriched over marked simplicial sets. We define a scaled simplicial 

set N"'=(e) = (N(e),r) as follows: 

(1) The underlying simplicial set N(e) is the simplicial nerve of C, where we regard C as a simplicial 
category via the forgetful functor Set^ SetA . 

(2) Suppose given a 2-simplex a of N(C), corresponding to a (noncommutative) diagram 




in e and an edge a : A^ ^ Mapg(X, Z) joining htogof. Then a is thin in N(e) if and only if a is a 
marked edge of Mapg(X, Z). 
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The functor N'*'^ : Cat^ Set^ admits a left adjoint, which we will denote by €^'' : Set^ —>■ Cat^. We 
can describe the functor C'^'^ concretely as follows. For every scaled simplicial set S = (5, T) , the underlying 
simplicial category of £'''^[5'] can be identified with <t.[S]. Given a pair of vertices x,y G S, an edge a of 
Mapg;[5](a;, y) is marked if and only if there exists a sequence of vertices 



X — xq , ^1 , . . . , — y 



of 5 and a sequence of thin 2-simplices ct. 



fi 



Xi-l 



hi 




-^Xi 



classifying edges of Mapg;[s](xi_i,a;i) joining hi to gi o fi, such that 

Q = Q„ o . . . o ai £ HomsotA(A\Mape.[s](a;,y)). 
Lemma 3.1.11. Fix n > 0. Let Y' denote the marked simplicial set 

(A" X A\M'), 

where M' denotes the collection of all degenerate edges of A" x together with the edge {n} x A^, and let 

Y = ((A" X {1}) Y[ (5 A" X A^), M) C Y' 

(9A"x{l}) 

where M is defined similarly. Then the inclusion Y CY' is a trivial cofibration of marked simplicial sets. 
Proof. For < z < n, let ct^ denote the (n + l)-simplex of A" x A^ described by the formula 



(j,0) iij<i 
(j-1,1) ifj>i. 



Let Yi be the union F U <Jo U . . . U a^^, regarded as a marked simplicial subset of Y'. By convention, we will 
say that Y-i =Y. It will suffice to show that each of the inclusions 



Y hYo^Yi 



Y„ = Y' 



is a marked anodyne morphism. 

If i < n, we have a pushout diagram 



Yi 



of marked simplicial sets. If i = n, we instead have a pushout diagram 

iKlD' U(A^n,n + .}).(A{"."+l})« > y„_l 

In either case, the diagram exhibits /, as a pushout of a marked anodyne morphism, which is therefore 
marked anodyne. □ 
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Lemma 3.1.12. Let k > 0, let C denote the cube (A^)'' , and let v = (1, . . . , 1) denote the final vertex of C. 
Let Y' denote the marked simplicial set (C x A^,M'), where M is the collection of all degenerate edges of 
C X together with the edge {v} x A^, and let 

Y = {{dCxA^) Y[ (c X {i}),M) c y 

dCx{l} 

where M is defined similarly. Then the inclusion Y C Y' is a trivial cofihration of marked simplicial sets. 

Proof. We observe that every simplex of C either contains the vertex z; as a final vertex or belongs to the 
boundary dC. The desired result therefore follows from repeated application of Lemma 3.1.11. □ 

Proposition 3.1.13. Let f : X —>Y he a map of scaled simplicial sets. Then: 

(1) /// is a cofihration, then the induced map €^'^[X] (t^'^lY] is a cofihration of 2>ei\- enriched categories. 

(2) If f is a scaled anodyne map, then the induced map €!^^[X\ €^''[Y] is a trivial cofihration o/Set^- 
enriched categories. 

Proof. We begin by recalling some notation from §T.A.3.2. For every marked simplicial set S, we let [l]s 
denote the Set^-enriched category whose set of objects is [1] = {0, 1}, with 



Map[i]^(i,i) 



'(A0)« iii=j 
if « > j 

s \ii< j. 



Note that if p : 5 — *■ 5' is a cofihration of marked simplicial sets, then the induced map [l]s — > [l]s' is a 
cofihration of Sct^-cnrichcd categories, which is a weak equivalence provided that p is a weak equivalence. 

We now prove (1). Since the collection of all morphisms / for which C'^'^f/] is a cofihration is weakly satu- 
rated, it will sufiice to prove the result for a collection of morphisms which generate the class of cofibrations 
in Set^. There are three cases to consider: 

(a) The map / has the form A^ — »• A|. In this case, <^'^[f] is a pushout of the cofihration [1](ai)1' [1](ai)« • 

(6) The map / has the form = 9 A*^ C A*^. In this case, <S^'^[f] can be identified with the inclusion of the 
initial Set^-enriched category into the final Set^-enriched category, which is again a cofihration. 

(c) The map / is an inclusion of the form 9 A" C A", for n > 0. Let a denote the cube (A^)"~-^ and 
da C a its boundary. The morphism ^'^[f] is then a pushout of the cofihration [Ijg^b — > [IJ^i" 

The proof of (2) is a bit more involved. We may again assume without loss of generality that / is a 
generator for the class of scaled anodyne maps. There are four cases to consider. 

(A) The map / has the form (Af)|, C A^. In this case, is a pushout of the trivial cofihration 

[l](A{i})« [l](Ai)lt- 

(A') There exist integers n > 2 and < i < n, such that / is of the form 

(A^,deg(An U {A^*-i'''*+i>}) C (A",deg(A") U {A{i-i.M+i}}_ 

In this case, is a pushout of a morphism of the form [1]y j where F — > y is the inclusion 

of marked simplicial sets appearing in the statement of Lemma 3.1.12. Since y ^ y is a trivial 
cofihration, we conclude that <S^'^[f] is a trivial cofihration as well. 
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(B) The map / is an inclusion {A'^,T) C (A*, T U {A^O-i'"}, A^O-^'^l}}) where T is defined as in part (B) 
of Definition 3.1.3. In this case, we observe that the induced map €^'^[f] is a pushout of a cofibration 
[l]s C Here S is the marked simphcial set (A^ x A-^ x A^,M) depicted in the following diagram: 



{0,4} 



{0,1,4} 




{0,2,4} 



P4 



■PS- 



{0,1,2,4} 



{0,3,4} 



P2 



{0,1,3,4} 



{0,2,3,4}- 



P5 



{0,1,2,3,4}. 



Here the marked edges of S arc the degenerate edges, together with the edges {pi}o<i<5, and S' = 
(A^ X A^ X A^,MU {q,q'}). To prove that €^''[f] is a trivial cofibration, it will suSice to show that 
for every oo-category 6 and every map 5 : A^ x A^ x A^ ^ C, if 5 carries the edges {Pi}o<i<5 to 
equivalences in C, then g carries q and q' to equivalences in 6. To prove this, we observe that g{q) has 
an inverse in the homotopy category hC, given by the composition g{po)~^ 9{Pa)~^ 9{r)g{P3)~^ g{p2) , 
and that g{q') has an inverse given by the composition g{q)~^g{p2)~^9iP3)- 



(C) The map / is an inclusion 



(AJ ]J A0,T)C(A" ]J A0,T), 



where n > 2 and T is defined as in part (C) of Definition 3.1.3. The desired result in this case is merely 
a translation of Lemma 3.5.13. 

□ 

Proposition 3.1.14. Let S be a simplicial set, let 6 = C'^[>S'|j]. We define a new $ei\- enriched category Cg 
as follows: 

• The objects ofGs are the objects of Q (the vertices of S). 

• Given a pair of objects x,y E Gs such that Mapg(x, y) = (X.M), we set Map(D^(a;,y) = XK 
Then the evident functor /s : C ^ 65 is a trivial cofibration of 2>cl\- enriched categories. 

Proof. The map fs can be obtained as an iterated pushout of trivial cofibrations of the form 

W(A?)«U(A2,b(A2)^ ^ [1](A2)», 

(with notation as in the proof of Proposition 3.1.13). □ 



3.2 Locally coCEirtesian Model Structures 

Let S be a simplicial set. In §T.3.1.3, we saw that there is a simplicial model structure on the category 
(Set^)/5j of marked simplicial sets over S, whose fibrant objects correspond precisely to coCartesian fibra- 
tions X ^ S. Our goal in this section is to introduce a generalization of this model structure. 
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Definition 3.2.1. Let 5 be a simplicial set. A categorical pattern on S' is a triple {Ms,T,{pa : — > 
S'}aeA), wliere Ms is a marking of S (that is, a collection of edges of S which contains all degenerate 
edges), T is a scaling of S (that is, a collection of 2-simplices of S which contains all degenerate 2-simplices), 
and {pa : S}a£A is a collection of maps of simplicial sets which carry each edge of into Ms and 

each 2-simplex of into T. 

Suppose we are given a categorical pattern *p = {Ms, T, {pa : S}aeA) on S. A marked simplicial 

set over *P is a marked simplicial set X = {X, M) equipped with a map f : X S satisfying the following 
condition: for every edge e of X which belongs to M, /(e) belongs to Ms- We let (Set^)/(p denote the 
category of marked simplicial sets over ^. 

We will say that an object X e (§et^)/(p is ^-fibered if the following conditions are satisfied: 

(1) The underlying map of simplicial sets / : X — > 5 is an inner fibration. 

(2) For each edge ^ S belonging to Ms, the induced map /' : X — > is a coCartesian 
fibration. 

(3) An edge e of X belongs to M if and only if /(e) belongs to Ms and e is an /'-coCartesian edge of 
X xsA^. 

(4) Given a commutative diagram 

^{0,1} 

if e G M and a €T, then e determines an /'-coCartesian edge of X X5 A^, where /' : X Xg A^ ^ A^ 

denotes the projection map. 

(5) For every index a £ A, the induced coCartesian fibration fa : X Xs — > is classified by a limit 
diagram — > Catoo- 

(6) For every index a £ A and every coCartesian section s of the map /„, s is an /-limit diagram in X. 

Remark 3.2.2. Let ?P be a categorical pattern on a simplicial set S. We will sometimes abuse terminology 

by saying that a map of simplicial sets X ^ S is '^-fibered if there exists a collection of edges M in X 
such that X = (X, M) is a ^-fibered object of (Set^)/(p. In this case, the set M is uniquely determined 
(requirement (3) of Definition 3.2.1). 

Remark 3.2.3. In the situation of Definition 3.2.1, conditions (5) and (6) are automatic whenever the 
simplicial set is weakly contractible and the diagram p„ is constant. 

Remark 3.2.4. Let ^ be a categorical pattern on a simplicial set S. For every pair of objects X,Y e 
(Set^)/!p, there exists a simplicial set Mapg(X, Y) with the following universal property: for every simplicial 
set K, we have a canonical bijection 

Homset.(if,Map^(X,F)) ~ Hom(g^,+ )^^(i^« x X,F). 

This definition of mapping spaces endows (§efj)/sp with the structure of a simplicial category. 

Remark 3.2.5. Let ^ = {Ms, T, {pa : — > S'}aeA) be a categorical pattern on a simplicial set S and let 

X = (X, M) be an object of Set J satisfying conditions (1) through (4) of Definition 3.2.1. For each index 
a £ A, let Xct = X Xs K^. Then the projection map q : X^ is a coCartesian fibration, classified by 

a functor % : — > Catoo- According to Proposition T. 3. 3. 3.1, the map X is a limit diagram if and only if 
the restriction functor r : Z ^ Zq is an equivalence of cxD-categories, where Z denotes the 00-category of 
coCartesian sections of q and Zq the oo-category of coCartesian sections of the restriction X xg Ka K^- 
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Now suppose that X also satisfies condition (6) of Definition 3.2.1. In this case, every coCartesian section 
s of g is a g-limit diagram, so that the map Map2(s', s) Mapz^is'lK, s\K) is a homotopy equivalence for 
any s' G Z (in fact, the analogous statement is true for any section of q). It follows that the functor r is 
automatically fully faithful. Now r is an equivalence of oo-categories if and only if it is essentially surjective, 
which (since r is evidently a categorical fibration) is equivalent to the requirement that r be surjective on 
vertices. Consequently, in the definition of a *P-fibered object of (Sei^) / sp, we are free to replace assumption 
(5) by the following apparently weaker condition: 

(5') For each a € A and every coCartesian section sq of the projection X Xs K^, there exists a 

coCartesian section s oi X Xs extending sq. 

Our main goal in this section is to prove the following result: 

Theorem 3.2.6. Let ^ be a categorical pattern on a sim,plicial set S . Then there exists a, left proper combi- 
natorial simplicial model structure on (§et^)/(p, which is uniquely characterized by the following properties: 

(C) A morphism f : X in (§ei^)/sp is a cofibration if and only if f induces a monomorphism between 
the underlying simplicial sets. 

(F) An object X G (Set^) /qj is fibrant if and only if X is ^-fibered. 

Example 3.2.7. Let 5 be a simplicial set. The canonical categorical pattern on S is the categorical pattern 
^ = {Ms,T,<l)), where Ms consists of all edges of S and T consists of all 2-simplices of S. Then (Sef^)/sp 
admits a unique model structure satisfying the conditions of Theorem 3.2.6: the coCartesian model structure 
described in §T.3.1.3. 

Example 3.2.8. Let 5 be a simplicial set, and suppose we are given a categorical pattern ^ = {Ms, T, {pa, : 
S}aeA}, where Ms consists of all edges of S, T consists of all 2-simplices of S, each of the simplicial 
sets Ka is weakly contractible and each of the maps p^ is constant. Then the model structure on (§et^) /tp 
described by Theorem 3.2.6 coincides with the coCartesian model structure of Example 3.2.7: this follows 
immediately from Remark 3.2.3. 

Example 3.2.9. Let S = {S,T) be a scaled simplicial set. Then S determines a categorical pattern 
= {Ms, T, 0) on S, where Ms is the collection of all edges of S. In this situation, we will denote (Sef^)/sp 
by {§et^) ^-g, and refer to the model structure of Theorem 3.2.6 as the locally coCartesian model structure 
on (Sef^) (note that the underlying category of (§et^) depends only on the underlying simplicial set 
S over S; however, the model structure on (Sei^)^^ depends on the collection of thin 2-simplices of S). 

We will say that an object X = {X,M) e {§et'^)^g is S-fibered if it is ^-fibered: that is, if the underlying 

map p : X ^ S is a locally coCartesian fibration, M is the set of locally p-coCartesian edges of X, and the 
restriction of p to every thin 2-simplcx of S" is a coCartesian fibration. 

The main step in proving Theorem 3.2.6 is to show that there is a sufficiently large supply of trivial 
cofibrations in (§et^)/(p. To this end, we introduce the following definition: 

Definition 3.2.10. Let ^ = {Ms, T, {pa : S}aeA) be a categorical pattern on a simplicial set S. The 

collection of '^-anodyne morphisms in (§et^)/fp is the smallest weakly saturated class of morphisms which 
contain all morphisms of the following types: 

{Ao) The inclusion (Af )" ]J(^2jb (A^)^ C (A^)", for every map A^ — > 5 belonging to T which carries every 

edge into Ms- 

{Ai) The inclusion C Q«, where Q = A° Ua{o,2} A^ U^o.a} A° and the map Q ^ S carries every edge 
of Q into Ms and every 2-simplex of Q into T. 

{Bo) The inclusion {0}' C (A^)" lying over an edge of Ms- 
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(Bi) For each a G A, the inclusion K^, C (K^)^ (where maps to S via Pa)- 
(Co) The inclusion 

(A^)^ [] (Ai°'i>)« C (A")^ ]J (A^O'i>)«, 

(A{"i})^ (A{o.i})t 

for every n > 1 and every map A" S whose restriction to A^^'^'"^ belongs to T. 
(Ci) The inclusion (A")^ C (A")^, for every < i < n and every map A" S. 
(C2) For each n > 1, a € A, and map / : A" ★ — > S extending : {n} -k — » S, the inclusion 

Example 3.2.11. Let ^ be a categorical pattern on a simplicial set S, and suppose we are given maps of 

simplicial sets A ^ B ^ S. If i is inner anodyne, then the induced map \s a. ^-anodyne morphism 

in {%etX)/^. 

Example 3.2.12. Let !p be a categorical pattern on a simplicial set S, and let e : A^ — *• 5 be a marked 
edge of S. For every simplicial set A, let A denote the marked simplicial set (A^,Ma), where Ma is the 
collection of all edges of A"^ which are either degenerate or contain the cone point. We regard A as an 
object of (Sei^) / tp via the map (A°)^ ~ A^ — > S*. For any cofibration of simplicial sets i : A ^ B^ the 

induced map j : A — > is ^-anodyne. To prove this, it suffices to treat the basic case where B = A" and 
A = 9 A", in which case the map j is a generating ^-anodyne map which is either of type {Bq) (if n = 0) 
or (Co) (if n > 0). 

Example 3.2.13. Let *p = {Ms,T, {pa : S}aeA) be a categorical pattern on a simplicial set S. Let 

-Bo C be a simplicial sets containing a vertex b, and let / : B ★ Ka ^ S be a map whose restriction to 
{b}-kKo: — is given by pa- Suppose that every simplex of B either belongs to Bq or contains 6 as a final 
vertex. Then the inclusion 

{Bo^Kj- ]J {{h}*Kj<^{Bi.Kj' ]J m^Kj) 

is ^-anodyne, because it can be obtained as an iterated pushout of ^-anodyne inclusions of type (C2). 

Remark 3.2.14. Let *p = (Af5,T, {pq, : K^, S^aeA) be a categorical pattern on a simplicial set S, 
and let X = {X,M) be an object of (8et^)/!p. Let T' denote the inverse image of T in HomgetA (^^) ^)) 
and let B denote the set of pairs /3 = {a,pp) where a & A and pp : — *■ X is a map lifting pa- Then 
= (M, T', {p^}/3g_B) is a categorical pattern on X. Unwinding the definitions, we deduce that a morphism 
in {Sef^) I (p_ is !P;^anodyne if and only if it is !P-anodyne. 

Definition 3.2.15. Let S and S' be simplicial sets, and let <p = (Ms,T, {p^ : S}aeA) and <p' = 

{Mg,,T', {qp : 5"}/3£b) be categorical patterns on S and S' , respectively. We let ^x^' denote the 

categorical pattern 

{Ms xM's,,Tx r, {K^^-^Sx {s'} ^ S'}aeA,s'eS' U {Lj '-^ {s} x S' ^ S x S'},es,f3eB) 
onSx S'. 

We will need the following technical results about the theory of *P-anodyne maps: 

Proposition 3.2.16. Let ^ be a categorical pattern on a simplicial set S, and let X e (Sef^)/(p. The 
following conditions are equivalent: 
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(1) The object X has the extension property with respect to every ^-anodyne morphism in (Set^)/(p. 

(2) The object IC is ^-fibered. 

Proposition 3.2.17. Let ^ and be categorical patterns on simplicial sets S and S'. Let f : X ^ Y be 

a cofibration in (§et^)/(p, and let f : X Y be a cofibration in (Set^)/fp/. If f is ^-anodyne or f is 
-anodyne, then the induced map 

/ A /' : (F X X') ]J (X X F') ^ F X F' 

is^x -anodyne. 

We will give the proofs of Proposition 3.2.16 and 3.2.17 at the end of this section. Our next goal is to 
use them to prove Theorem 3.2.6. First, we need to establish a few preliminaries. 

Lemma 3.2.18. Let = [Ms,T, {pa : S}aeA) be a categorical pattern on a simplicial set S, and let 

A'^ ^ S be a 2-simplex which belongs to T. Then the inclusion i : (A§)' lJ(A2)b (A^)^ C (A^)" is a '^-anodyne 
morphism in (Set^)/fp. 

Proof. We must show that i has the left lifting property with respect to every morphism morphism f : X ^ Y 

in (Sei^)/cp, provided that / has the right lifting property with respect to every *P-anodyne morphism in 
(Set^)/tp. Replacing *p by *Py (and invoking Remark 3.2.14), we are reduced to showing that X has the 
extension property with respect to i, provided that X has the extension property with respect to every 
^-anodyne morphism. In view of Proposition 3.2.16, we may assume that X is ^-fibered. The desired result 
is now an immediate consequence of Proposition T. 2. 4. 1.7. 

□ 

Lemma 3.2.19. Let ^ = {Ms,T, {pa : — *■ S}aeA) be a categorical pattern on a simplicial set S. Fix 
a G A, let M be the collection of all edges of ★ Ka except for the initial edge A^ C A^ ★ Ka . Let 

f : A^ -k Ka S he a ma,p such which carries each edge into Ms, each 2-simplex into T, and such that 
f\{{l}-kKa) agrees with pa. Then the inclusion i : {A-^ -k Ka^M) C (A^ -k Ka)'^ is a '^-anodyne morphism 
in (Seii)/<p. 

Proof. Let g : X ^Y he & morphism in (§et^) / tp which has the right lifting property with respect to every 
*P-anodyne morphism; we will show that g has the right lifting property with respect to i. Replacing *P by 
(and invoking Remark 3.2.14), we may assume that y is a final object of (§et^)/(p. Proposition 3.2.16 
now guarantees that X is ^-fibered. Let X' denote the fiber product X Xg (A^^if^), so that the projection 
map q: X' ^ (A^ * Ka) is a coCartesian fibration. Unwinding the definitions, we must show the following: 

(*) Let s be a section of q. If s carries each edge of M to a g-coCartesian edge of X' , then s carries every 
edge of A^ -k to a g-coCartesian edge of X' . 

To prove (*), let us write rewrite the domain of s as {.t} ★ {z} * Ka- Choose a g-coCartesian edge e : 
s{x) — i- y in X' covering the initial edge A^ C A^ -k Ka- Since e is q-coCartesian, we can extend s to a 
map s' : {x} k {y} k {z} k Ka — > X' carrying {a;} ★ {y} to e. It follows from Proposition T. 2. 4. 1.7 that, for 
every vertex k of Ka, s' carries the edge {y} ★ {k} to a (/'-coCartesian edge of X'. Using the fact that X is 
*}}-fibered, we deduce that s'\{y} * Ka and s'\{z} k Ka are g'-limit diagrams, so that s' carries {y} * {z} to 
an equivalence in Xy. It follows that s carries the edge {x} -k {z} into a composition of g'-coCartesian edges 
s'{{x} -k {y}) and s {{y} -k {z}), which is again a g'-coCartesian edge (Proposition T. 2. 4. 1.7). □ 

Lemma 3.2.20. Let 7q denote the categorical pattern (A°, Homgot^ (A\ A"), Homsot^ (A^, A"), 0), so that 
(§ef^)/(p^ is equivalent to Set^. For every left anodyne inclusion of simplicial sets A C B, the induced map 
j : A^ C is y^- anodyne. 
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Proof. Without loss of generality, we may assume that B = A" and A = A", for some < i < n, where 
n > 0. Suppose first that n > 2. If < i < n, then j is a pushout of the inclusion jo : (A")'' — *• (A")'', and 
therefore yo-anodyne (case (Ci) of Definition 3.2.10). If i = 0, then j is a pushout of the inclusion 

jo:(Ao")^ II (A^o.l>)« ^ (A")^ ]J (A^o.l>)« 

(A{o.i})k (A{o.i})t 

which is To-anodyne (case (Co) of Definition 3.2.10). 

Now suppose that n — 2. We observe that j can be obtained as a composite j" o j', where j' is a pushout 
of the morphism jo considered above, and j" is either a generating ^^-anodyne morphism of type (^o) or 
the ^-anodyne morphism described in Lemma 3.2.18. 

Finally, in the case n = 1, j is itself a morphism of type (Bo) appearing in Definition 3.2.10. □ 

Proposition 3.2.21. Let *p 6e a categorical pattern on a simplicial set S. Let f : X ^ Y be a cofibration 
in (§ei^)/sp, and let Z be a ^-fibered object of (§ei^)/q3. Then the induced map 

q : Map^(F, Z) ^ Map^(X, Z) 
is a Kan fibration between Kan complexes. If f is ^Q-anodyne, then q is a trivial Kan fibration. 

Proof. We first show that g is a loft fibration by showing that q has the right lifting property with respect to 
every left anodyne inclusion of simplicial sets A C B {ov every inclusion of simplicial sets, in the case where 
/ is ^-anodyne). Unwinding the definitions, this is equivalent to the assertion that Z has the extension 
property with respect to the induced inclusion 

/' : (S" X X) ]J {A* xY) ^ B^ xY. 

AixX 

It follows from Proposition 3.2.17 and Lemma 3.2.20 that /' is ^-anodyne, so that the desired result is a 
consequence of Proposition 3.2.16. 

Applying the above result to the inclusion C X, we deduce that the projection map Map^(X, Z) AO 
is a left fibration, so that Map^g{X,Z) is a Kan complex. It follows that g is a Kan fibration as desired 
(Lemma T.2. 1.3.3). □ 

Our next goal is to show how to use Propositions 3.2.16 and 3.2.17 to prove Theorem 3.2.6. We begin 
by describing the class of weak equivalences in (§ef^)/(p. 

Definition 3.2.22. Let ^ be a categorical pattern on a simplicial set S. We will say that a morphism 
/ : X — > y in (§et^)/(p is a ^^-equivalence if, for every ^-fibered object Z G (Sef^)/<p, the induced map 

Map^ (F , Z) M&pI (X, Z) 
is a homotopy equivalence of Kan complexes. 

Example 3.2.23. Any *P-anodyne morphism is a ^-equivalence; this follows immediately from Proposition 
3.2.21. 

Lemma 3.2.24. Let ^ 6e a categorical pattern on a simplicial set S, and suppose we are given a pushout 
diagram 

— / /' , -/ 
X ^Y 

in (Set^)/(p. Assume that the vertical maps are cofibrations. If f is a ^-equivalence, then f is a ^- 
equivalence. 
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Proof. Let Z e (Set^)/sp be ^-fibered. We have a puUback diagram of simpHcial sets 

Map^ (X, Z) ^ Map^ (F, Z) 



Map^(x',Z) Map^(y',Z). 

Proposition 3.2.21 impHes that the vertical maps are Kan fibrations, so that the diagram is also a homotopy 

puUback square. Since / is a *P-equivalence, the upper horizontal maps is a homotopy equivalence of Kan 
complexes. It follows that the lower horizontal map is also a homotopy equivalence of Kan complexes, as 
desired. □ 

Lemma 3.2.25. Let ^ = {Ms,T, {pa : SjaeA) be a categorical pattern on a simplicial set S, and 

let f : X ^ Y be a map between ^-fibered objects X = {X,M),Y = (Y,M') of (Set^)/(p. The following 

conditions are equivalent: 

(1) The map f is a '^-equivalence. 

(2) The map f admits a homotopy inverse; that is, there exists a map g : Y ^ X in (Set^)/fp and 
homotopies 

h:{A^)^xX^X h':{AyxY^Y 
connecting g o f and f o g to idy and idy, respectively. 

(3) For every edge — > S, the induced map XxsA^^Yxs is an equivalence of oo- categories. 
If every edge of S belongs to Ms, then (3) can be replaced by the following apparently weaker condition: 

(3') For every vertex s G S, the induced map Xg Ys is an equivalence of oo- categories. 

Proof. The equivalence of (1) and (2) is formal, and the implications (2) =^ (3) (3') are clear. If every 
edge of 5 belongs to Ms, then the implication (3') =J> (3) follows from Corollary T.2.4.4.4. To complete the 
proof, let us suppose that / satisfies (3). We will say that an object W = {W,M") G (Sef^)/sp is good if 
composition with / induces a homotopy equivalence 

Map^(W,X) ^ Map^(W,F). 

Our goal is to prove that every object W G (§et^)/q3 is good. The proof proceeds in several steps: 

(a) We have a commutative diagram 

Map^ (W, X) ^ Map^ (W, Y) 



Map^ {W\X) > Map's {W\Y). 

The left vertical map exhibits Map^(W,X) as the full simplicial subset of Ma,pg{W^,X) spanned 
by those maps W ^ X which carry every edge in M" to a locally p-coCartesian edge of X, where 
p : X ^ S denotes the projection, and the right vertical map admits a similar description in terms of 
the projection q : Y ^ S. Assumption (3) implies that an edge of X is locally j3-coCartesian if and 
only if its image in Y is locally g'-coCartesian. Consequently, to prove that W is good, it will suffice to 
show that is good. 
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(6) Suppose given a pushout diagram 

V — >y' 



w 

in the category of simplicial sets over S, where the vertical maps are cofibrations. We then obtain 
puUback diagram 

Map^(y^X) Map^(y'\X) Map^(y^F) Map^(y'\F) 



Map^(W^X) ^ Map^(W\x) Map^(W^y) ^ Map^(W^y) 

Proposition 3.2.21 implies that the vertical maps are Kan fibrations, so both diagrams are homotopy 
puUback squares. It follows that if V'" , V'^, and are good, then W'^ is good. 

(c) Let A" — > 5 be a map; then (A")^ is good for n < 1; this follows immediately from (3). 

{d) For any map A" ^ S, the object (A^O'i> U{o} • • • IJ{„-i} Ai"-i'">)^ e (§eti)/<p is good; this follows 
from (6) and (c). 

(e) Let u -.W ^ w' be a ^-equivalence (for example, any ^-anodyne map). Then W is good if and only 
if W is good. 

(/) For any map A" S, the resulting object (A")^ e (§ef^)/(p is good. This follows from (e) and [d), 
since the inclusion (AtO'i> jj^^^ • .lJ{„-i} A^"-i'">)^ C (A")^ is q3-anodyne (Example 3.2.23). 

{g) The collection of good objects in (§et^) / sp is closed under coproducts (since a product of homotopy 
equivalences between Kan complexes is again a homotopy equivalence). 

{h) If the simplicial set W is finite-dimensional, then e {$et^ /^p i'' good. The proof goes by induction 
on the dimension n > of W. If W is empty, then the result is obvious. Otherwise, let K denote 
the set of nondegenerate n-simplices of W, and let W denote the (n — l)-skeleton of W. We have a 
pushout diagram 

if X a A" ^ W' 



K X A"" ^ W. 

The inductive hypothesis guarantees that {K x 9A")^ and W'^ are good, and {K x A")'' is good by 
virtue of (g) and (/). It follows from (&) that is good. 

(i) Suppose that W is obtained as the direct limit of a sequence of inclusions 

W{0) W{1) -» W{2) ^ ... 

Then Map^(PF'', X) can be obtained as the homotopy inverse limit of the tower {Mapg(VK(n)^, X)}„>o, 
and Mapllw^Y) can be described similarly. It follows that if each W{ny is good, then is good. 

(j) For every map of simplicial sets W S, the object G (§et^) / fp is good. This follows from (h) and 
(i), if we take W{n) to be the n-skeleton of W. 

□ 
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We are now ready to prove Theorem 3.2.6: 

Proof. Let *|3 = {Ms,T,{pa ■ — > S}aGA) be a categorical pattern on the simplicial set S. Assume for 
the moment that each of the simplicial sets Ka is finite. It follows from the small object argument that 
there exists a functor E : (§ef^)/fp — > (§et^)/(p and a natural transformation a : id ^ T with the following 
properties: 

(a) The functor E commutes with filtered colimits. 

(6) For every object X G (Sef^)/(p, the object EX G (§efj)/sp has the extension property with respect 
to every ^-anodyne map (and is therefore ^-fibered, by virtue of Proposition 3.2.16. 

(c) For every object X G (Sef^)/<p, the map X — > EX is ^-anodyne. 

Let f : X he a. morphism in (§ef^)/!p. It follows from (c) and Example 3.2.23 that / is a ^-equivalence 
if and only if E(f) is a *P-equivalence. Using (b) and Lemma 3.2.25, we deduce that / is an equivalence if 
and only if for each edge e : ^ S, the map E{f) induces a categorical equivalence of simplicial sets after 
pulling back along e. Using (a) and Corollary T. A. 2. 6. 12, we deduce that the collection of ^-equivalences 
in (Sef^) /<p is perfect, in the sense of Definition T. A. 2. 6. 10. 

We now wish to deduce the existence of a left proper, combinaorial model structure on (§ef J) / such 
that the cofibrations are the monomorphisms and the weak equivalences are given by the ^-equivalences. It 
will suffice to show that (§ef^)/sp satisfies the hypotheses of Proposition T. A. 2. 6. 13: 

(1) The collection of ^-equivalences is perfect: this follows from the above arguments. 

(2) The collection of ^-equivalences is stable under pushouts by cofibrations: this follows from Lemma 
3.2.24. 

(3) Let / : X — > y be a morphism in (Set^) /qj which has the right lifting property with respect to every 
cofibration; we wish to show that / is a ?P-equivalence. To prove this, it suffices to observe that / 
admits a section s and that the composition s o / : X — > X is homotopic to the identity (that is, there 
exists a homotopy h : X x (A^)" — > X from id;^' to s o / in the category (§ef^)/sp). 

We next claim that the simplicial structure on (SetJ)/(p is compatible with its model structure. In view 
of Proposition T. A. 3. 1.7, it will suffice to prove that for every object X G (Sei^)/(p and each n > 0, the 
projection map p : X x (A")" ^ X is a ^-equivalence. The inclusion i : {0}" C (A")" determines a section 
s of p; it will therefore suffice to show that s is a ^-equivalence. Lemma 3.2.20 implies that i is ^o'^^'^odyne 
(where *Pq is defined as in the statement of Lemma 3.2.20). Using Proposition 3.2.17, we conclude that s is 
^-anodyne, so that s is a ^P-equivalence by Example 3.2.23. 

We now discuss the case of a general categorical pattern ^ = {Ms,T,{pa : — > S'}aGA) on S. Let 
*P' = {Ms,T,9). Wc have already shown that (§ei^)/(p/ has the structure of a left proper combinatorial 
simplicial model category. We may therefore define a model structure on the category (Set^) / tp to be the 
localization of (§ef^)/(p with respect to the generating *P-anodyne maps appearing in Definition 3.2.10. 
It follows from Proposition T. A. 3. 7.3 that (§et^)/(p is again a left proper combinatorial simplicial model 
category. 

To complete the proof, it will suffice to show that an object X e (§et^)/!p is fibrant if and only if it is 
^-fibcred. It follows from Proposition T.A.3.7.3 that X is fibrant if and only if the following conditions are 
satisfied: 

(i) The object X is fibrant in {Set^)/sp': that is, X has the extension property with respect to every 
cofibration / : y — > f' which is a *P'-equivalence. 

(ii) For every generating *P-anodyne map f : Y ^ y' , the induced map q : Mapg(y',X) — > Mapg{Y,X) 
is a homotopy equivalence of Kan complexes. 
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Suppose that X satisfies {ii). Note that for every *P-anodyne map /, the map g is a Kan fibration (Proposition 
3.2.21), and therefore a trivial Kan fibration. It follows that q is surjective on vertices, so that X has the 
extension property with respect to every *P-anodyne map and is therefore ?P-fibered by virtue of Proposition 
3.2.16. _ _ 

Conversely, suppose that X is ?P-fibered; we wish to show that X satisfies conditions («) and [ii). To 
prove (j), consider the map q : Mapg(y ,X) — > Mapg(y,X). This map is a Kan fibration (Proposition 
3.2.21) and a homotopy equivalence by virtue of our assumption that / is a ^-equivalence (since X is 
<P'-fibered). It follows that q is a trivial Kan fibration and therefore surjective on vertices, which proves (i). 
To prove {ii), it will suffice to show that q is a trivial Kan fibration whenever / is *P-anodyne. To see that 
q has the right lifting property with respect to the inclusion 9 A" C A", we need to show that X has the 
extension property with respect to the induced inclusion 

/' = (F X (A")«) ]J (F' X (a A")«) c F' X (A")'. 

This follows from Proposition 3.2.16, since /' is ^-anodyne by virtue of Proposition 3.2.17. □ 

Remark 3.2.26. Let ^ and ^' be categorical patterns, and let ^ x be defined as in Definition 3.2.15. 
The formation of Cartesian products induces a functor 

F : (§e4)/?p X (§eii)/<p' {SetX) / <!ts x <!p' ■ 

With respect to the model structures of Theorem 3.2.6, the map F is a left Quillen bifunctor. To prove this, 
we must show that if / : X — *■ X is a cofibration in (§e<:^)/!p and g -.Y ^ Y is a cofibration in (Se<:^)/!p', 
then the induced map 

fAg:(x' xY) [J (X x F') ^ X' x F' 

XxY 

is a cofibration, which is trivial if either / or g is trivial. The first claim is obvious, and the second is 
equivalent to the requirement that the diagram 

X xY^^x' xY 

X xY' — ^ X' X y' 

is a homotopy pushout square. For this, it suSices to show that the horizontal maps are weak equivalences. 
We will prove that i is a weak equivalence; the proof that j is a weak equivalence is similar. Choose 
a ^-anodyne map f : X — > X , where X is ^-fibered. Proposition 3.2.17 guarantees that the map 
X xY X ^ F is (*p X *p')-anodyne. It therefore suffices to show that the composite map XxY ^ X xY 
is a (!P X ?P')-equivalence. We may therefore replace X hy X and thereby reduce to the case where X is 
^-fibered. By a similar argument, we can assume that the map X ^ X has the right lifting property with 
respect to all ^-anodyne morphisms, so that X is *P-fibered as well. The ^P-equivalence / now admits a 
homotopy inverse, so that the induced map X x Y ^ X xY admits a homotopy inverse as well. 

Remark 3.2.27. Let *p be a categorical pattern, and let (Sef^) /<p be endowed with the model structure of 

Theorem 3.2.6. Then the weak equivalences in (§ef^)/sp are precisely the ?P-cquivalences. 

The remainder of this section is devoted to the proofs of Propositions 3.2.16 and 3.2.17. 
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Lemma 3.2.28. Let n > 2, and let p : X ^ A" be an inner fibration of simplicial sets. Consider a 
commutative diagram 

A^^^X 
\ ^ 

/ p 
/s/^±^ A", 

where /o carries 

^{0,1} C to a locally p' -coCartesian edge of X x^n A^'^^"'^'"^ , where p' denotes the 
projection X Xa" A'f°'^'"^ — > A^°'^'"^. Then there exists a map f : A" X as indicated, rendering the 
diagram commutative. 

Proof. To prove the assertion, it will suffice to show that /o extends to an n-simplex of X (the compatibility 
with the projection p is aiitomatic, since Aq contains every vertex of A"). Choose a categorical equivalence 
X N(C), where 6 is a topological category (for example, we could take C = Note that the 

projection p factors (uniquely) through some projection map N(e) A". Since p is an inner fibration, 
the simplicial set X is an oo-category, and therefore fibrant with respect to the Joyal model structure. 
Consequently, it will suffice to prove the existence of the desired extension after replacing X by N(e). We 
may therefore assume that X is the nerve of a topological category 6. 

The functor /o determines the following data in the topological category 6: 

(1) A collection of objects Cj = /o ({«})• 

(2) A morphism a : Co — *■ Ci in C, given by evaluating /o on the edge A^°'^^ C Ag . Let q : Mapg(Ci, C„) 

Mapg(Co,C„) be the map induced by composition with a. Since a is locally p-coCartcsian, it is 
coCartesian with respect to the projection X x^" A^°'^'"^ — * A^°'^'"^, so that g is a weak homotopy 
equivalence. 

(3) A continuous map go : d[0, — > Mapg(Ci, C„), given by evaluating /o on A^^'^'-"'"}. 

(4) Another continuous map 

Ho : 1]""') X [0, 1]) U ([0' 1]""' X {0}) ^ Mape(Co, C„) 

a[o,i]"-2x{o} 

such that the restriction Ho\{d[0, x {!}) coincides with the composition 

d[0, a Mape(Ci, C„) ^ Mape((7o, C„). 

Let hi — Ho\{[0, 1]"^^ X {0}). We can regard the restriction Ho\{d{0, x [0, 1]) as a homotopy from 
qogo to /ill d[0, 1]"^^. Unwinding the definitions, we see that producing the desired extension / is equivalent 
to extending Ho to a homotopy from q o g to hi, for some continuous map g : [0, Mape(Ci, C„). 
The existence of H (and g) now follows easily from the fact that g is a weak homotopy equivalence. □ 

Proof of Proposition 3.2.16. Let = {Ms,T, {pa : — + S}aeA) be a categorical pattern on the simplicial 
set 5, and let X be an object of (Set^)/<p. We wish to show that X is ^-fibered if and only if it has the 
extension property with respect to every *P-anodync morphism. Wc begin by proving the "if" direction. Let 
X = {X, M), and let q : X ^ S denote the underlying map of simplicial sets. We will show that X satisfies 
conditions (1), (2), (3), (4) and (6) of Definition 3.2.1, together with condition (5') of Remark 3.2.5: 

(1) Wc must show that q : X S in an inner fibration. This is equivalent to our assumption that X has 
the unique extension property with respect to every morphism of type (Ci) appearing in Definition 
3.2.10. 
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(2) Let e : ^ S' belong to M5, let X' = X xg A\ and let : X' ^ denote the projection map. 
We wish to prove that g' is a coCartesian fibration. Let Ad' denote the collection of edges in X' whose 
image in X belongs to M . Since X has the extension property with respect to morphisms of the type 
(Co) appearing in Definition 3.2.10, we deduce that every edge of M' is g'-coCartesian. The existence 
of a sufficient supply of such edges follows from the assumption that q has the extension property with 
respect to morphisms of type (-Bo)- 

(3) Let e, X' , and q' be as in (2). We claim that an edge e : x ^ y oi X' lifting e is g'-coCartesian if and 
only if e G M'. The "if" direction follows from the above arguments. To prove the converse, we first 
treat the case where the edge e is degenerate, corresponding to a vertex s G S. Let Xs denote the co- 
category X Xs {s}, so that e is an equivalence in X^ and therefore belongs to the largest Kan complex 
Y contained in X,,. Let Q = A" Ua{o.2} IJa{i.3> and let Q' denote the image of A^^'^l C A^ in 
K. The inclusion Q' C Q is a weak homotopy equivalence. Consequently, the map Q' ^ Y determined 
by the edge e extends to a map Q ^ Y. Since X has the extension property with respect to morphisms 
of type (Ai) appearing in Definition 3.2.10, we deduce that the induced map Q ^ X carries each edge 
of Q into M, so that ee M. 

We now treat the general case where e is not assumed to be degenerate. Using the extension property 
with respect to morphisms of type (.Bo), we can choose an edge e' : x ^ y' in M' which lies over e. 
Since e' is g'-coCartesian, we can choose a 2-simplex 



y' 




lying over the edge e in S' , where e" is an edge of the fiber X'^,^yy Since e is also g'-coCartesian, 
we deduce that e" is an equivalence in X'^,^^^ so that e" G M by the above argument. Invoking our 

assumption that X has the extension property with respect to morphisms of the type {Aq), we deduce 
that e G M', as desired. 

(4) Let A^ ^ 5 be a 2-simplex which belongs to T, \ct X' ~ X x s , and let e be an edge of X' lying 
over A^°'^^ whose image in X belongs to M. We wish to prove that e is g'-coCartesian, where g' 
denotes the projection map X' ^ A'^. This follows immediately from our assumption that X has the 
extension property with respect to morphisms of the type (Co). 

(5') Fix an index a G A. Let g^ : X Xs denote the projection map, and let g" : K Xs Ka 

its restriction. We must show that every coCartesian section of g° can be extended to a coCartesian 
section of qa- In view of (3), this is equivalent to the requirement that X have the extension property 
with respect to morphisms of type {B{) in Definition 3.2.10. 

(6) Let a and qa be as in (4'); we must show that every coCartesian section of qa is a g-limit diagram. In 
view of (3), this is equivalent the requirement that X has the extension property with respect to all 
morphisms of type (C2) appearing in Definition 3.2.10. 

We now prove the "only if" direction. Assume that X is *P-fibered. We will show that X has the 
extension property with respect to every *P-anodyne morphism / : A — > S in (§et^)/(p. It will suffice to 
treat the case where / is one of the generating *P-anodyne morphisms appearing in Definition 3.2.10. For 
morphisms of the types (-Bi), (Ci), and (C2), the relevant assertion follows from the arguments given above 
in cases (5'), (1), and (6), respectively. There are several more cases to consider: 

{Aq) The map / is an inclusion (A^)" U^^sjb (A^)^ C {/S?)\ for some 2-simplex IS? ^ S belonging to T. 
Let X' = X Xs A?, and let g' : X' — > A^ denote the projection. To prove that X has the extension 
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property with respect to /, we must show that if we are given a 2-simplex 



y 




X 5- z 



in X' such that g' and g" are locally g'-coCartesian, then g is locally g'-coCartesian. We observe 
that g" is automatically q'-coCartcsian, and the hypothesis that X is *P-fibered guarantees that g' is 
g'-coCartesian. It follows from Proposition T. 2. 4. 1.7 that g is g'-coCartesian. 

{Ai) The map / is an inclusion C Q", where Q = A° ]J^{o,2} 1Ja{i.3} and the map Q ^ S carries 
each edge of Q into Mg and each 2-simplex of Q into T. Let X' = X Xs Q and let q' : X' ^ Q denote 
the projection map. It follows from Corollary T. 2. 4. 2. 10 that q' is a coCartesian fibration, classified 
by some functor X'-Q^ Catoo- Since the projection Q — » A° is a categorical equivalence, the functor 
X is equivalent to a constant functor; it follows that X' is equivalent to a product Q x C, for some 
oo-category C. To show that X has the extension property with respect to /. it suffices to show that 
every section of q' is coCartesian. Replacing X' hy Qx G, we are reduced to proving that every diagram 
Q — *■ C carries each edge of Q to an equivalence in C, which follows from a simple diagram chase. 

(Bq) The map / is an inclusion {0}^ C (A^)' lying over an edge of M5. Since the induced map X x^A^ — > A-^ 
is a coCartesian fibration, the object X has the extension property with respect to /. 

(Co) The map / is an inclusion 

(A^)^ ]l (Ai"'i})^ c (A")^ JJ (A{0'i})«, 
for every n > 1 and every map A" — > S which carries 

^{o,i,n} jj^^Q rpj^g desired result in this case 

is a reformulation of Lemma 3.2.28. 

□ 

Lemma 3.2.29. Let ^ = {Ms, T, {K^ S}a£A) be a categorical pattern on a simplicial set S. Let Bq C B 
he an inclusion of simplicial sets, and let f : x B ^ S be a map with the following properties: 

• For every simplex a : A" B which does not belong to Bq, let r be the 2-simplex of x A" spanned 
by (0,0), (1,0) and (l,n). Then the induced map 

A^ ^ A^ X A" ^ A^ X S ^ 5 

belongs to T. 

• For every vertex b of B, the map f carries A^ x {&} into Ms- 
Then the inclusion 

((A^)« X B^o) Y[ ({0}" X B^) ^ X 
{0}«xsS 

is '^-anodyne. 

Proof. Working simplex- by-simplex, we can reduce to the case where B = A" and Bq = 9 A". The simplicial 
set A^ X A" admits a filtration 

({0}xA") [] (AixaA") = ZoCZiC...cZ„CZ„+i = AixA", 
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where each Zj+i is obtained from Zi by adjoining the (n+ l)-simplex of x A" corresponding to the map 

CTi : [n + 1] ^ [1] X \n\ 



(0,j) ifj<n-i 
i{j>n-i. 



Let Zi = {Zi, Mi) denote the marked simphcial set whose marked edges are precisely those edges which are 
marked in (A^)" x (A^)''. We wish to show that the inclusion Zq C is ^-anodyne. For this, it will 

suffice to show that each of the inclusions hi : Zi C Zi+i is Cp-anodync. If i = n = 0, then hi is a generating 
^-anodyne morphism of type (-Bo)- If < i < n, then hi is a pushout of a generating *P-anodyne morphism 
of type (Ci). If If i = n > 0, then hi is a pushout of a generating ^-anodyne morphism of type (Co). □ 

Proof of Proposition 3.2.17. Let ^ = {Ms, T, {p„ : ^ 5}agA) and ^ = {M's,,T', {q^ : L< ^ 5'}/3gb) 
be categorical patterns on simplicial sets S and S', respectively. Let / : X — > y be a !P-anodyne morphism 
in (§et^)/q3, and let f':X Y be an arbitrary cofibration in (§et^)/(p'. We wish to show that / A /' is 
^ x *P -anodyne. Without loss of generality, we may assume that /' is a generator for the class of cofibrations 
in {$etX)/<:p', having cither the form (A^)*" C (A^)" or (SA™)^ C (A")^ Similarly, we may assume that / 
is one of the generating ^-anodyne morphisms described in Definition 3.2.10. There are fourteen cases to 
consider: 

{Ao) The map / is an inclusion (Af )' ]J(^2-)b (A^)'' C (A^)' where A^ ^ 5 belongs to T and carries every 

edge into Ms, and /' is an inclusion (A^)^ C (A^)l^. In this case, /A/' can be obtained as a composition 
of two morphisms, each of which is a pushout of a morphism having type {Aq). 

{Ai) The map / is an inclusion Q'' C QS, where Q = A" ]J^{o,2} A^ Uao.s} A" and the map Q ^ S carries 
every edge of Q into M5 and every 2-simplex of Q into T, and /' is an inclusion (A^)^ C (A^)". In 
this case, / A /' can be obtained as a successive pushout of two morphisms of type (Ao). 

{Bq) The map / is an inclusion {0}" C (A^)", for some edge A^ — > S* belonging to Ms, and /' is an inclusion 
(A^)*" C (A^)'. In this case, / A /' can be obtained as a composition of two morphisms which are 
pushouts of maps of type {Aq) and the ^-anodyne morphism of Lemma 3.2.18. 

{Bi) For some a & A, the map / is an inclusion C {K^Y (where maps to S via Pa), and /' is an 
inclusion (A^)'' C (A^)". We can factor the morphism / A /' as a composition 

{K^ X A\M) ^ {K^ X A\M') ^ {K^ x A^)", 

where M' is the collection of all edges of K"^ x A^ except for {v} x A^, where v is the cone point of 
K^, and M C M' is the collection of all those edges which do not join {v, 0) to a vertex of x {1}. 
We begin by observing that 5 is a pushout of a coproduct of morphisms of type {Aq), indexed by the 
collection of vertices of Ka- It will therefore suffice to show that g' is (^ x *P')-anodyne, which follows 
from the observation that g' is a pushout of a morphism of the type described in Lemma 3.2.19. 

(C) The map / is a generating *P-anodyne morphism of one of the types (Cq), (Ci), or (C2) described in 
Definition 3.2.10, and /' is an inclusion (A^)'' C (A^)'. In this case, /A/' is an isomorphism and there 

is nothing to prove. 

{A'q) The map / is an inclusion (A^)* ]J^^2)b (A^)^ C (A^)' where A^ ^ 5 belongs to T and carries every 

edge into Ms, and /' is an inclusion {d A")^ C (A'")^ If to = 0, then f A f is a generating (<P x 
anodyne morphism of type {Aq). If to > 0, then / A /' is an isomorphism. 
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{A[) The map / is an inclusion C Q", where Q — LIa{" 2} IJa{i.3> ^^"^ map Q S carries 
every edge of Q into Ms and every 2-simplex of 5 into T, and /' is an inchision {dA"")^ C (A™)^ If 
m = then / A /' is a generating (*P x *P')-anodyne morphism of type [Ai], and if m > then / A /' 
is an isomorphism. 

(Bg) The map / is an inclusion {0}'' C (A-'^)", for some edge A^ ^ S belonging to Ms, and /' is an inclusion 
(a A"*)^ C (A'")^ If m = 0, then / A /' is a generating (^3 x «p')-anodyne morphism of type (Bo)- 
Let us assume therefore that m > 0. For < k < m, let ak ■ A™+^ — > A^ x A"* denote the simplex 
determined by the map of partially ordered sets [m + 1] ^ [1] x [m] given by the formula 

.^f(0,j) iij<m-k 
— 1) otherwise. 

We have a sequence of simplicial sets 

Z0CZ1C...C Zm+l = A^ x A" 

where Zi is the simpHcial subset of A^ x A™ generated by A^ x (5 A™), {0} x A™, and {(Tj}j^i. Let M 
denote the collection of edges of A^ x A™ whose image in A"* is degenerate, and lot Zi = (Zi, M). To 
prove that / A /' is (*p x *p')-anodync, it will suffice to show that each of the inclusions gi Zi C Z^+i 
is ^P-anodyne. For < i < m, wc observe that gi is a pushout of a generating (?P x ^')-anodyne 
morphism of type (Ci). For i = m, we note that gi is a pushout of a generating (*p x ^')-anodyme 
morphism of type (Co). 

{B[) For some a £ A, the map / is an inclusion X| C [K'^Y (where K^, maps to S via pa), and /' is an 
inclusion (9 A"')" C (A"')^ If m = 0, then / A /' is a generating ^ x *p'-anodyne morphism of type 
{Bi) and there is nothing to prove. Let us assume therefore that m > 0. Let v denote the cone point 
of K"^ We define a filtration 

^0 c C . . . C Z„ C = X A™ 

as follows. For each i < m, let Zi denote the simplicial subset of x A™ generated by those simplices 
a such that either un ({v} x A"*) C {v} x /^{o, --,^-^} or the projection map a — > A"* is not surjective. 
Let Zi denote the marked simplicial set {Zi, Mi), where Mi is the collection of those edges of Zi whose 
image in A"* is degenerate. The map / A /' can be identified with the inclusion Zo C Zm+i- It will 
therefore suffice to show that each of the inclusions gi : Zi C Zi+i is x *p')-anodyne. If i < m, then 
gi is a pushout of the inclusion C (A* ★ {Ka x A'""*)'', where B denotes the pushout 

{dA' * {K„ X A™-') ]J (A* * {Kc, x A™"*)). 

In view of Example 3.2.11, it will suffice to show that the inclusion of simplicial sets B C A* ★ 
{Ka X A™^*) is inner anodyne. This follows from Lemma T. 2. 1.2. 3, since the inclusion Ka x A™~* C 
Ka X A"-' is left anodyne (Corollary T. 2. 1.2. 7). 

In the case i = m, wc observe that 9,; is a pushout of the inclusion 

{{dA^)*Kat H {{m}*Ka)^ C{A^*Kj ]J ({m}*i^„)«, 

which is a (^P X *P')-anodyne morphism of type (C2). 
(Cq) The map / is an inclusion 

(A^)^ 11 (A{0'i>)« C (A")^ [] (A^o>i>)«, 
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for some n > 1 such that the map A" S carries A''^°'^'"^ to a 2-simplex belonging to T, and /' is an 
inclusion (5 A")^ C (A™)^ If m = 0, then / A /' is a («P x «p')-anodyne morphism of type {Co). We 
may therefore assume without loss of generality that rn > 0. We define maps 

A" A A^ X A" ^ A" 

by the formulae 

jo ifi = 0,j = l 
r{i,j) = < 

\j otherwise. 

These maps exhibit / as a retract of the inclusion 

g : ((Ai)« X (A^)^) ]J ({0}« x (A")^) C (A^)" x (A")^ 

{0}«x(AJ)t 

We regard (A^)" x (A")" as an object of (§ef^)/(^) via the composition 

A^ x A" ^ A" ^ S. 

Since / is a retract of g, it will suffice to show that gAf' is x ^')-anodyne, which follows immediately 
from Lemma 3.2.29. 

(C() The map / is an inclusion (Aff C (A")^ for where < i < n, and /' is an inclusion (9 A")'' C (A'")^ 
In this case, / A /' is a morphism of the form Bq C , where Bq C B is an inner anodyne inclusion of 
simplicial sets (Corollary T.2.3.2.4). It follows from Example 3.2.11 that / A /' is (^3 x q3')-anodyne. 

(C2) The map / has the form 

for some a G A and n > 0, where A" ★ Ka — > S extends Pa, and /' is an inclusion of the form 
{dA"'f C (A'")^ The treatment of this case is similar to that of {B[). If to = 0, then / A /' is 
a generating ^ x *P'-anodyne morphism of type (C2) and there is nothing to prove. Let us assume 
therefore that to > 0. We define a filtration 

^0 C Zi C . . . C Z„ C = (A" x A" 

as follows. For each i < to, let Zi denote the simplicial subset of (A" * Ka) x A™ generated by those 
simpHces a such that either a fl (A" x A"*) C A" x A^°'-- '*~^^ or the projection map a A™ is not 
surjective. Let Zi denote the marked simplicial set {Zi,Mi), where M, is the collection of those edges 
of Zi which are marked in 

(A" * Kj ]J {{n} ^ Kj) X (A™)^ 

The map / A /' can be identified with the inclusion Zq C Zm+i- It will therefore suffice to show 

that each of the inclusions : Zi C Zi^i is (*p x *p')-anodyne. If i < to, then gi is a pushout of the 
inclusion B^ C ((A" x A*) ★ {K^ x A'"-*)^ where B denotes the pushout 

(a(A" X A*) * {Kc, X A"*-') Y[ ((^" ^ * i^c. X A™-*)). 
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In view of Example 3.2.11, it will suffice to show that the inclusion of simplicial sets B C (A" x A*) ★ 
{Kct X A"*"*) is inner anodyne. This follows from Lemma T. 2. 1.2.3, since the inclusion Ka x A[J*~* C 
Kc X A™-' is left anodyne (Corollary T.2. 1.2.7). 

In the case i = m, we observe that gi is a pushout of the inclusion 

{d{A"xA"')*Kj JJ ({(n,m}*X«)« C ((A" X A™)*i^„)^ JJ ({(n, m)} * 
which is (!P x ^')-anodyne (Example 3.2.13). 

□ 



3.3 Flat Inner Fibrations 

Lemma 3.3.1. Let Q be a simplicial category equipped with a functor 6 [1], where [1] denotes the (discrete) 
category {0 < 1}. Suppose that the inclusion Go ^ G is a cofibration of simplicial categories. Then, for 
every object D G Ci, the functor C i— > Mapg(C, £>) is a projectively cofibrant object of F £ (SetA)*^" • 

Proof. We must show that every trivial projective fibration a : G ^ G' in (§etA)'^°'' has the right lifting 
property with respect to F. Define a new simplicial category G[G] as follows: 

(i) The objects of C[G] are the objects of C. 

(m) For C, C e e, we have 



Mape[G](C,C') = < 



if Ce ei,C" e Co 

Mape(C, C) x G'(C)Mape(c',r>) jf ^ ^ ^/ ^ 

Mapg (C,C") otherwise 



Let C[G"] be defined similarly. Unwinding the definitions, we see that a has the right lifting property with 
respect to F if and only if the induced map a : C[G] ^ G[G'] has the right lifting property with respect to 
the inclusion i : Go Q G. Since i is a cofibration, this follows from the observation that a is a trivial fibration 
of simplicial categories. □ 

Lemma 3.3.2. Suppose we are given an inner fibration of simplicial sets p : X Af. Let C be an initial 
object o/M = p-^A{°'i>, let E be a final object o/ K = p-^A^^'^}, let T) = MnK = p~'^{l}, and let 
f : X ^ M. be a categorical equivalence from X to an oo- category M. Then there is a canonical isomorphism 

Map3y[(/(C), /(-E)) ~ [D] in the homotopy category J{ of spaces. 

Proof. We can identify M&-pj^{f {C) , f {E)) with the simplicial set Map^^jf j (C, £;) . Let F : £[!)] Set a 
be the functor given by the formula F{D) = Mapij;[]yj](C, £)), and let G : £[D]°^' — > SetA be given by the 
formula G{D) = Ma.p^^j^^{D , E) . Since C[X] is isomorphic to the pushout JJ^-pj the simplicial 
set Mapufx] (C, E) can be computed as the coend 

F{D)^G{D). 

Dee[D] 

Lemma 3.3.1 guarantees that the functor G is projectively cofibrant projectively cofibrant, so the construction 

[ H{D) X G{D) 

carries weak equivalences between injectivcly cofibrant objects of (SetA)*^'^' to weak homotopy equivalences 
of simplicial sets (Remark T. A. 2. 9. 27). Since C is an initial object of M, the canonical map F — > Fq is a 
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weak equivalence, where Fq : <t[D] — > SetA is the constant functor taking the value A°. It follows that a 
induces a homotopy equivalence 

Mapc[x] (C, £;) luaG. 

Since E G 3^ is final, we also have a weak equivalence G Go, where Go : CfD]"^ — > SetA denotes the 
constant functor taking the value 0. It follows that G is a cofibrant replacement for Go with respect to the 
projective model structure on (SetA)'^'^^"'^, so we can identify limG with a homotopy colimit of the diagram 
Gq. Applying Theorem T. 4. 2. 4.1, we can identify this homotopy colimit with a colimit of the constant 
diagram § taking the value A°. This colimit is represented by the simplicial set 2) in the homotopy 

category J{ (Corollary T.3. 3.4.6). □ 

Proposition 3.3.3. Let M be an oo-category equipped with an inner fibration p : M ^ A^, and let X = 
M X A2 A^. Let C = p^^{0}, let D = p~^{l}, and let £ = p~^{2}. The following conditions are equivalent: 

(1) The inclusion X ^ JA is a categorical equivalence. 

(2) For every morphisra f : C ^ E in JA from an object C € Q to an object E G E, the oo-category 
^c/ = 2) X3VC Mc/ /E is weakly contractible. 

Proof. Using the small object argument, we can factor the inclusion X M as a composition 

X^M' 

where i is inner anodyne, the map q is an inner fibration, and i induces an isomorphism X M' XasA^. 
We will abuse notation by identifying X (and therefore also the oo-categories 6, D, £ C X) with a simplicial 
subset of M' via the map i. 

Condition (1) is equivalent to the assertion that q is an equivalence of cxD-categories. Since q is bijcctive 
on vertices, this is equivalent to the assertion that q induces a homotopy equivalence 9 : Mapjy^/ (G, E) — >■ 
Map3y|;(G, E) for every pair of objects C,E G M'. This condition is obvious unless G £ 6 and E G E. In the 
latter case, it is equivalent to the requirement that for every morphism f : C ^ E in M, the homotopy fiber 
of the map 9 (taken over the point / G Mapjyj(G, is contractible. It will therefore sufiice to prove the 
equivalence of the following conditions: 

(!') The homotopy fiber of 6 over {/} is contractible. 

(2') The oo-category Dcj is weakly contractible. 

Suppose we are given a right fibration M M, and that we can lift / to a morphism f : C ^ E \n 
M. Let M = M' XjvcM; it follows from Proposition T.3.3.1.3 that the inclusion M Xa^ K\ ^ "M, remains 
a categorical equivalence. Using Proposition T.2.4.4.2, we deduce the existence of a homotopy puUback 
diagram 

Map^^- (G, E) Map5^(G, E) 



Map3yc,(G, E) — ^ Map3v[(G, E). 

It follows that (!') is satisfied by the morphism / of M if and only if it is satisfied by the morphism / over 
M. Proposition T. 2. 1.2. 5 guarantees that the map M^yyg je is a trivial Kan fibration, so that (2') 

is satisfied by / if and only if it is satisfied by /. It follows that we are free to replace M by M = M/e, and 
thereby reduce to the case where E isa, final object of M. A similar argument shows that we can assume that 
G is an initial object of M. In this special case, the space Map3y[(G, E) is contractible, so we can reformulate 
(1') as follows: 

(1") The space Mapjyj/ (G, is contractible. 
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If C is an initial object of M, then JAq/ ^ M is a trivial Kan fibration. Moreover, if is a final object of M 
then it is a final object of M^/ (Proposition T. 1.2. 13. 8), so the projection M.c/ /e ~* ^c/ is also a trivial 
Kan fibration. We therefore obtain the following reformulation of condition (2'): 

(2") The oo-category D is weakly contractible. 

The equivalence of (1") and (2") now follows from Lemma 3.3.2. □ 

Definition 3.3.4. We will say that an inner fibration M ^ of simplicial sets is flat if it satisfies the 
equivalent conditions of Proposition 3.3.3. 

Example 3.3.5. Let p : M ^ be an inner fibration of simplicial sets. Let C = p~^{0}, D = p~^{l}, and 
£ = p~^{2}. Suppose that for every object C € C, there exists a p-coCartesian morphism f : C ^ D, where 
D gD. Then p is flat. 

To prove this, consider an arbitrary morphism g : C ^ E in M, where C G C and S G £. Choose a 
p-coCartcsian morphism / : C ^ D in M for D G D. Using the assumption that / is p-coCartesian, we can 
find a commutative diagram 

D 

S / \h. 

which we can identify with an object D G D^/ /e lifting D. To show that Vq/ /b is weakly contractible, 
it suffices to show that D is an initial object of T)c/ /e- In view of Proposition T. 1.2. 13. 8, it will suffice to 
show that D is an initial object of Dc/, which is equivalent to the assertion that / is locally p-coCartesian. 

Example 3.3.6. Let p : M ^ A^ be an inner fibration of simplicial sets. Let C = p~^{0}, D = p~-'^{l}, and 
£ = p'^{2}. Suppose that for every object E G £., there exists a p-Cartesian morphism f : D ^ E, where 
D gD. Then p is flat. The proof is identical to that of Example 3.3.5. 

Definition 3.3.7. Let p : X — > 5 be an inner fibration of simplicial sets, and let tr be a 2-simplex of S. We 
will say that p is flat over a if the induced inner fibration X X5 A^ ^ A^ is flat, in the sense of Deflnition 
3.3.4. We will say that p is flat if it is flat over every 2-simplcx of 5*. 

Example 3.3.8. Let p : X S he &n inner fibration of simplicial sets. Then p is fiat over any degenerate 
2-simplex of since the induced functor X x g A^ — > A^ satisfies the hypotheses of either Example 3.3.5 
or Example 3.3.6. It follows that an inner fibration p : X — > A^ is fiat in the sense of Definition 3.3.7 if and 

only if it is flat in the sense of Definition 3.3.4. 

Example 3.3.9. Let p : X — > 5 be a coCartesian fibration of simplicial sets. Then p is a fiat categorical 
fibration: this is an immediate consequence of Example 3.3.5. Similarly, if p is a Cartesian fibration, then p 
is fiat. 

Remark 3.3.10. Suppose given a puUback diagram of simplicial sets 




S' ^S. 



If p is a fiat inner fibration, then so is p'. 

Proposition 3.3.3 admits the following generalization: 



Proposition 3.3.11. Let p : X ^ S be an inner fi.bration of simplicial sets. The following conditions are 
equivalent: 
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(1) For every inner anodyne map A ^ B of simplicial sets and every map B ^ S, the induced map 
X xs A ^ X xs B is a categorical equivalence. 

(2) The inner fibration p is flat. 

Proposition 3.3.11 will require some preliminaries. 

Proposition 3.3.12. Let p : M ^ be a correspondence from an oo-category C = M x^i{0} to D = 
M x^i{l}. Let X = Map^i (A^, M) be the oo-category of sections of the map p. Then the canonical map 

e ]J (XxA^) ]J D^M 

Xx{0} Xx{l} 

is a categorical equivalence. 

Proof. For every oo-category A, we let A^ denote the marked simplicial set {A, M/i), where A is the collection 

of all equivalences in A. Since the category of marked simplicial sets is Quillen equivalent to the category of 
simplicial sets (with the Joyal model structure), it will suffice to prove the following: 

(A) The diagram 

x(aA{i'2})b xB^ 



x(A{i'2})b 



is a homotopy pushout square of marked simplicial sets. 

To prove this, we let ^ denote the full subcategory of Fun(A^ , M) x A^ spanned by those pairs (/ : A ^ A',i) 
satisfying one of the following conditions: 

• We have i = and / is an equivalence in C. 

• We have i = 1 or i = 2 and / belongs to X. 

• We have i = 3 and / is an equivalence in D. 

For each simplicial subset K C A'', we let — ^ x^sK, and let denote the marked simplicial set 
(Vif, Mk), where Mk is the collection of all edges a : {f,i) — > {f',i') in satisfying one of the following 
three conditions: 

• The map a is an equivalence in y. 

• We have i = 0, i' = 1, and a corresponds to a commutative diagram 

9 




for which g is an equivalence. 
• We have i = 2, i' = 3, and a corresponds to a commutative diagram 

C 



f 



f 



D" — ^ D' 



for which g is an equivalence. 
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We observe that there is a retraction r of ^ onto the fuh subcategory ^^{0,2,3}, which carries an object 
/ : C ^ D of ^{1} to the object idc £ ^{0}- This retraction is equipped with a natural transformation 
r idy, which determines a map of marked simplicial sets x (A^)' Va^- Using this deformation 
retraction, we deduce the following: 

(*) Let S" be a subset of {0, 2, 3} containing {0}. Then the inclusion y^s C y^su{i} is a weak equivalence 
of marked simplicial sets. 

A similar argument proves: 

(*') Let S' be a subset of {0, 1, 3} containing {3}. Then the inclusion y^s C y^su{2} is a weak equivalence 
of marked simplicial sets. 

Let : ^ be the map characterized by ^"^{0} = A^°'^^ C A^, and consider the map 
61 : y C Fun(A\M) x A^ ''^4'^ Fun(A\M) x A^ ^ M. 

Consider the diagram 




Using (*) and the observation that the diagonal inclusion 6 — » y^o} is an equivalence of 00-categories, we 
deduce that is a weak equivalence of marked simplicial sets. A similar argument gives an equivalence of 
marked simplicial sets ^Af^.s} — > D^- Using this observation, we can reformulate (^4) as follows: 

(B) The diagram 

^{1} U ^{2} ^ ^Aio.n U yA{2>3} 

^Ai^^n ^ 

is a homotopy pushout square of marked simplicial sets. 
We have a commutative diagram of marked simplicial sets 



VaIO'^} 




y^ 

where K = A'^"'^^ A''^^'^^ U{2} A^^'"^^ C A'^. We wish to prove that P3 is a weak equivalence of marked 
simplicial sets. Since f3o is an isomorphism of marked simplicial sets, it suffices to show that /3i and f32 are 
weak equivalences of marked simplicial sets. 

To prove that pi is a weak equivalence, we factor /3i as a composition 

yA{o,3} ^ yA{o.i.3} ^ yA3- 
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Assertion (*) implies that P[ is a weak equivalence, and assertion (*') implies that (3" is a weak equivalence. 
To prove that (32 is a weak equivalence, we factor (32 as a composition 

The map /?2 is a pushout of the inclusion 

^Afo.i} II ^A{1.2} — * y^{o,i,2} • 

^{1} 

Consequently, to prove it suffices to show that the map y^{o,i,2} is a flat inner fibration, which 

follows from Example 3.3.6. The same argument shows that (32 is a weak equivalence. The map (32' is a 
pushout of the inclusion 

— *. 

^A{o.i.2}u^{i,2} A{i.2,3} a • 

To complete the proof, it will suffice to show that this map is a weak equivalence of marked simplicial sets, 
which is equivalent to the requirement that the composite map 



is a flat inner fibration (here <()' is the map characterized by the property that = A'^^'^^ C A^). 

In view of Proposition 3.3.3, we must show that for every object C : C ^ C" of Fun(A^, C) ~ ^^q} and 
every object D : D ^ D' oi Fun(A^, D) ~ ^{3}, the simplicial set y^/y-Q x^sA^^'^^ is weakly contractible. 
This simplicial set can bo identified with the product A^ x £, where £ = Fun(A-'^, M)^^ Xfuji(^i jyt) X. To 
complete the proof, we will show that the oo-category £ is weakly contractible. 

We observe that an object of £ can be identified with a commutative diagram 

C C" ^ D 



C ^ D" D' 

in M, where C" G C and D" £ D. Let £o denote the full subcategory of £ spanned by those objects for 
which 7 is an equivalence. The inclusion £o C £ admits a right adjoint, and is therefore a weak homotopy 
equivalence. It will therefore suffice to show that £o is weakly contractible. Let £i denote the full subcategory 
of £o spanned by those diagrams for which 7' is an equivalence. The inclusion £1 C £0 admits a left adjoint, 
and is therefore a weak homotopy equivalence. It therefore suffices to show that £1 is weakly contractible. 
We complete the proof by observing that £1 is a contractible Kan complex. □ 

Lemma 3.3.13. Let q : G ^ "D be a coCartesian fibration of 00 -categories. Suppose that D is weakly 
contractible and that each fiber Go of q is weakly contractible. Then G is weakly contractible. 

Proof. The coCartesian fibration q is classified by a functor x ■ ^ Catoo- Let F : Catoo § denote a left 
adjoint to the inclusion § C Catoo- According to Corollary T.3.3.4.3, the colimit of x is represented (in the 
homotopy category hCatoo) by the marked simplicial set (6, M), where M is the collection of g-coCartesian 
rnorphisms in D. It follows that fimF o x — F(limx) is represented (in the homotopy category h§) by 
the simplicial set C. Since each fiber is weakly contractible, the composition F o ;^ is equivalent to the 
constant functor D — > S taking the value A°. Using Corollary T.3.3.4.6, we deduce that the colimit lini Fox 
can also be represented by the simplicial set B. We therefore have an isomorphism between C and D in the 
homotopy category of spaces. Since D is weakly contractible, we conclude that G is weakly contractible. □ 

Lemma 3.3.14. Let p : M ^ A'^ be a fiat inner fibration. Let f : C ^ D be a morphism in M, where 
C G Mo and D £ M3. Then the co-category IN" = Mp/ /n x^sA^^'^'' is weakly contractible. 
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Proof. Let X denote the oo-category Fun^{i,2}(A^^'^},N). According to Proposition 3.3.12, we have a 
categorical equivalence 

Xx{l} Xx{2} 

Since Ni and K2 are weakly contractible (by virtue of the assumption that p is flat over A^"'^'^} and A^*^'^'^^), 
it will suffice to show that X is weakly contractible. Let g : X ^ 3\f2 be the map given by evaluation at {2}. 
Using Corollary T. 2. 4. 7. 12, we deduce that g is a coCartesian fibration. Since is weakly contractible, 
it will suflice to show that the fiber q~^E is weakly contractible, for each E e K2 (Lemma 3.3.13). This 
fiber can be identified with the fiber product {1} x^s (Mc/ /d)^^ , which is categorically equivalent to 
{1} (M(7/ /d)/e (Proposition T. 4. 2. 1.5). Let Eq denote the image of E in M. We have a trivial Kan 
fibration (M^/ /d)/e ^c/ /Eq- It therefore suSices to show that {1} Mc/ /Eq is weakly contractible, 
which follows from the assumption that p is flat over the 2-simplex A^*^'^'^^. □ 

Lemma 3.3.15. Let p : M A" be a flat inner fibration, and let q : A" — !■ A*" be a map of simplices which 
is surjective on vertices. Then the composite map qop is a flat inner fibration. 

Proof. If n — m > 1, then we can factor as a composition 

^ ^ ^n— 1 ^ 

where q' and q" are surjective on vertices. Using descending induction on n — m, we can assume that 
n — m< 1. If n = m there is nothing to prove, so we may suppose that n = m + 1 . To prove that qopis flat, 
it suffices to show that it is flat over every nondegenerate 2-simplex of A™. Replacing M by the puUback 
M XA"i A^, we can reduce to the case where m = 2 and n = 3. 

Fix objects C e (g op)~^{Q} and D & {q op)~^{2} and a morphism / : C — *■ in M; we wish to prove 
that the 00-catcgory Mc/ /d XA^jl} is weakly contractible. Let i € [2] be the unique integer such that 
q~^{i} is a 1-simplex of A^. If i = 0, then the weak contractibility follows from the assumption that p is flat 
over A'f^'^'"^^ C A^. If i = 2, then the weak contractibility follows from our assumption that p is flat over 
^{0,1,3} g ^3 If J = 1^ then the desired result follows from Lemma 3.3.14. □ 

Lemma 3.3.16. Let p : l\i A" be a flat inner fibration. Let f : C ^ D be a morphism in M, where 
C G Mo and D G Mn- Then the oo-category = M^/ /£) x a™ A"'"'^''"'""^'' is weakly contractible. 

Proof. Apply Lemma 3.3.15 to the map q : A" — > A^ characterized by the requirement that q~^{l} = 
{l,...,n-l}. □ 

Lemma 3.3.17. Let p : M — > A" x A™ be a flat inner fibration. Then the induced map p' : M — > A™ is a 
flat inner fibration. 

Proof. It suffices to show that p' is flat over every nondegenerate 2-simplex of A™. Replacing M by 
M Xa-^A^, we can reduce to the case m = 2. Fix a morphism / : C ^ Z? in M, where C G p'^^{0} 
and D G p'" {2}; we wish to show that the oo-category Mc/ /d XA^jl} is weakly contractible. Let i and j 
denote the images of C and D in A", and let (j) : A^+-'~' A" x A^ be the map given on vertices by the 
formula 

'(i,0) iffc = 

(l>{k) = I {i + k -1,1) if < fc < 2 + j - i 
^(i,2) iffc = 2 + j-i. 

The desired result now follows after applying Lemma 3.3.16 to the flat inner fibration M XAnxA2A^+-'~* 
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Proof of Proposition 3.3.11. Fix an inner fibration of simplicial sets p : X ^ S. By definition, the map p is 
flat if it induces a categorical equivalence X Xg X X5 A^, for every 2-simplex of S. This proves the 

implication (2) =^ (1). For the converse, let us say that a monomorphism of simplicial sets A ^ B is good if 
it satisfies the following condition: 

(*) For every map of simplicial sets B ^ S, the induced map X x 5^ XxsB is a. categorical equivalence. 

Since the collection of trivial cofibrations with respect to the Joyal model structure is weakly saturated (in 
the sense of Definition T.A.I. 2. 2), wc deduce that the collection of good morphisms in Set a is also weakly 
saturated. We wish to prove that every inner anodyne morphism is good. In view of Proposition T.2.3.2.1, 
it will suffice to show that for every monomorphism of simplicial sets A ^ B having only finitely many 
nondegenerate simplices, the induced map 

{A X A^) Y[ (B X A?) ^ B X A^ 

AxAf 

is good. In other words, we must show that for every map B x A'^ ^ S, the induced diagram 

X xs{Ax Af) ^ X xs{B X A^) 



X xs{Ax A2) ^ X xs{Bx A^) 

is a homotopy pushout square (with respect to the Joyal model structure). To prove this, it suffices to show 
that the vertical maps are categorical equivalences. In other words, we are reduced to proving that the 
following assertion holds, for every simplicial set K having only finitely many nondegenerate simplices: 

(*') For every map K x A'^ ^ S, the inclusion X Xs (K x A^) ^ X Xs {K x A^) is a categorical equivalence. 

We now prove (*') by induction on the dimension n of K and the number of nondegenerate n-simplices of 
K. If K is empty, there is nothing to prove. Otherwise, we have a pushout diagram 

a A" — ^ A" 



K' ^K. 

Using the left properness of the Joyal model structure, we see that K will satisfy (*') provided that K', 
9 A", and A" satisfy (*'). In the first two cases, this follows from the inductive hypothesis. We are 
therefore reduced to the case K = A". Fix a map A" x A^ ^ S, and consider the flat inner fibration 
q : X Xs (A" x A^) ^ A" x A^. To prove that (*') is satisfied, we must show that the composition 

X Xs (A" X A^) A" x A^ ^ A^ 
is flat, which follows from Lemma 3.3.17. □ 

Corollary 3.3.18. Let p : C — > D 6e a flat categorical fibration between 00-categories. Then, for every 
categorical equivalence of simplicial sets A^ B and every diagram B ^ D, the induced map 6 : A x-n G ^ 
B x-nQ is an equivalence of 00-categories. 

Proof. Every map f : B ^ D factors as a composition 

bI^b' Ct), 
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where /' is inner anodyne and /" is an inner fibration (so that B' is an oo-category) . We obtain a commutative 
diagram 

/3 




Proposition 3.3.11 implies that a is a categorical equivalence. By the two-out-of-three property, it suffices 
to show that /? is a categorical equivalence. We may therefore replace B by B' and thereby reduce to the 
case where B is an cx)-category. 

The map g : A^ B factors as a composition 



A^A 



I 3 , 



B 



where g' is inner anodyne and g" is an inner fibration (so that A' is an oo-category) . We obtain a commutative 
diagram 

A xd e ^B xd e 




Proposition 3.3.11 implies that 7 is a categorical equivalence. Using the two-out-of-three property, we are 
reduced to proving that 5 is & categorical equivalence. We may therefore replace A by A' and thereby reduce 
to the case where A is an cxD-category. 
Consider the puUback diagram 

A xd e— Xd e 



^B. 



Since the vertical maps in this diagram are categorical fibrations and the simplicial sets A and B are 00- 

catcgorics. Proposition T.A.2.4.4 guarantees that this diagram is homotopy Cartesian (with respect to the 
Joyal model structure). Since the g \s & categorical equivalence, it follows that is a categorical equivalence 
as well. □ 



Corollary 3.3.19. Let f : Q ^ T) and g : 1) 

go f is a flat categorical fibration. 



■ £ be flat categorical fibrations between 00 -categories. Then 



Proof. Since g o f \s evidently a categorical fibration. it will suffice to show that g o f is flat. Choose a 
2-simplex cr : — *• £; we wish to show that the inclusion 6 xgA^ C 6 xgA^ is a categorical equivalence. 
Let D' = T) XgA^ and D" = D XgAf. Since g is flat, the inclusion D" C D' is a categorical equivalence. 
Since / is flat, Corollary 3.3.18 guarantees that the inclusion 



e xgA? ~ e X2) D" c e xd D' ~ e xgA^ 



is a categorical equivalence, as desired. 



□ 



3.4 Functoriality 

In this section, we will study the behavior of the model structure described in Theorem 3.2.6 as a functor of 
the categorical pattern ^. Our main result is the following: 
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Theorem 3.4.1. Suppose we are given categorical patterns *P = (Me,r, {p„ : K'^ —>■ G}aeA) and = 
{Mq',T',{p'^ : K'^^ — » C'jaeA') on oo-categories C and C'. Suppose we are given a diagram of marked 
simplicial sets 

(e,Me)^(3C,M)^(e',MeO. 

Then the construction X X Xi^e,Me){^, M) determines a left Quillen functor from (SefJ)/sp to (Sef^)/5p' 
provided that the following conditions are satisfied: 

(1) The map n -.X ^ Q is a fiat categorical fibration. 

(2) The collections of morphisms Ms and M contain all equivalences in C and X, respectively, and are 

closed under composition. 

(3) For every 2-simplex a of X such that 7r(c7) G T, we have Tr'{a) € T' . Moreover, T contains all 
2-simplices — > C whose restriction to A'f^'^} is an equivalence in C. 

(4) For every edge — > 6 belonging to Me, the induced map X xgA^ — > A^ is a Cartesian fibration. 

(5) Each of the simplicial sets is an oo-category, and each of the induced maps tTc ■ x e 3C — »■ 
is a coCartesian fibration. 

(6) For a £ A and every coCartesian section s o/ttc, the composite map 

K^xqX^X^Q' 

can be identified with p'^, for some (3 € A' . 

(7) Suppose we are given a commutative diagram 

Y 



X 





in X, where g is locally it -Cartesian, n{g) E Mq, and 7r(/) is an equivalence. Then f G M if and 
only if h E M. (In particular, a locally n-Cartesian morphism g of X belongs to M if and only if 
nig) G Me. 

(8) Suppose we are given a £ A and a commutative diagram 

Y 





X 

in XqX, where f is TTa-coCartesian and ttq (g) is an equivalence. Then the image of g inX belongs 
to M if and only if the image of h inX belongs to M. 

Proof. Consider the categorical pattern = {M,tt~^{T),{p'^ ,. : X}(^a,s)eA") on X, where A" 

consists of all pairs (a, s) such a € A and s is a coCartesian section of iTa, and p'^ ^ is the composition 

K^^XxeK^X. 
The functor in question admits a factorization 

where tt* and n', are left Quillen functors by virtue of Propositions 3.4.17 and 3.4.3 proven below. □ 
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Definition 3.4.2. Let f : S ^ S' he a. map of simplicial sets. Suppose we are given categorical patterns 
^5 = (Ms,r,{p„ : ^ SU^a) and ^5' = {M'g,T',{p'^ : K'^" ^ 5'}«eA') on S and S' , respectively. We 
will say that / is compatible with *P and if the following conditions are satisfied: 

• The map / carries Mg into Mg/. 

• The map / carries T into T' . 

• For each a e ^4, the composition 

belongs to {p'^ : K'J^ S'}aeA')- 

Proposition 3.4.3. Let f : S S' be a map of simplicial sets, and suppose that f is compatible with 
categorical patterns ^ and on S and S' , respectively. Then composition with f induces a left Quillen 
functor fi : i§etX)/<!p {§etX)/^s'- 

Proof. It is clear that fi preserves cofibrations. It also admits a right adjoint, given by the puUback functor 
/* described by the formula f*X ~ X X(s',Msi) i^' Ms). To complete the proof, it will suffice to show that 
f\ preserves !P-equi valences. Let X,Y G (Sef^)/!p, and let a : X — » F be a ^P-equivalence. We wish to show 
that f\{a) is a ^'-equivalence. For this, it suffices to show that for every *p'-fibered object Z e (§ei^)/(p', 
the induced map 

Map^,(/!y, Z) ^ Map^,(/!X, Z) 

is a homotopy equivalence. The left hand side can be identified with Mapg(Y', f*Z), and the right hand side 
with Map^(X, f*Z). The desired result now follows from the assumption that a is a *P-equi valence, and the 
observation that f*Z is ^-fibered. □ 

Example 3.4.4. For any categorical pattern *p = {Ms, T, {pa ■ S}a^A) on any simplicial set S, the 

forgetful functor (§ei^)/q3 Set^ is a left Quillen functor, where we endow 8et^ with the model structure 
determined by Theorem 3.2.6 for the categorical pattern *Pg = (Mq, Tq, {K^ A°}aeA) on A° (here Mq and 
To consist of all edges and 2-simplices of A°, respectively). If each of the simplicial sets Ka is contractible, 
then this coincides with the usual model structure on Set^ (Example 3.2.8). 

Under a few mild hypotheses on a categorical pattern ^, we can characterize the fibrations between 
fibrant objects in (Set^)/(p. 

Notation 3.4.5. Let *p = {Ms,T, {pa : S}a^A) be a categorical pattern on a simplicial set S, and 

suppose we are given a ^-fibered object X = {X,M) G (Set^)/(p. Let tt : X — > 5 denote the underlying 
map of simplicial sets. We define a categorical pattern n*^i = {M,T', {q^ : — > X}0^b) on X as follows: 

(1) The set M is the collection of marked edges of X (in other words, the collection of locally 7r-coCartesian 
edges e of X such that 7r(e) G Ms). 

(2) The set T' = 7r~^T is the collection of all 2-simplices of X whose images in S belong to T. 

(3) We let : K'^ — > Xy^^B be the collection of those diagrams q : — > X such that q carries each 
edge of into M, and -k oq belongs to {pa ■ — > S}aeA- 

Lemma 3.4.6. Let ^ = {AIs,T, {pa ■ K^a ^ S}aeA) be a categorical pattern on an oo-category S, and let 
X = [X,M) G (Set^)/(p be ^-fibered. Assume that Ms is the collection of all equivalences in S and that T 
contains all 2-simplices — > whose restriction to A^'^'^^ in an equivalence in S. Then M is the collection 
of all equivalences in X. 
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Proof. Let p : X ^ S denote the underlying map of simplicial sets. The sot M consists of all locally p- 
coCartesian morphisms / in X such that p{f) is an equivalence in S. In view of Proposition T. 2. 4. 1.5, it 
will suffice to show that every such morphism is p-coCartesian. This follows from Lemma 3.2.28 together 
with our assumption on the set of 2-simplices T. □ 

Proposition 3.4.7. Let *P = (Ms,T, {p^ : S}aeA) be a categorical pattern on an oo-category S. 

Suppose that Ms contains all equivalences in S and thai T contains all 2-sim,plices S whose restriction 

to A'f^'^J' in an equivalence in S. Let Y — {Y,My) be a ^-fibered object of (§et^)/!p, and let tt : Y ^ S 
denote the underlying map of simplicial sets. Let X = [X,Mx) be another object of {§et~^)/<^, and let 
f : X ^Y be a morphism. The following conditions are equivalent: 

(a) The map p is a fibration in (Set^)/5p. 

(6) The object X is ^-fibered, and the underlying map of simplicial sets X 
(c) The map p exhibits X as an* ^-fibered object of (SefJ) /tt* <p- 



Y is a categorical fibration. 



Proof. We first prove that (a) ^ (6). If Y is ^-fibered and p is a fibration in (Sef^)/5p, then it is clear 
that X is *P-fibcrcd. It will therefore suffice to show that the underlying map of simplicial sets X — > y is a 
categorical fibration. In other words, we must show that every lifting problem of the form 




admits a solution, provided that the underlying map of simplicial sets A ^ i? is a trivial cofibration with 
respect to the Joyal model structure. To prove this, it will suffice to show that the map z is a *P-cquivalence. 
By virtue of Proposition 3.4.3, it will suffice to prove this after replacing *p by the categorical pattern 
*P' = (M^,T, 0), where M'g is the collection of all equivalences in S. We must now show that for every 
<P-fibcred object Z = {Z,M) e {$etX)i<^, the induced map 6 : Ma.^\{B\'Z) Map!,(A^Z) is a weak 
homotopy equivalence. We observe that Z is an oo-category and Mz can be identified with the collection 
of all equivalences in Z (Lemma 3.4.6). For every simplicial set K and every oo-category 6, let Fun(ii', C)*^ 
denote the largest Kan complex contained in ¥\m{K, 6). We have a commutative diagram 



Map^(S^ Z) ^ Fun(S, Zf 



■ Fun(A, Z f 



■ Fun(S, Sf 



■ Fun(^, Sy- 



Map^(A',Z)- 

where the rows are homotopy fiber sequences. Consequently, to prove that ^ is a homotopy equivalence, it 
suffices to show that 0' and 0" are homotopy equivalences. This follows from the observation that the maps 

Fun(B, Z) Fun(A, Z) Fun(5, S) Fmi{A, S) 

are categorical equivalences (in fact, trivial Kan fibrations), since A ^ B is a trivial cofibration and the 
simplicial sets S and Z are fibrant (with respect to the Joyal model structure). 

We now show that (6) (a). We must prove that every lifting problem of the form 



A- 



fo 



X 



— g — 



B 



Y 
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admits a solution, provided that i is a monomorphism and a ^-equivalence. Since X is ^-fibered, the lifting 
problem 

/o 



A- 



X 



B 



{S,Ms). 



admits a solution. The map g' = p o f does not necessarily coincide with g. However, g and g' agree on A 
and therefore determine a map 



Ax(aAi)« 



Consider the diagram 



(Ax(Ai)«)UAx(aAn.(5x(SAi)»l 



<(aAi)it 
j 

Bx (Ai) 



B 



■KOg 



{S,Ms). 



Since the map j is a ^-equivalence (Proposition 3.2.17) and X is ^-fibered, there exists a map G rendering 
this diagram commutative. We regard G as an equivalence from g to p o f in Fun{B,Y). Since p is 
a categorical fibration, it induces a fibration X'^ — !■ y'' in the category of marked simplicial sets; here 
X'l = {X, Ex) where Ex is the collection of all equivalences in X and Y'^ is defined similarly. It follows that 
the lifting problem 

(# X (Ai)«) Ua^x{i}.(^' X {1}") # ^ 



B^ X (Ai)tt 



admits a solution. We can regard F as an equivalence from / to /' in Fun{B,X), where / is an extension 
of /o lifting g. Since / is equivalent to /', it carries marked edges of A to marked edges of X, and therefore 
constitutes a solution to the original lifting problem. 

We next show that (a) (c). We must prove that every lifting problem of the form 




admits a solution, provided that i is a trivial cofibration in (§et^) /j^* fp- Since p is assumed to be a fibration 
in (§et^)/(p, it suffices to show that z is a trivial cofibration in (§ef^)/sp, which follows from Proposition 
3.4.3. 

Finally, we must show that (c) (&). Replacing *p by tt* *p and invoking the implication (a) (5), we 
deduce that X ^ Y is a categorical fibration. It will therefore sufHce to show that X is ^P-fibered. We will 
show that X satisfies conditions (1), (2), (3), (4), and (6) of Definition 3.2.1, together with condition (5') of 
Remark 3.2.5: 



(1) The underlying map of simplicial sets q : X 
where both tt and p are inner fibrations. 



S is an inner fibration. This is clear, since q = it o p, 
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For each edge ^ S belonging to Ms, the induced map q^i : X xg ^ is a coCartesian 
fibration. In other words, we must show that for every object x € X and every edge e : q{x) — > s 
belonging to Ms, there exists a locally g-coCartesian edge e : x — > s with q{e) = e. Since Y is ^- 
fibered, we can choose a locally 7r-coCartesian edge e : p{x) s with 7r(e) = e. Moreover, the edge 
e belongs to My, so we can choose a locally p-coCartesian edge e with p{e) = e (note that e belongs 
to Mx)- To complete the proof, it will suffice to show that e is locally q-coCartesian: in other words, 
that it determines a g'A^ -coCartesian edge e' of X xg A^. We note that q^i factors as a composition 

and that g^i(e') is 7r/>^i -coCartesian by construction. In view of Proposition T. 2. 4. 1.3, it suffices to 
show that e' is g^i -coCartesian. This follows from Lemma 3.2.28, since the image of every 2-simplex 
cr of X X5 A^ in F is a thin 2-simplex with respect to tt* ^ (since the image of cr in 5 is degenerate). 

An edge e : x ^ x' oi X belongs to Mx if and only if e = q{e) belongs to Ms and e locally q- 
coCartesian. The "if" direction follows from the proof of (2). For the converse, wc observe that if 
e G Ms then we can apply the construction of (2) to produce a locally g-coCartesian edge e' : x ^ x" 
of X covering e, where e' G Mx- If e is also locally g-coCartesian, then e and e' are equivalent, so e 
also belongs to Mx- 

Given a commutative diagram 

^{0,1} 



A2^^5, 

if e G Mx and a € T, then e determines an g/>^2 -coCartesian edge of Xx^A^, where q/^2 : XxgA^ 
denotes the projection map. To prove this, we factor q^2 as a composition 



X XcA' 



2 



YxsA^ A 



Since Y is ^-fibered and p(e) G My, we conclude that the image of e in F xs A^ is tta^ -coCartesian. 
In view of Proposition T. 2. 4. 1.3, it will suffice to show that e determines a -coCartesian edge of 

X Xs A^. This follows from Lemma 3.2.28, since e determines a locally pA^-coCartesian edge of 
X Xs A'^ and the image of every 2-simplcx of X X5 A^ in F is thin with respect to tt* ^i. 

For each a € A, every lifting problem of the form 



iS,Ms) 



admits a solution. We first invoke the fact that Y is ^-fibered to solve the induced lifting problem 



f 

Pa 



Y 



{S,Ms)- 
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We then invoke the assumption that X is tt* ^ fibered to solve the lifting problem 

n — -X 

(6) For every index a G A, every map : [K"^^ — > X lifting -pa '■ (-K^a)" S) is a q-limit diagram. 

Invoking the assumption that Y is *P-fibered, we deduce that = P°Pa a 7r-limit diagram in Y. 
Moreover, pa is one of the diagrams defining the categorical pattern n* ^P, so our assumption that X 
is 'P-fibcred ensures that is a p-limit diagram. Since q = w op, the desired result now follows from 
Proposition T.4.3.1.5. 

□ 

Proposition 3.4.3 can be interpreted roughly as saying that the model structure of Theorem 3.2.6 defines 
a covariant functor of the underlying categorical pattern The remainder of this section is devoted to 
studying the behavior of this model structure as a contravariant functor of 'P: in other words, we wish to 
study circumstances under which the puUback functor /* is a left Quillen functor. First, let us introduce a 
bit of terminology. 

Notation 3.4.8. Suppose we are given maps of simplicial sets X Y ^ Z. We let 7r*(X) denote a 
simplicial set equipped with a map Tr^,X Z with the following universal property: for every map of 
simplicial sets K ^ Z, we have a canonical bijcction 

RomziK, TT, (X)) Homy (K XzY,X). 

In the situation of Notation 3.4.8, suppose that tt is a Cartesian fibration and the map ^ is a coCartesian 
fibration. Corollary T. 3. 2. 2. 12 implies that the map 7r*X — > Z is a coCartesian fibration. We will need some 
refinements of this result. 

Proposition 3.4.9. Let tt : Y ^ Z be a flat categorical fibration of simplicial sets. Then the functor 
TT* : (§etA)/y (§etA)/z is a right Quillen functor (with respect to the Joyal model structures). In 
particular, if X ^Y is a categorical fibration, then the induced map n*X ^ Z is a categorical fibration. 

Proof. The functor tt* admits a left adjoint tt*, given by the formula '!t*A = AxzY. To prove that tt* is a 

right Quillen functor, it suffices to show that tt* preserves cofibrations and weak equivalences. The case of 
cofibrations is clear, and the case of weak equivalences follows from Corollary 3.3.18. □ 

Example 3.4.10. Suppose we are given a diagram of simplicial sets X Y ^ Z. We observe that there 
is a canonical map 6 : X ^ 7r*X. If the map tt is a trivial Kan fibration, then is a categorical equivalence. 
To prove this, we first choose a section s : Z ^ Y ol n. Composition with s yields a map r : 7r*X X 
such that r o 9 = idx ■ Moreover, since s o tt is homotopic (over Z) to the map idy . It follows that there 
exists a contractible Kan complex K containing a pair of distinct points x and y and a map h : K xY ^Y 
compatible with the projection map tt such that xY)= idy and ^|({?/} xY) = s o n. The map h 

induces a map h' : K x 7r*X — » n^X such that /i|({a;} x 7r*X) = idjr.x and h\{{y} x 7r*X) = Qor. It follows 
that r is a right homotopy inverse to 6 (as well as being a strict left inverse) with respect to the Joyal model 
structure, so that ^ is a categorical equivalence as desired. 

RemEirk 3.4.11. Suppose we are given a diagram of simplicial sets X -^Y ^ Z, where </> is a categorical 

fibration and tt is a flat categorical fibration. Let if) -.Y' ^ Y he a. trivial Kan fibration, let tt' = tt o -0, and 
lei X' = X Xy Y' . Then the canonical map / : 7r*X tt'^X' is a categorical equivalence. To prove this, 
we observe that tt^X' ~ ir^tp^.X' , and / is induced by applying tt* to a map g : X ^ ^*X'. Example 3.4.10 
shows that g is a categorical equivalence. Since tt* is a right Quillen functor (Proposition 3.4.9), it preserves 
categorical equivalences between fibrant objects of (8etA)/y, so / is a categorical equivalence. 
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Lemma 3.4.12. Let q : C ^ A" and p : B — » £ 6e categorical fibrations of oo- categories, where n>2. Let 

be a full subcategory of C with the following properties: 



(i) The subcategory C" Xa- A{"-1'"> 



IS a cosieve 



in e Xa"A{"-1'">, ifx e e°, i/;,™, iiy e 6° 



on 6 X A" A'f" ^'"^ ; that is, for every morphism f : x ^ y 



(ii) For every object y & (SP x^n{n — 1} and each i < n — 1, there exists an object a; G C° Xa^I*} and a 
q- Cartesian morphism x ^ y in Q. 



Suppose we are given a lifting problem 



/ ^ " " 



Let X = {G XA"{^^}) Ue" XA"{ra}(^" xa"A^" i'"}); condition (i) guarantees that X can be identified with a 
full subcategory of C. Assume further that 

{Hi) The functor /o|(e XAnA{"-i'">) is ap-right Kan extension of fo\X. 
Then there exists a dotted arrow f rendering the diagram commutative. 

Proof. Using Proposition T.2.3.3.8, we can choose a minimal oo-category C' and a categorical equivalence 
e' — > C. Let C' denote the fiber product C' Xe C*^. We observe that if ii' is a face of A", the maps 

are categorical equivalences. Because the Joyal model structure is left proper, we deduce that for every 
inclusion of simplicial subsets K C K' C A", the induced map 

(i^xA-C) ]J (if' XA" e'°) ^ (if XA" e) ]J (if'xA"e°) 

is a categorical equivalnece. Invoking Proposition T.A.2.3.1, we are reduced to solving the associated lifting 
problem 

(e'xA.A;:)Ue'o,,„A„ e'° — 



e' 



We may therefore replace 6 by C' and thereby reduce to the case where C is minimal. 

Let denote the simplicial subset of C consisting of all those simplices a satisfying one of the following 

conditions: 

• The image of a in A" docs not contain A^°'^' - '"~^h 

• The intersection of a with CxA"{n — 1} is contained in 6°. 

We first extend /o to a map /i : 6^ ^ D. For every simplicial subset S C X, let 65 denote the simplicial 
subset of 6^ generated by C", 6 Xa"A5^, and those simplices a whose intersection with X belong to S. 
Let A denote the collection of pairs {S, fs), where 5 is a simplicial subset of X containing 6 Xa^I^^}, and 
/s : C5 — > 2) is an extension of /q such that p o fg = g\ 6^. We regard A as a partially ordered set, with 
{S,fs) < {S',fs') if S' C S" and fs = fs'\S'^. Using Zorn's lemma, we deduce that A admits a maximal 
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element (5*, /s). If S = X, then we set fi = fs- Otherwise, choose a nondcgenerate simplex a oi X which 
does not belong to S having minimal dimension k. Let S' be the simplicial subset of X obtained by adjoining 
the simplex a to S, let A = G/^ xa" A^0'-'"-2>. For every simplicial subset K C A{o,-,n-2} ^ 

denote the simplicial subset of A generated by ^ Xe 6° together with A x^{o „-2}K, and let Ag denote 

Agj^{o,...,n-2}. We have a diagram 

{Ae^A'')UAe.aAM*9A'') > 

Ai.A'' ^ e^, . 

Using Proposition C.2.4.7, we conclude that this diagram is a pushout square. The maximality of the pair 
('S', fs) guarantees the existence of an insoluble lifting problem 

p 

Ai.A'' > £ . 

Since p is a categorical fibration, we conclude that the left vertical map is not inner anodyne. We will obtain 
a contradiction from Lemma T. 2. 1.2. 3 by showing that the inclusion i : Ag — > ^ is right anodyne. In fact, 
we will prove the following more general claim: 

(*) For every simplex r C A'f^' - '""^^ and every simplicial subset K C t, the inclusion Ak C Ar is right 
anodyne. 

The proof proceeds by induction on the dimension of r, and on the number of nondcgenerate simplices of 
K. If K = T there is nothing to prove. If ii' 7^ r is nonempty, then we can write K as a. pushout K' Ylg^, r', 
where r' is a simplex of small dimension than t. The inductive hypothesis shows that the inclusion Ak' C Ar 
is right anodyne. By virtue of Proposition T. 4. 1.1. 3, it will suffice to show that the inclusion Ak' ^ Ak is 
right anodyne. For this, we consider the pushout diagram 

Ag-r' ^ At' 



Ak' ^Ak. 

Since the upper horizontal map is right anodyne by the inductive hypothesis, the lower horizontal map is 
right anodyne as well. 

It remains to consider the case K = %. In this case, the inclusion Ak C is a pushout of the inclusion 

i' : e° Xe C/a XA»r C C/,, XAnT. 

It will therefore suffice to show that i' is right anodyne, which is equivalent (Proposition T. 4. 1.1. 3) to the 
assertion that i' is cofinal. Using Proposition T. 4. 1.1. 3 again, we see that it sufiices to produce an object 
X e C° xe C/ct xait such that the corresponding maps 

e° Xe tj^ XAnT ^ A° e/a- XAnT 

are both cofinal. In other words, it suflaces to guarantee that the object x is final in 6/^ Xa^^t. The existence 
of such an object follows from assumption (m) (applied to the object y G G XAn{n — 1} given by the initial 
vertex of a). This completes the construction of the map /i. 




104 



We now show that /i can be extended to the desired map / : C — > D. Let Y denote the full subcategory 
of C spanned by those vertices which do not belong to X. For every simplicial subset T C F, let Ct denote 
the simplicial subset of C consisting of those simplices whose intersection with Y belongs to T. Let B denote 
the collection of pairs (T, /t), where T is a simplicial subset of Y containing y n (C Xa" i9 A^^' - '""-'^'^), and 
/t : Ct — * I* is an extension of /i such that p o = g\Qx- We regard i? as a partially ordered set, with 
(T, /t) < (T', /t') if T C T' and fr = Jt' \ Ct'- Using Zorn's lemma, we deduce that B admits a maximal 
element (T, Jt)- liT — Y , then we set / = /t and the proof is complete. Otherwise, choose a nondegenorato 
simplex a' of Y which does not belong to T having minimal dimension k' . Let T' be the simplicial subset 
of Y obtained by adjoining the simplex cr' to T, and let X^i j denote the fiber product X Xg 6^'/. Using 
Proposition T.2.3.3.9, we deduce the diagram 

di^''' -kX^,/ ^Qt 

Using the maximality of (T, fx), we deduce that there is no solution to the lifting problem 

d A^' -k X^, 

p 

^J'^X^,, 

so that h does not exhibit h{{k'}) as a j3-limit of h\X^,i. Let v denote the final vertex of a', so that 
V & & Xa''{?^ — !}• Since the projection map X^i j X Xq Q^/ is a trivial Kan fibration, we conclude that 
fo does not exhibit t; as a p-limit of the diagram 

Xxee^/^X^^D. 

This contradicts our assumption that /o|(C Xa^A^""^'"^) is a p-right Kan extension of fo\X. □ 

Proposition 3.4.13. Suppose we are given a diagram of oo-categories X Y ^ Z where cf) is a categorical 
fibration and n is a flat categorical fibration. Let Y' C. Y be a full subcategory. Let X' = Y' xy X, let 
tt' = 7r|y , and let ijj : tt^X t^'^,X' denote the projection. Let K be another oo-category, let p : — > 7r*X 
be a diagram, and suppose that the following conditions are satisfied: 

{i) The full subcategory Y' Xz '^Y Xz is a cosieve onY Xz K^. 

{a) For every object y &Y' and every morphism f : z ^ T^{y) in Z , there exists a n-Cartesian morphism 
f -.z ^ y iuY' with iT{f) = f. 

{in) The map F : XzY^X classified by p is a 4>-right Kan extension of 

F = F\{{KxzY) W {K^XzY')). 

KxzY' 

Then p is a ip -limit diagram. 

Proof. We must show that for n > 2, every lifting problem of the form 

fo 

r 
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admits a solution, provided that fQ\{n — 1} ★ coincides with p. Let 6 = (A"~^ ★ K) Xz Y, and observe 
that C is equipped with a map C A". Let C° = GxyY'. Unwinding the definitions, we see that it suffices 
to solve a lifting problem of the form 

(exA"A;:)Ueox.nAn e° — ^y 



e- >z. 

The desired result now follows from Lemma 3.4.12 and our hypothesis on F. □ 

We will typically apply Proposition 3.4.13 in the special case where Y' = 0, so that tt'^X' ~ Z. In this 
cases, conditions (i) and {ii) are automatic. 

Proposition 3.4.14. Suppose we are given a diagram of categorical fibrations X Y ^ Z where w is a 
Cartesian fibration and (j) is a categorical fibration. Suppose that the following condition is satisfied: 

(*) For every vertex x of X and every n-Cartesian edge f : <p{x) y inY , there exists a (p-coCartesian 
edge f : x such that f = (j){f) . 

Then: 

(1) The map ip : nt,X ^ Z is a coCartesian fibration. 

(2) Lete be an edge ofir^X lying over an edge e : z ^ z' in Z, corresponding to a map F : XzY ^ X . 
Then e is tjj-coCartesian if and only if the following condition is satisfied: 

(a) For every w-Cartesian edge eofY lying over e, the image F{e) is a (j)- coCartesian edge of X. 

Proof. Wc use the same strategy as in the proof of Proposition T. 3. 2. 2. 12. Proposition 3.4.9 guarantees that 
^ is a categorical fibration, and in particular an inner fibration. Let us say that an edge of 7r*X is special if 
it satisfies condition (a). We will prove: 

(i) For every vertex A G 7r*X and every edge e : V(^) z m Z, there exists a special edge e : ^ — > in 
■Kt,X such that '^(e) = e. 

{a) Every special edge of 7r*X is V-coCartesian. 

This will prove (1) and the "if" direction of (2). To prove the "only if" direction, we consider an arbitrary 
V'-coCartesian edge e : A ^ B in n^X covering an edge e : z ^ z' in Z. Using (i), we can choose a special 
edge e' : A ^ C in 7r*X covering e. Using the assumption that e is V'-coCartesian, we can choose a 2-simplex 



B 




A 

whose image in Z is degenerate. Since e' and e are both ^/i-coCartesian (by (ii)), we conclude that e" is an 
equivalence in the 00-category (Tr^X)^/. Since e' satisfies (a), we deduce that e satisfies (a), as desired. 

We now prove (i). Without loss of generality, we may replace X and Y by their puUbacks along the edge 
e : Z, and thereby reduce to the case Z = A^. We can identify A with a section of the projection map 

Xq -^Yq. To produce an edge e : ^ — > as in (i), we must solve the lifting problem depicted in the diagram 

lb— i-x 

/ 

" / " 
Y ^Y. 
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Moreover, e is special if and only if the map A! carries 7r-Cartesian morphisms of Y to <?i)-coCartesian 
morphisms in X. Using Proposition T.3.2.2.7, we can choose a functor x : Xi — > and a quasi-equivalence 
M((^) X. Using Propositions T. A. 2. 3.1, we may reduce to the problem of providing a dotted arrow in the 
diagram 



Xn 



X 



M{ct>) 



which carries the marked edges of M^(0) to 0-coCartcsian edges of X. This follows from the fact that 
(j)^^ : ¥mi{Xi,X) — » Fun(Xi,y) is a coCartesian fibration and the description of the -coCartesian 
morphisms (Proposition T. 3. 1.2.1). 

The proof of {ii) is similar. We wish to prove that every lifting problem 

^ 7r,X 



has a solution provided that n > 2 and the upper horizontal map carries A^°'^^ C Aq to a special edge of 
7r*A. Replacing X and Y by their puUbacks along A" — > Z, we can assume that the lower horizontal map 
is an isomorphism. Unwinding the definitions, we are reduced to solving the lifting problem 

y xa» a^ — ^x 



Y ^Y. 

Using Proposition T.3.2.2.7, we can choose a composable sequence of morphisms 

X-Yo^---^Yn 

and a quasi-cquivalence M(x) — > Y. Invoking Propositions T.A.2.3.1, we may reduce to the associated 
mapping problem 

M(V') XA" A^ ^x 

y 

y 

y 

y 

M(V') ^ y. 



This is equivalent to the mapping problem 



X„ X Ar* 



Xr,. X A" 



^Y. 



which admits a solution by virtue of Proposition T. 3. 1.2.1. 



□ 



Corollary 3.4.15. Suppose we are given a diagram of categorical fibrations X ^ Y Z. Let M be a 
collection of edges of Z containing all degenerate edges and T a collection of 2-simplices of Z containing all 
degenerate 2-simplices. Suppose that the following conditions are satisfied: 
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(a) The categorical fibration n is flat. 

(6) For every vertex y £ Y and every edge f : z ^ 'K{y) of Z which belongs to M, there exists a locally 
-K-Cartesian edge f -.z ^ y such that 7r(/) = /. 

(c) For every vertex x of X and every locally n-Cartesian edge f : (f){x) y in Y such that 'K^f) G M, 
there exists a locally (j) -co Cartesian edge f : x y such that f = (t>{f). 

[d) Let f be a locally (p-coCartesian edge of X such that f = (j){f) is locally n-Cartesian and i^{f) € M, 
and suppose that f : A'f^'^} -^Y is extended to a 2-simplex a : IS? ^Y such that 7r(cr) G T. Then f 
determines a (j)' -co Cartesian morphism of X Xy A^, where ^' : X Xy ^ denotes the projection. 

Then: 

(1) The map ip : n^.X ^ Z is a categorical fibration. 

(2) For every vertex x £ ir^X and edge morphism f : 'ipi^) z of Z which belongs to M, there exists a 
locally ip- CO Cartesian edge f : x ^z o/tt^X with ijj{f) = f. 

(3) Let f be an edge of tt*X lying over an edge ip{f) = f : z ^ z' which belongs to M, corresponding to 
a map F : /!^^ XzY ^ X. Then f is locally ip -co Cartesian if and only if the following condition is 
satisfied: 

(*) For every locally w-Cartesian edge fofY lying over f, the image F{f) is a locally cj) -co Cartesian 
edge of X. 

(4) Let a : A^ Z be 2-simplex belonging to T such that the edge f = a\A^*^'^^ belongs to M, and let 
f be a locally ip -co Cartesian edge of Tr*X lying over f. Then f determines a ip' -coCartesian edge of 
-K*X Xz A^, where tjj' denotes the projection tt* Xz A^ ^ A^. 

Proof. Assertion (1) follows from Proposition 3.4.9, and assertions (2) and (3) follow by applying Proposition 
3.4.14 to the diagram X x z ^ Y x z ^ . To prove (4), we are free to replace Z by A^ and thereby 
reduce to the case where a is an isomorphism. Let / be a locally i/i-coCartesian edge of tt^X lying over 
AiO'i}, which we can identify with a functor F : Y x^2 A'f^'-^^ X x^2 A^^'^\ We wish to show that / 
is -i/j-coCartesian. By virtue of (the dual of) Proposition 3.4.13, it will suffice to show that the functor F is 
a V'-left Kan extension of F\Yo, where Yq = Y x^^ {0}. Unwinding the definitions, we must show that for 
each object y G Y Xa^ {1}, the map F induces a 0-colimit diagram 

e : (Yo xy Y,yf -> [Y XA2 A^^^^'^)% ^ Y x^. A^O'i> ^ X. 

Condition (6) guarantees that the projection Y x^2 A^^'^^ — *• A^°'^^ is a Cartesian fibration, so the oo- 
category Y^Xy Yjy has a final object, given by a locally 7r-Cartesian morphism f : y' ^ y. It follows that 

is a (/)-colimit diagram if and only if F(f) is a (/)-coCartcsian morphism in X. Criterion (3) guarantees that 
F{f) is locally ■i/'-coCartesian, which implies that F{f) is V'-coCartesian by virtue of assumption {d). □ 

Proposition 3.4.16. Suppose we are given a diagram of oo-categories X Y ^ Z where tt is a flat 
categorical fibration and 4> is a categorical fibration. Let ip : tt^X Z denote the projection, let K be an oo- 
category, letp^ : Z be a diagram, and assume that the induced map it' : K'^XzY is a coCartesian 

fibration. Let v denote the cone point of K'^ , let C = n' ^{v}, and choose a m,ap x 6 ^ XzY which 
is the identity on {v} x C and carries e x {C} to a it' -coCartesian edge of Xz Y, for each edge e of 
and each object CofG. Then: 

(1) Let p : K'' 7r*X be a map lifting Pq, and suppose that for each C G 6 the induced map 

K'' X {C} ^ K-" X e ^ K'' XzY ^ X 
is a (p-limit diagram. Then p is a ip-limit diagram. 
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(2) Suppose that p : K"^ — > tt^X is a map lifting po = Po\K, and suppose that for each C G G the induced 
map 

K X {C} ^ K xQ^ K XzY ^ X 
admits a tp -limit diagram lifting the map 

K'' X {C} ^ K" X e ^ K'' xz Y ^ Y. 

Then there exists an extension p : K"^ — >■ 7r*X of p lifting p^ which satisfies condition (1). 

Proof. Let p : w^X satisfy the condition described in (1). We can identify p with a map F : K'^XzY 

X. In view of Proposition 3.4.13, it will suffice to show that is a 0-right Kan extension of F\K XzY. Pick 
an object C e C; we wish to show that f is a 0-right Kan extension of F at C. In other words, we wish to 
show that the map 

{K XzY)^c/ ^ XzY ^X 
is a ^limit diagram. Since p satisfies (1), it suffices to show that the map 

s:Kx{C}^{{KxzY)c,) 

is the opposite of a cofinal map. It follows from Proposition T.2.4.3.3 that the projection q : (K"^ 'XzY)c/ — > 
is a coCartesian fibration, and that s is a coCartesian section of q. To show that .s''^' is cofinal, it will 
suffice to show that ,s admits right adjoint (this follows from Corollary T. 4. 1.3.1). In fact, we will show that 
the identity map id^^ qos exhibits g as a right adjoint to s. For this, we must show that for every object 
a £ {K XzY)c/ and every object b € K, the map 

Map(^x^y.)^^(s(6),a) ^ Map^(6, g(a)) 

is a homotopy equivalence. Let c = idc denote the initial object of {K'^ XzY)c/, and let r] denote the unique 
map from the cone point v G K"^ to b in K"^. Using Proposition T.2.4.4.3, we obtain a homotopy puUback 
diagram 

e 

Map^<(&, g(a)) ^ Mapj^<(i', g(a)). 

It therefore suffices to show that the ^ is a homotopy equivalence, which is clear (both the domain and the 
codomain of 6 are contractible). This completes the proof of (1). 

We now prove (2). The diagram p gives rise to a map F : K XzY ^ X fitting into a commutative 
diagram 

K XzY-^-^X 

_ ^ 

K"" XzY ^Y. 

The above argument shows that a dotted arrow F as indicated will correspond to a map p : n^X 
satisfying (1) if and only if F is a 0-right Kan extension of F. In view of Lemma T. 4. 3. 2. 13, the existence 
of such an extension is equivalent to the requirement that for each C € 6, the diagram 

{K XzY)c/ XzY ^X 
can be extended to a 0-limit diagram lifting the map 

iKxzY)l,^^K''xzY^Y. 
This follows from the hypothesis of part (2) together with the fact (established above) that is cofinal. □ 
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Proposition 3.4.17. Suppose we are given categorical patterns ?p = (Ms,T.{pa '■ S}aeA) and 

<P' = [Ms',T',{p'^ : K'^'^ — *• S'}aeA') on oo-categories S and S' . Let n : S' ^ S be a map satisfying the 
following conditions: 

(i) For every vertex s' G S' and every morphism f : s ^ "'(■s') in S which belongs to Ms, there exists a 
locally -K-Cartesian morphism f is ^ s' in S' such that 7r(/) = /. 

{ii) The map n is a flat categorical fibration. 

{Hi) The map w carries Ms' into Ms- 

[iv) The collections of morphisms Ms and Ms' contain all equivalences and are stable under composition 
(and are therefore stable under equivalence). 

{v) Suppose given a commutative diagram 




in S' , where g is locally i:- Cartesian. 7r(g) G Ms, and 7r(/) is an equivalence. Then f £ Ms' if and 
only if h G Ms'. In particular (taking f = ids), we deduce that every locally tt- Cartesian morphism g 
such that Tr{g) e Ms belongs to Ms' ■ 

{vi) The set of 2-simplices T' contains 7r~^(T), and T contains all 2-simplices — > 5 whose restriction 
to A^^'^^ is an equivalence in S. 

(vii) Each of the simplicial sets is an oo-category, and each of the induced maps iTa ■ Ka Xs S' ^ 
is a CO Cartesian fibration. 

(via) Suppose we are given a €: A and a commutative diagram 




in Xs S', where f is n a -co Cartesian and T^aig) is an equivalence. Then the image of g in S' 
belongs to Ms' if and only if the image of h in S' belongs to Ms' . In particular, the image in S' of 
any it a- co Cartesian morphism of belongs to Ms>. 

{ix) Let a € A, and suppose we are given a map p^ : — > S' lifting Pa, such that the corresponding 
section of is iTa-coCartesian. Then p^ ~ p'^ for some /3 e A'. 

Let TT* : (§et^)/(p — * (§ef^)/sp' denote the functor X X X(^s,Ms) {S' ,Ms'). Then w* is a left Quillen 
functor (with respect to the model structures described in Theorem 3.2.6). 

Proof. The functor tt* admits a right adjoint 7f*, given by the formula 7f*(X', M') = {X, M), where: 

(a) The simphcial set X is the fuU simphcial subset of ir^X' spanned by those vertices lying over objects 
s & S which classify maps S'^ — > X'^ which carry edges of M5/ (which belong to S'^) into M' . 

{b) An edge e of X belongs to M if and only if its image in S belongs to Ms, and e classifies a map 
S" X5 — > X' which carries the inverse image of Ms' in S" X5 A^ into M'. 
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Wc wish to prove that the adjoint functors (7r*.7r*) give a Quillen adjunction between (§et^)/(p and 
(§ef^)/!p'. To prove this, it will suffice to show that tt* preserves cofibrations and weak equivalences. 
The case of cofibrations is obvious. To prove that tt* preserves weak equivalences, consider an arbitrary 
^-equivalence Y ^ Z. We wish to prove that for every *P-fibered object X e (Set^)/sp/, the induced map 

Map!j,(7r*Z,X') ^ Map^,(7r*F,X) 
is a homotopy equivalence. We can identify this with the canonical map 

Map^(Z,7f*X') Map^(F,7f*X'). 

It will therefore suffice to show that 7f*x' is 'P-fibered. 

Write X' = (X', M'), and let 7f,X' = (X, M) where (X, M) is described by (a) and (6), and let p : X' 
S' denote the projection. Set W = 7r,X', so that X can be identified with a full simplicial subset of W. Let 
Mw denote the collection of edges e : satisfying the following condition: 

(*) The image of e in S belongs to Ms, and the edge e classifies a map S' x<j X' which carries 

TT^i-Cartesian edges of S" into M', whore tt^i : 5" Xg A^ A^ denotes the projection. 

We claim that M is the inverse image of Mw in X. To see that M is contained in this inverse image, it suffices 
to observe that every locally 7r-Cartesian edge of 'k~^Ms belongs to M5/, which follows from {v). Conversely, 
suppose that e : a; ^ x' is an edge of X belonging to Mw, and let e classify a map : S" X5 A^ ^ X'. We 
wish to prove that if / is an edge of S" X5 A^ whose image in S' belongs to Ms', then E(f) £ M' . If the 

composite map A^ ^ S" xg A^ — > A^ is not the identity, then the inclusion E{f) € M' follows from the 
assumption that the vertices x and x' belong to X. Otherwise, we can factor / as a composition /' o /", 
where /" is a morphism in S" X5 {0} and /' is ttai -Cartesian. Using (u), we see that the image of /" in S' 
belongs to M5/, so that E{f") € M' by virtue of our assumption that x G X. Condition (*) guarantees that 
E{f') e M' . Using the assumption that X is ^'-fibered, we deduce that E{f) e M' as desired. 

Wc wish to prove that the pair (X, M) is 'P-fibcrcd. For this, wc will verify that the map q : X ^ S 
satisfies conditions (1), (2), (3), (4), and (6) of Definition 3.2.1, together with condition (5') of Remark 3.2.5. 

(1) We must show that the map g : X — > S' is an inner fibration. It follows from Proposition 3.4.7 (together 
with conditions {iv) and {vi)) that X' — > 5' is a categorical fibration. Proposition 3.4.9 and assumption 
(m) guarantee that the map q' : W ^ S la a categorical fibration, and therefore an inner fibration. 
Since X is a full simplicial subset of W, it follows also that X —> 5 is an inner fibration. 

(2) For each edge /S^ ^ S belonging to Ms, the induced map g^i : X X5 A^ A^ is a coCartesian 
fibration. It follows from Corollary 3.4.15 that the map : lU Xs A^ ^ A^ is a coCartesian 
fibration, and that an edge of TU X5 A^ is -coCartesian if and only if its image in W belongs to 
Mw ■ To complete the proof, it will suffice to show that if / : .t — > y is a -coCartesian morphism in 
W Xs A} with nondegenerate image in A^ and a; e X X5 {0}, then y E X Xs {1}- We can identify / 
with a map : S" X5 A^ ^ X'. To prove that y E X Xs {1}, we must show that for every morphism 
a : t ^ t' in S' Xs {1} whose image in S' belongs to M5/, we have F{a) G M'. Form a commutative 
diagram 




in S" X 5 A^, where s,s' € S' Xs {0} and the horizontal maps are tt^i -Cartesian. Condition (v) 
guarantees that the images of f3 and in S' belong to Ms'. Invoking {iv), we deduce that the image 
of 7 in S' belongs to Ms'. Invoking (v) again, the image of a' in S belongs to Ms'- Since the image 
of / in y belongs to Mw, and a; G X Xs {0}, we conclude that F carries a', (3, and /3' into M'. 

Ill 



Let cr : — > X' be the 2-simplex 




Note that since {X', M') is «P'-fibered and F{a'),F{P') e Af, we have ^(7) G M'. Since the image of 
this 2-simplex in S is degenerate, condition {vi) guarantees that its image in S' belongs to T'. Because 
{X',M') is *p'-fibered, we conclude that the induced map p' : X' X5/ — > A^ is a coCartesian 
fibration. To prove that F{a) G M' , it suffices to show that F{a) is locally p-coCartesian, which is 
equivalent to the requirement that it is p'-coCartesian when regarded as a morphism of X' Xs> A^. 
This follows from Proposition T. 2. 4. 1.7, since F{p),F{'j) G M' implies that F{p) and ^(7) determine 
p'-coCartesian morphisms in X' X5/ A^. 

A morphism / of X belongs to M if and only if q{f) belongs to Ms and / is locally (j-coCartesian. This 
follows from the proof of (2), since both conditions are equivalent to the requirement that / G Mw 

Given a commutative diagram 

^{0,1} -L^x 

if / G M and cr G T, then / determines an (ja^ -coCartesian edge of X Xs A^, where q^2 : X X5 A^ 
A^ denotes the projection map. In fact, / determines a g^2-coCartesian edge of W X5 A^, where 
: X5 A^ — > A^ denotes the projection: this follows from Corollary 3.4.15. 

For every index a & A and every coCartesian section s of the map qa : X Xs K^, the map s is 

a g-limit diagram in X. To prove this, it will suffice to show that s is a q'-limit diagram in W. We 
will prove this by applying Proposition 3.4.16. Let s classify a map F : Xg S" X', and note that 
the map F carries the inverse image of Mg' into M'. Let C denote the fiber of the map tt : S" — > 5 
over the image of the cone point of . Choose a map C x xs S' ^ X' as in the statement 

of Proposition 3.4.16. We wish to show that, for each C G 6, the induced map 

: K X {C} ^ K X e ^ K Xs S' ^ X' 

is a p-limit diagram in X'. Let Wa : xs S' ^ S' denote the restriction of tt. Since ^1 o can be 

identified with a TTa-coCartcsian section of tto, condition (viii) and the fact that F carries the inverse 
image of Ms' into M' guarantee that 9 carries every edge of into M'. Using the assumption that 
{X', M') is ^-fibered and condition [ix), we conclude that ^ is a p-limit diagram as desired. 

For each a G A and every coCartesian section sq of the projection X Xs Ka, there exists a 

coCartesian section s of X X5 extending sq. The construction of s amounts to solving a 

lifting problem 

S' xsK^^^X' 
_ ^ 

F / 
/ p 

y 

S'xsK< ^S'. 

Since sq is a coCartesian section, we have F{e) G M' for every edge e of S" X5 whose image in S' 
belongs to M5/. As in the proof of (6), we let 6 denote the fiber of the map tt over the image of the 
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cone point of K^, and choose a map C xK^ ^ S' Xs as in the statement of Proposition 3.4.16. 
Using condition (ix), the assumption that {X',M') is ^'-fibered, and Proposition 3.4.16, we conclude 
that there exists an extension F of F such that for each C e 6, the composite map 

Fc ■.{C}xK^'-^e xK^ S' xs ^ X' 

is a p-hmit diagram. Invoking again our assumption that {X' ,M') is *P-fibcrcd (and that Fc carries 
each edge of {C} x Ka into M', by virtue of {viii)), we deduce that Fc carries each edge of into 
M' . The map F corresponds to a section s of the projection XxsK^ — » K"^ extending sq. To complete 

the verification of (6'), it will suffice to show that s is a coCartesian: in other words, wc must show 
that F{e) G M' whenever e : x ^ y is an morphism of S" X5 K"^ whose image in S' belongs to Ms'- 

If a; ^ e, then e is a morphism of S" xg so that F{e) = F{e) S M' as desired. We may therefore 
assume that x G G. Suppose for the moment that y ^ C, so that the image of y in is a vertex 
2/0 G Ka- We can factor e as a composition e' o e", where e" is a TTa-coCartcsian morphism lying in 
the image of the map {x} x S' xs and e' is a morphism in the fiber {yo} xs S' . Invoking 

assumption (viii), we deduce that e' e Ms', so that F{e') = F{e') € M' . Since F{e") lies in the image 
of Fx, we conclude that F{e") € M' . Using the fact that {X',M') is *P-fibered, we conclude that 
F(e) G M', as desired. 

We now treat the case where x,y & &. Let V denote the projection map X' xs — > S" X5 K^. 
Applying F to e yields a morphism e : x ^ y of X' Xs with -0(e) = e. Since the image in 5" of 
e belongs to Ms>, we can factor e as a composition e' o e", where e" is locally V'-coCartesian and e' 
is a morphism belonging to ^'^^{2^}- Using assumption (vi) and Lemma 3.2.28, we deduce that every 
locally T/j-coCartesian morphism is '0-coCartesian provided that its image in S' belongs to Mg/; in 
particular, e" is V-coCartesian. We wish to prove that e is locally ■0-coCartesian, which is equivalent 
to the assertion that e' is an equivalence. Choose a TTa-coCartesian section 6 of the projection tto which 
carries the cone point of to y. Since {X', M') is ^-fibered, the coCartesian fibration 

X'xs'K^Kl 

is classified by a limit diagram x : iiT^ — > Catoo, so that e! is an equivalence if and only if 716' is an 
equivalence in ^"^{2/'} foi' every morphism 7 : y — > ?/' lying in the image of 9. We have a commutative 
diagram in X' x s K'^ 

—I 

— « — — / 
X ^ z ^ Z 

7re' 

y' 

where the horizontal maps are 0-coCartesian. Moreover, the argument of the preceding paragraph 
shows that the map x ^ y' is f/^-coCartesian. Applying Proposition T. 2. 4. 1.7, we deduce that 7!e' is 
V'-coCartesian, and therefore an equivalence because it belongs to a fiber of 

□ 

3.5 Scaled Straightening and Unstraightening 

Our goal in this section is to introduce the scaled version of the straightening and unstraightening functors 
of §T.3.2. We begin by introducing a bit of notation. 

Definition 3.5.1. Let X ■= (X, M) be a marked simplicial set. Let T denote the collection of all 2-simplices 
a oi X X /S} with the following properties: 

(a) The image of a in X is degenerate. 
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(6) Suppose that the projection tt : X x ^ satisfies tt ^{0} = {0,1}. Then the image of 

cr|A^°'i> in X belongs to M. 

We define a scaled simplicial set C{X), the scaled cone of X, by the following formula: 

C(X) = (XxA\T) U W,. 

(^x{0})t 

More generally, given a marked simplicial set S and an object X e (§et^)y^. We let C^{X) denote the 
coproduct 

C{X) ]J s. 

(Xx{l})b 

Remark 3.5.2. The construction X ^ C{X) determines a functor from Set^ to (§et^){,,}^/. This functor 
preserves monomorphisms and commutes with all colimits. Similarly, if we fix a scaled simplicial set 5, then 
the construction X i— > C-g{X) determined a functor from (Sei^) to (§et^)(|^j^ U^)/' 'which again preserves 
monomorphisms and commutes with all colimits. 

Remark 3.5.3. Let / : 5 ^ S'' be a map of scaled simplicial sets. Composition with / induces a functor 
/i : {^et\) j-g (Set^)^g'. For every object X G (Set^) ^g, there is a canonical isomorphism 

s 

Definition 3.5.4. Let S = {S,T) be a scaled simplicial set and let cf) : £^'^[5'] ^ 6 be a functor between 
Set^-enriched categories. We define a functor St'^'^^ : (§et^)y^ (Set^)'^ by the formula 

(St-^X)(C) = Map^3c[c^(X)]u,scp, ei^^C)- 

If (p is an isomorphism, we will denote the straightening functor St^^,^ instead by St^'^^. 

The basic formal properties of the scaled straightening functor may be summarized as follows: 

Proposition 3.5.5. Let S be a scaled simplicial set, and let (p : e!:'*'^[5] Q be a functor between SetJ- 
enriched categories. Then the straightening functor St^'^cf, : (§et^)y^ (Set^)'^ is a left Quillen functor. 

Here we regard (§ei^)y^ as endowed with the S-marked model structure, and (Set^)*^ as endowed with the 
projective model structure. 

In particular, the functor St'^'^^ admits a right adjoint, which we will denote by Un'^'^^. 
The proof of Proposition 3.5.5 will be given at the end of this section. First, we need to introduce a bit 
of additional terminology. 

Definition 3.5.6. Let f : X ^ Y he & map of scaled simplicial sets. We will say that / is a bicategorical 
equivalence if the induced map €^''[Y] is a weak equivalence of §et^-enriched categories. 

Remark 3.5.7. Suppose given a pushout diagram 

/ 




of scaled simplicial sets. Assume that / is a bicategorical equivalence and that either / or (/ is a cofibration. 
Then /' is a bicategorical equivalence. This follows immediately from Proposition 3.1.13, since the category 
Catgg^+ is left-proper. 
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Remeirk 3.5.8. Every scaled anodyne map between scaled simplicial sets is a bicategorical equivalence. 
Example 3.5.9. The composite map 

A{°'^> C Af ^ Af U A? 



is a bicategorical equivalence. 

For later use, we record the following reformulation of Proposition 3.1.14: 

Proposition 3.5.10. Let f : S ^ S' he a m,ap of simplicial sets. Then f is a categorical equivalence if and 

only if the induced map /j : S*]) — > is a bicategorical equivalence. 

Our next goal is to prove the following basic result about scaled cone construction: 

Proposition 3.5.11. Let S = {S,T) be a scaled simplicial set, let X = {X,M) and Y = (Y,M') be objects 
of {^et\)i-g, and let f : X ^ Y be a ^-g-anodyne morphism (here ^-g denotes the categorical pattern of 

Example 3.2.9). Then the induced map F : C-g{X) d-sO^) bicategorical equivalence. 

Lemma 3.5.12. Let A C B be an inclusion of simplicial sets, and let v be a vertex of A with the following 
property: for every simplex a of B which does not belong to A, v is the final vertex of a. Then the inclusion 
of marked simplicial sets 

((AxA^) JJ {Bx{l}),Mo)C{BxA\M) 

Ax{l} 

is marked anodyne. Here M denotes the collection of all degenerate edges of B x together with the edge 
{v} X A^, and Mq is defined similarly. 

Proof. Working simplex- by-simplex, we can reduce to the case where B = A", A = 9 A", and v is the final 
vertex of B. For < i < n, let (7^ : A""*"^ A" x A^ be the simplex given by the map of partially ordered 
sets r : [n + 1] ^ [n] X [1] given by the formula 



(.7,0) ifj<i 
(j - 1, 1) if j > i. 



Let Xo = {Ax A^) 1Jax{i}(-S ^ {!})' and for < i < n + 1, let = U ao U . . . U CTj-i. Finally, let M, 
denote the collection of all degenerate edges of Xi together with {v} x A^. We have inclusions 

(^0, Mo) C (Xi, Ml) C . . . C (X„+i, M„+i) = (Bx A\ M). 

It will therefore suffice to show that each of the inclusions (Xj, Mi) C (X^+i, Mj+i) is marked anodyne. This 
follows from the existence of a pushout diagram 

Ar+/c — > A"+i 



Xi^ ^ Xi+i, 

together with the observation that g carries A^"'"+^^ to the marked edge {v} x A^ when i = n. □ 

Lemma 3.5.13. Let n > 2. Let T denote the collection of all degenerate simplices o/ A", together with 
/\^{o,i,n} ^ and let Tq be the collection of all elements of T which belong to Ag C A". Then the inclusion 

f:{K,Ta) U A?(A",T) ]J A? 

is a bicategorical equivalence. 
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Proof. Let C = e'=[AJ},To], let D = e'=[A",T], and let F : 6 ^ D be the SetJ-enriched functor induced 
by the inclusion. We can identify the objects of C and D with elements of the set {0, . . . , n}. The functor 
^''[f] is bijective on objects, and can be identified with the restriction of F to the full subcategory of C 
spanned by the objects {0, 2,3,..., n}. It therefore suffices to show that for i, j £ {0, 2, 3, . . . , n}, the map 
<j) : Mapg(i, j) Ma,p^{i,j) is an equivalence of marked simplicial sets. If i ^ or j ^ n, then the map <j) 
is an isomorphism. 

We may therefore assume without loss of generality that i = and j = n. Let C denote the cube 
(A^)"~^, let dC denote the boundary of C, and let v = {0,0, . . . ,0) denote the initial vertex of C. Then we 
can identiiy ^ with the inclusion 

((Cx{0}) [J {dCxA^),Mo)C{CxA\M), 

dCx{0} 

where M is the collection of all degenerate edges of C x A^ together with the edge {v} x A^, and Mq is 
defined similarly. The desired conclusion now follows by applying Lemma 3.5.12 to the morphism □ 

Lemma 3.5.14. Let S be a scaled simplicial set, and let f : (A")'' C (A")^ be an inner horn inclusion in 
{Set~^)^g (so that < i < n). Then the induced map C-g{f) is scaled anodyne. 

Proof. Set 

Then F is a pushout of a morphism F' : (Zo,To) (A" x A^,T), where T is the collection of 2-simplices 
of Definition 3.5.1 together with all 2-simplices of A" x {0}, and Tq is the collection of all 2-simplices of Zq 

which belong to T. It will therefore suffice to show that F' is scaled anodyne. 
We first define a sequence of ti, . . . , r„_i of n-simpliccs 

A" ^ ^{o,...,i-i,i+i,...,n} X A^ C A" X A^ 

These simplices can be described by maps of partially ordered sets Tk : [n] [n — 1] x [1] given by the 
formula 

'(j,0) ifj<A; 
(j-1,1) ifj>fc. 



For 1 < A; < n - 1, let Zfc = Zo U n U . . . U Tfc C A" x A^, and let Tk be the collection of all 2-simpnces of 
Zk which belong to T. Wc claim that each inclusion (Zfe,Tfe) C (Zfe+i,Tfc+i) is scaled anodyne. To see this, 
we observe that there is a pushout diagram 

Afc+i ^ A" 

g 

Zk Zk+i , 

and that q carries 

A{fe,fe+i,fe+2} to an element of T. 
The above argument shows that the inclusion (Zo,Tq) C (Zn-i,Tn-i) is scaled anodyne. To complete 
the proof, it will suffice to show that the inclusion {Zn-i, Tn-i) C (A" x A-'^,T) is scaled anodyne. To this 
end, we introduce a sequence ao, . . . ,an of (n + l)-simplices of A" x A^, defined by the maps of partially 
ordered sets [n -|- 1] — > [n] x [1] described by the formula 



(j,0) ifj<fc 
(i-1,1) ifi>fc. 
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For n <m < 2n, set 



Z„_l U (To U . . . U (T„ 



and let be the collection of all 2-simplices of which belong to T. Then (Z2„,r2n) = (A" x A^,T). 
It will therefore suffice to show that each inclusion (Z„_i+fe, T„_i+fe) C (Z„+fc,T„+fc) is a bicategorical 
equivalence for < A; < n. 

For k < n we have a pushout diagram 



The desired result then follows from the observation that g carries /\{i'>k+i,k+2} element of T. If fc = n, 

we have instead a pushout diagram 



where g again carries to an clement of T. □ 

Proof of Proposition 3.5.11. Since the collection of all morphisms F in Set^ which are both monomorphisms 
and bicategorical equivalences is weakly saturated, Remark 3.5.2 implies that the collection of all morphisms 
/ satisfying the conclusion of the Proposition is weakly saturated as well. It will tlic;refore sufhco to show 
that the desired result holds when / is one of the generating ^^anodyne morphisms appearing in Definition 
3.2.10. There are five cases to consider: 

{Aq) The morphism / is an inclusion 

(A2)« [] (A2)^ C (A2)«. 

such that the image of is a thin 2-simplex of S. Let us identify A^ x A^ with the nerve of the 
partially ordered set depicted below: 

c ^(^ 



b ^b' 



a >- a', 

and let us identify 2-simplices of A^ x A^ with chains of length three in this partially ordered set. 
Let T denote the collection of all 2-simplices of A^ x A^ except for (a < c < c'), {a < b < c'), and 
{a < b' < c'). Let T' denote the collection of all 2-simplices of A^ x A^ except for {a < b < c') and 
{a < b' < c'). The map F is a pushout of the inclusion 

(A^ X A\T) C (A^ X A^T'). 



117 



In view of Remark 3.5.7, it will suffice to show that this inclusion is a bicategorical equivalence. We 
have a commutative diagram 



(A2 X Ai,T) > (A2 X AST') 



(A^ X A% 

By the two-out-of-three property, it will suffice to show that i and i' are bicategorical equivalences. 
Since i' is a pushout of i, it will suffice to show that i is a bicategorical equivalence (Remark 3.5.7 
again). Wc now observe that i is scaled anodyne: can be obtained as an iterated pushout of three of 
the morphisms appearing in Remark 3.1.4. 

{Ai) The inclusion C QH, where Q = A° U-Aio.^} LJa{i.3} A° and the map Q ^ S every 2-simplex of 
Q into T. In view of Remarks 3.5.7 and 3.5.3, we can replace S by the scaled simplicial set Qj. The 
desired result now follows from a simple explicit computation. 

(Bo) The morphism / is an inclusion {0}" C (A^)". In this case, F factors as a composition F' o F", where 
F" is a pushout of a scaled anodyne morphism of type (A) appearing in Definition 3.1.3 (with n = 2) 
and F' is a pushout of the bicategorical equivalence of Lemma 3.5.13 (for n = 2). 

(Co) The morphism / is an inclusion 

(A^)^ ]J (Ai°'i>)« C (A")^ [] (A^O'i>)«, 

where n > 1 and A^^'^'"^ maps to a thin simplex of S. In view of Remarks 3.5.3 and 3.5.7, we 
may assume that S = A". Let T denote the collection of all 2-simplices in A" x A^ appearing in 
Definition 3.5.1, together with all 2-simplices of A" x {0} and the 2-simplex A^°'^'"} x {1}. Let 
Zq = (Aq X A^) IJa"x9Ai(A" X dA^), and let Tq denote the collection of all 2-simplices of Zq which 
belong to T. We wish to show that the map 

(Zo,To) H M,C(A"xA\T) H {v}, 

(A"x{0})b (A"x{0})t 

is a bicategorical equivalence. 
We will define a filtration 

(Zo,To) C (Zi,Ti) C ... C {Z2n,T2n) = (A" X A\T) 

and show that the inclusion 

ik : {Zk-i,Tk-i) 11 {v}^C{Zk,Tk) H 

(A"x{0})b (A''x{0})k 

is a bicategorical equivalence for 1 < A: < 2n. We first define a sequence ti, . . . ,t„_i of n-simpliccs 
A" ^ A" X A^ using the maps of partially ordered sets Tk : [n] [n] x [1] described by the formula 



(j + 1,0) ifj<fc 
(j,l) ifj>k. 
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For < k <n — 1, let Zk = ZqUtiL) . . .L)Tk C A" x A-^, and let Tk be the collection of all 2-simplices 
of Zk which belong to T. The maps ik are scaled anodyne for 1 < fc < n — 1: this follows from the 
existence of the pushout diagram 

^ A" 



A" 



■ Zk+i, 



where g carries A^'^'^+^''^+^^ to an element of T. 

We now introduce a sequence ctq, . . . , C7„ of (n+l)-simplices of A" x A^, defined by the maps of partially 
ordered sets [n + 1] — > [n] x [1] described by the formula 



(j,0) ifi<fc 

(i-1,1) ifi>fc. 



For n <m < 2n, set 



Zn-l U (To U . . . U am-r 



and let be the collection of all 2-simplices of Z^ which belong to T. We now deduce that ik is 
scaled anodyne for n < < 2n from the existence of a pushout diagram 



An+l 



Zn- 



1+fe ■ 



A"+^ 



Zn+k- 



(since g carries 

^{fe,fe+i,fe+2} element of T). 

For the map i2n, we need to work a bit harder. Let 7 denote the 2-simplex of A" x A^ spanned by 
the chain of vertices (0, 0) < (1, 1) < (n, 1), and let 7' denote the 2-simplex spanned by the chain of 
vertices (0,0) < (1,0) < (n, 1). We have a commutative diagram 

(^2n-l,T2„_i)U(A"x{0}HWb -(A"xAl,T)U(Anx{0}),Wb 



(Z2„_l, T U {7, 7'}) U(Anx{0}), Ml- (A" X A\ T U {7, 7'}) U(An x{0}),{4b- 

The vertical maps are scaled anodyne (each can be obtained as a pushout of two of the morphisms 
appearing in Remark 3.1.4), and therefore bicategorical equivalences. It follows that i„ is a bicategorical 
equivalence if and only if i' is a bicategorical equivalence. Wc now complete the proof by observing 
that i' is a pushout of the bicategorical equivalence appearing in Lemma 3.5.13. 

(Ci) The morphism / is an inclusion (A")^ C (A")^, for some < i < n. In this case, the desired result 
follows from Lemma 3.5.14. 



□ 



We now return to the proof of Proposition 3.5.5. 



Lemma 3.5.15. Let S be a scaled simplicial set and (j) : €.^^[S] Q be a functor between Sef^- enriched 
categories. Let f,g : X be morphisms in (Set^)yj which are homotopic in the sense that there exists 

a map h:Xx (A^)" -> Y such that h\(X x {0}') = / and h\(X x {1}") = g. Then St^=^(/) and St«<=^(5) 
induce the same map in the homotopy category h(§et^)'^. 
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Proof. We claim that St^'^^{h) is a liomotopy from St^'^if,{f) to St^'^if,{g). To prove this, it suffices to show that 
the projection p : St^'^^{X x (A^)!^) SX^'^^{X) is a weak equivalence in (Set^)'^. The map p has a section 
s, induced by the inclusion X x {0}* C X x (A^)". Since this inclusion is an ^^anodyne map (Proposition 
3.2.17), the map s is a weak equivalence by Proposition 3.5.11. It follows that p is a weak equivalence as 
desired. □ 

Proof of Proposition 3.5.5. It is easy to see that S^f^ ,j, preserves colimits and cofibrations. The existence 
of the right adjoint St"*^,^ follows from the adjoint functor theorem. To complete the proof, it will suffice 
to show that St^'^,^ preserves weak equivalences. Choose a weak equivalence f : X ^ Y m (SefJ)/^; we 

wish to show that St^'^0(/) is a weak equivalence. Choose an '^-^anodyne map g : Y ^ Y ^ where Y is 
S'-fibered. Proposition 3.5.11 implies that St^'^(j,{g) is a weak equivalence. By the two-out-of-three property, 
it will suffice to show that St^'^^{g o /) is a weak equivalence. Replacing y by F , we may suppose that Y is 
5-fibered. 

The map / admits a factorization 

where /' is ^P^g-anodyne, and /" has the right lifting property with respect to all Cp^g-anodyne morphisms. 
Proposition 3.5.11 implies that St^''^{f') is a weak equivalence. By the two-out-of-three property, it will 
suffice to prove that St^'^^{f") is a weak equivalence. We may therefore replace X hy X , and thereby reduce 
to the case where X satisfies the hypotheses of Proposition 3.5.11. Invoking Lemma 3.2.25, we deduce that 
/ admits a simplicial homotopy inverse in (§e<^) ^g. It follows from Lemma 3.5.15 that St'^^^{f) is a weak 
equivalence as desired. □ 

Remark 3.5.16. Let f : S ^ S be a map of scaled simplicial sets, and let 

/i 

(Seii)/s^^(SeiA)/s' 

be the Quillen adjunction appearing in Proposition 3.4.3. For any §et^-enriched functor tj) : €.^'^[s'] C, we 
have isomorphisms of functors 

St%o/, ~St%o/ 
r oUn%~Un%o/. 

Remeirk 3.5.17. Let 5 be a scaled simplicial set, and suppose given Set^-enriched functors 

Let ip* : (Set^)*^ (Set^)*^ be given by composition with ip, and let -ipi be a left adjoint to tp* (given by 
left Kan extension along ^). Then we have canonical isomorphisms of functors 

o St«% ~ St^'^^c^ 



3.6 Straightening over a Point 

In this section, we study the straightening functor St*"^, associated to the scaled simplicial set * = ASj* (and 
its right adjoint, which we will denote by Un'^'^,). We can identify St^''^, with a functor from the category 
Set^ of marked simplicial sets to itself. Note that for every marked simplicial set X = {X, M), the collection 
of vertices of Set^^(X) can be identified with the collection of edges of X. 

There is a natural transformation of functors a : St*"^* — > idgj,j+ with the following property: for ev- 
ery marked simplicial set X = {X,M), the map a{X) — > X induces on vertices the restriction map 
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HomsetA(A"^, -'^) iiom$ct&{^^^\X). This property uniquely determines a, since a is determined by 
the maps Q;((A")^) : St"%(A")^ ^ (A")^ which are in turn determined by the induced maps on vertices. In 
fact, a is the unique natural transformation from St®'^* to id§g^+: any other possibility induces (and is deter- 
mined by) a natural transformation HomgetA ( A^ , -'^) Homget^ (A*^, X) which (by Yoneda's lemma) arises 
from a map of simplicial sets i : A° A^; it therefore suffices to observe that the inclusion A° ~ A^-*^^ C A-"^ 
does not induce a natural transformation from St^'^, to idgg^+. 

Proposition 3.6.1. For every marked simplicial set X = {X,M), the natural transformation a induces a 
weak equivalence St^'^* X ^ X. 

Proof. Let us say that a marked simplicial set X is good if the map oy ■ St*"^* X ^ X is & weak equivalence. 
The proof proceeds in several steps: 

(a) The functor St^*^* preserves filtered colimits, and the collection of weak equivalences in Set^ is stable 

under filtered colimits. Consequently, the collection of good marked simplicial sets is stable under 
filtered colimits. It will therefore suffice to show that X = {X, M) is good whenever X is a finite 
simplicial set. 

(6) Suppose given a pushout diagram 

— / — / 
X — ^X 



Y ^y'. 

of marked simplicial sets, where / is a cofibration. If X, x' , and Y are good, then y' is good. 
This follows from the fact that St®"^, preserves pushouts and cofibrations, and the fact that the model 
structure on Set^ is left proper. 

(c) The marked simplicial sets (A^)", (A^)*", and (A^)" are good: this is easy to verify by direct calculation. 

(d) We now proceed by induction on the number of nondegenerate 1-simplices of X which belong to M. 
If this number is not zero, then there is a pushout diagram 

(A^)^ > (A^)^ 



Xo ^ X, 

where Xq has fewer nondegenerate marked edges. Using the inductive hypothesis, (c), and (6), we 
conclude that X is good. We may therefore reduce to the case where every marked edge of X is 
degenerate, so that X = X^. 

(e) We now work by induction on the dimension n oi X and the number of nondegenerate simplices of X 
of dimension n. If X is empty, then X^ is good and there is nothing to prove. Otherwise, we have a 
pushout diagram 

(5A")^ ^ (A")^ 



x'" ^ xr 

The inductive hypothesis implies that (9A")^ and X'^ arc good. According to (6), it will suffice to 
show that (A")^ is good. We may therefore assume that X is an n-simplex. If n < 1, the desired result 
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follows from (c). If n > 2, then we can choose an integer i with < i < n. We have a commutative 
diagram 

St''%(A^)^ ^St"%(A")^ 



(A^)^ ^ (A")^ 

The horizontal arrows arc weak equivalences (for the upper horizontal map, this follows from Lemma 
3.5.14 and Proposition 3.1.13), and the left vertical map is a weak equivalence by the inductive hy- 
pothesis. It follows that the right vertical map is also a weak equivalence, as desired. 

□ 

Corollary 3.6.2. Let f : X ^ Y be a weak equivalence of marked simplicial sets, regarded as a morphism 
in {Set~^)/^o. Then the induced map Ca°(/) C' bicategorical equivalence. 

Proof. We wish to prove that '^''[C^o{f)] is an equivalence of Set^-enriched categories. Unwinding the 
definitions, it suffices to show that the map St^^*(/) is a weak equivalence. In view of the commutative 
diagram 

St^'^* X *" St^'^* Y 



— f 
X ^Y, 

this follows from Proposition 3.6.1. □ 
Corollary 3.6.3. The Quillen adjunction (St^'^*, Un^'^*) is a Quillen equivalence. 

Proof It will suffice to show that St'^'^-g = St***^* induces an equivalence from the homotopy category hSctJ 
to itself. Proposition 3.6.1 implies that this functor is isomorphic to the identity. □ 

Corollary 3.6.4. Let S be a scaled simplicial set, and let (f) : Q be an %et\-enriched functor. 

Assume that (j) is essentially surjective, and let a : 3^ ^ 3^' be a map between fibrant objects of (Set^)'^. The 
following conditions are equivalent: 

(1) The map a is a weak equivalence in (Set^)^. 

(2) For every object C G Q, the induced map 3'(C) — > 3^'{C) is a weak equivalence. 

(3) For every vertex s of S, the map 

xs» Un^%(J){s}« X5, Un''%(J') 

is a weak equivalence. 

(4) The map Un"'^0(Q:) is a weak equivalence in §et^ S. 

Proof. The equivalence of (1) and (2) is obvious. The equivalence of (3) and (4) follows from Lemma 3.2.25, 
since Un^'=0(3') and Un^'^^(?'') are fibrant objects of (§et^)yg. Since (j) is essentially surjective, the equivalence 
of (2) and (3) will follow from the following: 

(*) For every vertex s of S, the map 5F'((/>(s)) 3^'{(j){s)) is a weak equivalence if and only if the map 
{s}* X gi Un'''=0(J){s}*' X g» \]n^'^tf,{J') is a weak equivalence. 

To prove (*), we use Remarks 3.5.16 and 3.5.17 to reduce to the case S = Aj. The desired result in this 
case follows from Corollary 3.6.3. □ 
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3.7 Straightening over a Simplex 

Throughout this section, wo let 6 denote the simpUcial category £[A"], C"*" the Set^-enriched category 
e'=[AJ'], and cj) : e=[A;^] 6+ the identity map. We wish to show that the Quillen adjunction (St"=^, Un'*'^^) 
is a Quillen equivalence. For this, we need to introduce a bit of notation. 

Notation 3.7.1. Let T denote the collection of all 2-simplices of A"+^ which are either degenerate or contain 
the final vertex of A"+^ We let D+ denote the Set^-enriched category e:''^[A"+ST], and D = e:[A"+i] its 
underlying simplicial category. Let ? : C — > 2) and i+ : 6^ ^ denote the functors induced by the inclusion 
A« 2± A^°'i'- -"} C A"+^ Let D denote the object of B+ corresponding to the final vertex of A"+^ 

For < I < n, we can identify vertices of Map^^ (i, D) with subsets SC. {i, i + 1, . . . , n} which contain i. 
The formula which assigns to each subset S its largest elements extends uniquely to a map of simplicial sets 
<l)i : Map,j3(i,i:i) ^ A". 

Let i\ : (SetA)*^ — > (SetA)^ denote the functor given by left Kan extension along i, and let M : (SetA)*^ 
SetA denote the composition of i\ with the functor (SetA)^ SetA given by evaluation at D. Similarly, we 
define a functor : (SetA)*^ §et^ as the composition 

(§etA)'= i (§et+)'=+ 'I (§et+)^+ ^ Set+, 

where the first map carries an object J € (SetA)*^ to the functor 3^ : 6"*" — > Set^ given by the formula 
3^{i) = and the last map is given by evaluation at D. 

For every 3^ € (SetA)^, we can identify M(iF) with the underlying simplicial set of the marked simplicial 
set M"'"(?'). We can identify M(5F) with a quotient of the disjoint union IJo<i<„ x Mapj,(i,D). The 
maps {4>i\Q<i<n determine a map of simplicial sets M(5') — > A". This map depends functorially on S'; we 
may therefore view M as defining a fimctor from (SctA)*^ to (SetA)/A"- We will abuse notation by denoting 
this functor also by M. Similarly, we can view also as a functor from (SetA)*^ to (§e<^)/Aj'- 

Remark 3.7.2. For every object ? S (SetA)*^ and every Q < i < n, there is a canonical isomorphism 
M(5F) Xa" {i} — 3^(*)- Moreover, the marking on this simplicial set provided by M(3^)+ is trivial: only 
degenerate edges of are marked. 

Proposition 3.7.3. Let J e (SetA)^ and let f : M+(J) —^ X = {X,M) be a morphism in (Set^)/Aj'- 
Suppose that X is A^-fibered, and suppose that for <i < n, the map 

~ M(J) XAn {l} ^XiXAn {i} 

is a categorical equivalence of simplicial sets. Then: 

(1) The induced map M(3^) X is a categorical equivalence of simplicial sets. 

(2) The m,ap f is a weak equivalence in (Sei^)/A^. 

Proof. We first prove (1) using induction on n. If n = the result is obvious, so we may suppose n > 0. Let 
e' = e:[A"~i], regarded as a full subcategory of C, and let l' = 3^\ S'. Unwinding the definition, we have a 
canonical isomorphism of simplicial sets 

a : M(J) ~ (M(J') x A^) ]J J{n) 

M(5'')x{l} 

Let q denote the composition X — > A" ^ A^, where qo^{0} = A"~^ C A". The map g is a coCartesian 
fibration of simplicial sets. Assertion (1) follows from the isomorphism a, the inductive hypothesis, and 
Proposition T.3.2.2.10. 
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To prove (2), choose an arbitrary A"-fibered object Y = {Y,M') e {Set~^)/^n. We observe that there is 
a commutative diagram 

Map^„ (X, Y) ^ Map^„ (M+ (IF) , F) 

Fun(X, Y) > Fun(M(J), Y). 

Since Y is an cxD-category, assertion (1) guarantees that the lower horizontal map is an equivalence. We now 
complete the proof by observing that the vertical maps are the inclusions of full subcategories which are 
stable under equivalence, and that the diagram is a puUback square. □ 

Proposition 3.7.4. Let X = {X,M) he a A]J--fibered object in (Sei^)/Aj'- Then there exists a strongly 
cofibrant diagram 5" G (SetA)*^ and a map f : M(3') X which satisfies the hypotheses of Proposition 3.7.3. 

Proof. The proof goes by induction on n. The result is obvious if n = 0, so assume n > 0. Let X = 
X X(A'')« (A""^)", and let C' = £[A"~^]. The inductive hypothesis guarantees the existence of a strongly 
cofibrant diagram 3^' G (SctA)*^ and a map /' : M^(IF') X satisfying the hypotheses of Proposition 
3.7.3. Let q : X ^ he defined as in the proof of Proposition 3.7.3. Then g is a coCartesian fibration, 
and /' determines a map of simplicial sets ho : M{3^') x {0} — > X X/^i {0}. We can therefore choose a 
g-coCartesian extension of ho to a map h : M(5'') x A-'^ X , where h\M{3^') x {1} determines a map 
hi : M(3^') — > X Xa" {n}. Choose a factorization of hi as a composition 

M(J') Xa- W, 

where g' is a cofibration of simplicial sets and g" is a categorical equivalence. The map g' determines an 

extension of 3^' to a fimctor 5F G (SctA)'^ with 3'(n) = Y, and the maps h and g" can be amalgamated to a 
map of marked simplicial sets M^(3^) X with the desired properties. □ 

Remark 3.7.5. Let P be a partially ordered set. The simplicial category £ = £[N(P)] can be described as 
follows: 

(a) The objects of £ are the elements of P. 

(&) Given elements i,j G P, the simplicial set Map£(i, j) can be identified with the nerve NCi^j. Here Cij 
denotes the collection of all linearly ordered subsets S C P with least element i and largest element j, 
regarded as a partially ordered set with respect to inclusions. 

(c) The composition Mapg(i, j) x Mapg(j, k) — > Mapg(i, k) is induced by the union map 

CiJ X Cj,fc — > C'ijfc 

{S,S') ^SUS'. 

Lemma 3.7.6. Let S = {S,T) he a scaled simplicial set, and let A C B be an inclusion of simplicial sets. 
Let f : A^ X B ^ S be a map with the following properties: 

• For every simplex a : A" B which does not belong to A and let r he the 2-simplex of A^ x A" 
spanned by (0,0), (1,0) and (l,n). Then the induced map 

A^ ^ A^ X A" ^ A^ x B ^ 5 

is a thin 2-simplex of S. 
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Then the inclusion 

((Ai)« X A^) Y[ ({0}" X ^ (^^)* X 
is ^P-g- anodyne (where ^-g is the categorical pattern of Example 3.2.9). 

Proof. Working simplex- by-simplex, we can reduce to the case where B = A" and A = 9 A". The simplicial 
set A^ X A" admits a filtration 

({0}xA") [] (AixaA") = ZoCZiC...cZ„CZ„+i = AixA", 

where each Zj+i is obtained from Zi by adjoining the (n+ l)-simplex of A^ x A" corresponding to the map 

a, : [n + 1] ^ [1] x [n] 



(0,j) iij<n-i 



Let Zi = {Zi, Mi) denote the marked simplicial set whose marked edges are precisely those edges which are 
marked in (A^)" x (A^)^ We wish to show that the inclusion Zq C Z„+i is ^Pg^s' anodyne. For this, it will 
suffice to show that each of the inclusions hi : Zi C Zj+i is ^^-anodyne. If < i < n, then hi is a pushout 

of a morphism of type (Ci) appearing in Definition 3.2.10. If « = n = 0, then hi is a pushout of a morphism 
of the type (-Bo). If i = n > 0, then hi is a pushout of a morphism of the type (Co). □ 

Lemma 3.7.7. Let K be a simplicial set, and define 3^k & (SetA)*^ by the formula 3^K{i) = Mapgr(0, i) x K, 
and let f denote the inclusion 

K ~ M(5') Xa" {0} ^ M(J). 
Then f induces a -anodyne morphism M~'~(3'). 

Proof. The proof uses induction on n, the case n = being trivial. Assume that n > 0, and let 5"' = 

£[A"~^]. Using the inductive hypothesis, we deduce that the inclusion C M"'"(3'') is ^^^..-i-anodyne, 

b 

and therefore also -anodyne. It will therefore suffice to show that the map g : M^{3^') M^(3^) is 
^^^-anodyne. We observe that g is a pushout of the inclusion M(5")^ x {0}" C M(3")'' x (A^)", which is 

b 

^Pa^ -anodyne by Lemma 3.7.6. □ 
Lemma 3.7.8. Let K be a simplicial set, and define 'Jk G (SetA)*^ by the formula 

S^K^i) = Mape(0,i) x K. 
Let X = M{3^k) xa" {n} C M{3^k)- Then the canonical map 

(XK ■ (St^^^X^)(n) ^ (St^^^M+(JK))(n) 
is an equivalence of marked simplicial sets. 

Proof. For < i < j < n, let Pi^j denote the partially ordered set of all subsets of {i, i -|- 1, . . . ,j} which 
contain i and j, so that Mapg(i, j) = ^Pi,j- Let P denote the collection of all subsets of [n] which contain 
0. We let X : P [n] denote the map which carries a subset S C [n] to its largest element. The simplicial 
set M(5'if) can be identified with the product K x N(P), and the projection M(5'if) A" is given by the 
composition 

M{3^k) ^Kx N(P) ^ N(P) N([n]) ~ A". 
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Let F : SetA — > §et^ denote the functor K i— > (St'*'^,^M"'"(5'ii-))(n). We will define a natural transforma- 
tion of functors 

(3k : FiK) ^ J{nY ^ (K x NPo,n)^ 

Since the functor F commutes with colimits, it will suffice to define /3x in the case where K is a, simplex; 
more generally, we will describe (3k in the case where K is the nerve of a partially ordered set Q. We can 
then identify M(S') with the nerve N{Q x P). 
Let £ = €[Nerve{Q x P x [1])], and set 

£ = €[{v} ]J N(OxPx[l]) ]J [n]]. 

N(QxPx{0}) N(QxPx{l} 

The underlying simplicial set of F[K) can be identified with Map£(w,n), which is a quotient of the disjoint 
union 

Jl Mape((g,S,0),(g',5',l)). 

q,q'eQ,S£P,S'£Po,„ 

According to Remark 3.7.5, we can identify Mapg ((g, S, 0), (g', S', 1)) with the nerve of the partially ordered 
set of chains 

{q,S,0) = (go,So,0) < {quSi,0) < ... < (9^,5^,0) < < ... < (g„,S„,l) = 

in the partially ordered set Q x P x [1]. We define the map Pk so that the image of such a chain is the pair 
{qi, Si U {x{Sj)}i<j<n) e Q X Po,n- It is not difficult to check that (3k is well-defined, functorial in Q, and 
determines a natural transformation as indicated. 
For every simplicial set K, we have a diagram 

K c:^ M{3^k) Xa" {0} ^ M(Jk) ^ M(Jk) xa^ {n} ~ if x NPo,„, 

This diagram determines subfunctors Fo,Fi C F, given by the formulae 

Po(^) = (St%Jr^)(n) 

Pi(ir) = (St%(if xNPo,„)^)(n). 
We have a commutative diagram of marked simplicial sets 

Fo{K) 2^ > FiK) c Pi (if) 
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St-,(ii:^) x (NPo,„)^ {K X NPo,„)^ 

where: 

(0) The map 70 is induced by the inclusion Ik '■ It therefore suffices to show that iK is a 
^Aj'"=^nodyne morphism of (SefJ)/A^-, which follows from Lemma 3.7.7. 

(1) The map 71 is the isomorphism Po(^) — St^'^*(ii'^) x Mapg+(0,n) supplied by Remarks 3.5.16 and 
3.5.17. 

(2) The map 72 is the composition of the isomorphism Fi{K) ~ St'''^* (see Remarks 3.5.16 and 3.5.17) 
with the weak equivalence St^'^* of Proposition 3.6.1. 

(3) The map 73 is the product of the identity map from N(Po_„)'' to itself with the weak equivalence 
St«% of Proposition 3.6.1. 
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In particular, the maps 70, 71, 72, and 73 are weak equivalences in Set^. It follows from a diagram chase 
that an is also a weak equivalence, as desired. □ 



Proposition 3.7.9. The Quillen adjunction (St^^'^A" , Un^'^A^) is a Quillen equivalence. 

Proof. Corollary 3.6.4 implies that the right derived functor iJUn'^'^A" is conservative. It will therefore 
suffice to show that the unit transformation id —> Un^'^A" °L St'^'^A" is an isomorphism of functors from the 

b b 

homotopy category h(Set^) /Af to itself. In other words, we must show that for every object X G (§ef^) //^n 
and every weak equivalence St'^'^Aj' X ^ 3^ in (SetA)*^^, where 5" is fibrant, the adjoint map X — !■ Un'^'^Aj' 3^ 
is also a weak equivalence. Without loss of generality, we may assume that X is fibrant, so that X is A"- 
fibered. Choose a strongly cofibrant object S € (SetA)'^ and a map M+(S) X satisfying the hypotheses 
of Proposition 3.7.3 (this is possible, in view of Proposition 3.7.4). Then the map St^'^Aj;' M"'"(S) — > 5" 
is a weak equivalence. It will therefore suffice to show that the adjoint map a : M~''(S) Un'"^Aj'(9^) 
is a weak equivalence. In view of Proposition 3.7.3, it will suffice to show that the map a : 5{i)\> — * 
Un'^'^Aj' (3^) X(A'')« {0" is equivalence of marked simplicial sets for each < i < n. Using Remarks 3.5.16 
and 3.5.17, we can replace A" by A^"' - '*^ and thereby reduce to the case i = n. 

In view of Remark 3.5.16 and Corollary 3.6.3, it will suffice to show that the map St'^'^Aj' 9{ny — >■ 3^ 
induces an equivalence (St'^'^Aj' 9{n)^)in) 3^(n). By the two-out-of-three property, we are reduced to 
proving the following: 

(*) Let S be a strongly cofibrant object of (SetA)*^- Then the inclusion S(n)'' — > M"'"(S) induces a weak 
equivalence 

(St-A^g(n)^)(n)^(St-A^M+(g))(n). 

Let us say that an object S S (SetA)*^ is good if the conclusion of (*) holds for g. The functors 9 
(St^'^Aj' 9{iT'Y)in) and g I— > (St^'^Aj' M"'"(g))(n) both preserve cofibrations and pushout squares. Since the 
model category SetA is left-proper, we deduce the following: 

(a) Suppose given a pushout diagram 

go^^g 
s'o — -g' 

in (SetA)*^, where go, g, and 9'q are good. If p is a strong cofibration, then g' is also good. 

Fix a strongly cofibrant object g G (SctA)*^. For —1 < j < n, let 9j G (SctA)'^ be a left Kan extension 

is an initial object of (SetA)*^, and g„ ~ g. We will prove by induction on j 
that each 9j is good. Let denote the inclusion of the object {j} into 6, and let : SetA (SetA)^ be 
the functor of left Kan extension along . We then have a pushout diagram 

rf g,._i(i)^^r/g(j) 

Sj-i ^ 5j ■ 

Since S is strongly cofibrant, the map p is a strong cofibration. Consequently, to show that gj is good, it will 
suffice to show that gj-i, rf 9j-i{j), and rf 9{j) are good. In the first case, this follows from the inductive 
hypothesis. We are therefore reduced to proving the following: 

(*') Let < j < n, and let ii' be a simplicial set. Then r\K & (SetA)*^ is good. 

Using Remark 3.5.16, we can replace A" by and thereby reduce to the case j = 0. The 

desired result now follows from Lemma 3.7.8. □ 
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3.8 Straightening in General 

Our goal in this section is to prove the following result: 

Theorem 3.8.1. Let S be a scaled simplicial set, and let (j) : €^'^[3] G be an equivalence of $ei\- enriched 
categories. Then the Quillen adjunction (St*"^^, Un'"^^) is a Quillen equivalence from (§e<^) ^-g to (Set^)*^. 

Remark 3.8.2. Wc regard (§Rt^)yg as endowed with the simplicial model structure described by Theorem 

3.2.6. We will regard (Set^)*^ as a simplicial model category as well, via the simplicial structure on the 
category Set^ ~ (§ef^)/^o. More concrete, given a simplicial set K and an object J G (Set^)*^, we can 

define a new object J(^K by the formula {J(^K){C) = J(C) x KK 

The unstraightening functor Un**'^^ admits the structure of a simplicial functor. For suppose we are 
given objects J, J' e {§etXf and a map of simplicial sets K — > Map^g^^+^e (3^, 3^')> which we may view as a 
morphism a : 3^<SiK — > S"' in (Set^)*^. We then have a morphism 

which classifies a map of simplicial sets K Map(ggj+)^^(Un^'^^ 3", Un^'^^ 5"'). 

Remark 3.8.3. Let (f> : €.^'^{S] ^ C be an equivalence of Set^-enriched categories. Proposition T.A.3.3.8 
implies that the left Kan extension functor (f>\ : (mSet)^""^^^ (Set^)'^ is a Quillen equivalence. Using 
Remark 3.5.17, we see that Theorem 3.8.1 holds for the functor (j) if and only if it holds for the identity 
functor from to itself. 

Combining Remarks 3.8.3, 3.8.2, T. A. 3. 1.9, and Proposition T. A. 3. 1.10, we deduce that Theorem 3.8.1 
is equivalent to the following assertion: 

Proposition 3.8.4. Let S be a scaled simplicial set. Let (Set^)^°°['^l'° denote the full subcategory of 
(§et^)'^°°['^l spanned by those objects which are strongly cofibrant and weakly fibrant, and let (§et^)°^ denote 
the full subcategory of (§ei^)^g spanned by the fibrant objects. Then the functor Un'*'^^ induces an equivalence 
of simplicial categories from (Set^)*^"!"^!'" to (Sei^)°^. 

Lemma 3.8.5. Let i : S s' be a cofibration of scaled simplicial sets, and let X,Y G (Set^)^^' be fibrant 
objects. Then the restriction map 

Map|,(X,F) ^ Map|(X Xgn S^Y Xgn 5«) 

is a Kan fihration. 

Proof We can identify the right hand side with the mapping space Mapi:(X X5/tt S^,Y). Since (§ei^)^^ 

is a simplicial model category and Y is fibrant, it suffices to observe that the map X Xg,t ^ X is a 
cofibration. □ 

Lemma 3.8.6. The conclusion of Proposition 3.8.4 holds when S = A", for n>0. 

Proof. This is a reformulation of Proposition 3.7.9. □ 
Lemma 3.8.7. The conclusion of Proposition 3.8.4 holds when S is the thin 2-simplex A^. 
Proof. We have a commutative diagram of simplicial categories 

(Set+)'^^'=[^«1' (SeiD^Aj 
(Set+)'^^°[^?]'° 
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The vertical arrows are inclusions of full subcategories, and the bottom horizontal arrow is an equivalence 
by Lemma 3.8.6. It follows that Un^'^^2 is fully faithful. To complete the proof, we must show that Un'^'^^2 

is essentially surjective. Let X be a fibrant object of {§et'^)//\2, corresponding to a coCartesian fibration of 

simplicial sets p : X ^ A^. We wish to prove that X lies in the essential image of Un'^'^^2. Lemma 3.8.6 

guarantees that X ~ J for some fibrant-cofibrant object J : (^^'^[A^] — > Set^. To prove that X lies 

in the essential image of Un^^^2, it will suffice to show that 5" belongs to (Set^)'^ [^«. In other words, we 
must show that the canonical map 

J(0) X (A^)^ ~ J(0) X Map£sc[A^](0,2) ^ J(2) 

factors through 5'(0) x (A^)" ~ J(0) x Mapg.ac[A2](0, 2). Unwinding the definitions, we see that this is 
equivalent to the requirement that the collection of locally j3-coCartesian morphisms of X is stable under 
composition, which follows from the assumption that p is a coCartesian fibration. □ 

Proof of Proposition 3.8.4- For every scaled simplicial set S, let (Set^)^ ^ ' denote the category of weakly 

fibrant objects of (§et^)'^"[^l, and let W-g be the class of weak equivalences in (Set^)^ Let Wg be the 
collection of weak equivalences in (§et^)°^. We have a commutative diagram of simplicial categories 

TT_SC 

((§et+)^""I^l)° ^(§e4);^ 

(§eti)f[^l[W^^-]^(§e4);^[H^'^^] 

(see Notation T. A. 3. 5.1). We wish to prove that the upper horizontal functor is an equivalence of simplicial 
categories. Lemma T. A. 3. 6. 17 implies that the left vertical map is an equivalence. Using Lemma T.2.2.3.6 
and Remark T. A. 3. 2. 14, we deduce that the right vertical map is also an equivalence. Consequently, the 
Proposition is equivalent to the assertion that (jr^ is an equivalence. 

Let us say that a scaled simplicial set S is good if the functor ^ is an equivalence of simplicial categories. 
Our goal is to show that every scaled simplicial set is good. 

Let F : §et^°^' ^ CatA be the functor given by the formula S ^ {SetX)f''^^\w^^]. Using Corollary 
T. A. 3. 6. 18 (and the fact that Set^ is left proper), we deduce the following: 

(a) Suppose given a pushout diagram of scaled simplicial sets 

S^S' 

T *-t', 

where i is a cofibration. Then the induced diagram 

F(S) F(S') 

F{T) ^ F(T') 

is a homotopy puUback square of simplicial categories. 
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(6) Suppose that a scaled simplicial set S is written as a union of a transfinite sequence {5'/3}^<q. of scaled 
simplicial subsets. Then F{S) is the homotopy limit of the diagram of simplicial categories {F{Sa)}- 

We will prove the following: 

(a') Suppose given a pushout diagram of scaled simplicial sets 

T ^t', 

where i is a cofibration. If 5, 5 , and T is good, then T is good. 

(6') Suppose that a scaled simplicial set S is written as a union of a transfinite sequence {5/3}^<a of scaled 
simplicial subsets. If each is good, then S is good. 

We will prove (a'); the proof of {b') is similar. We have a commutative diagram 

(§eti)ft^'l[iy-7] 




Using (a) and the assumption that S, S , and T arc good, wc deduce that the outer square in this diagram 
is a homotopy puUback square of simplicial categories. According to Corollary T. A. 3. 2. 28, the functor (j>j;i 
is an equivalence of simplicial categories if and onyl if, for every pair of objects x,y € (§et^)°— , [VK'^], the 
diagram of simplicial sets 

MaP(g,,+ )o_, [^,-1] {x, y) ^ Map(g,,+ )„_[^,-i] {u{x), u{y)) 



MaP(Set+)o_,[vy,-i](i^(a;),z;(y)) ^ Map(g^j+)o_[ty-i](w(a;),w;(y)) 

/ s s / s s 

is homotopy Cartesian. Since -07^' is a weak equivalence of simplicial categories, we may assume without loss 
of generality that x = il.'yX and y = ipyY, for a pair of fibrant objects X,F e (Set^)^^'. It will therefore 
suffice to show that the equivalent diagram 

Map5„(X,F) ^ MapL(X x^,, T«, F x^'B T«) 

Map" (X Xr,» S'\y Xj,„ 5'*) Map" (X Xj,„ S^F x^,, 5«) 

is homotopy Cartesian. Here S,S',T and T' denote the underlying simplicial sets of S, s' , T, and t' , 
respectively. This diagram is a pullback square, and the map 5 is a Kan fibration by Lemma 3.8.5. This 
completes the verification of assertion (a'). 

We now show that every scaled simplicial set is good. The proof proceeds in several steps. 
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(i) For every n > 0, the scaled simplicial set A" is good. This is simply a reformulation of Lemma 3.8.6. 



{a) For every finite simplicial set S, the scaled simplicial set S\, is good. The proof goes by induction on 
the dimension n of S and the number of nondegenerate simplices of S. If S is empty, the result is 
obvious. Otherwise, we have a pushout diagram 



(aA»)t 



The inductive hypothesis guarantees that (9 A");, and 5^ are good, and A" is good by (i). It follows 

from (a') that S\, is good, as desired. 



{iii) Let S be an arbitrary simplicial set. Then S^, is good. To prove this, we write S as the union of a 
transfinite sequence of simplicial subsets {Sf3}f3^a, where each Sp is obtained from S'</3 = [J^y^p^i 
by adjoining a single nondegenerate simplex. In view of (6'), it will suffice to show that each {8/3)1, 
is good. We prove this using induction on /3. The inductive hypothesis and (6') imply that (<S'</3)b is 
good. We now observe that there is a pushout diagram 



(5A»)b 



Ar 



Since (5'</3)b is good by assumption. A" is good by (i), and (9A")b is good by {ii), we deduce from 
(a') that {Sp)o is good. 

{iv) The thin 2-simplex Aj is good. This is a reformulation of Lemma 3.8.7. 

{v) Every scaled simplicial set S = (S, T) is good. To prove this, we let {<Jp}[i<a be a well-ordering of 
the collection of all nondegenerate thin 2-simplices of S. For /3 < a, let Tp denote the collection of all 
degenerate 2-simplices of S together with {(T-y}'^<j3, and let T</3 be defined similarly. In view of (6'), it 
will suffice to show that each of the scaled simplicial sets (S*, T/3) is good. We prove this by induction 
on (5. Using the inductive hypothesis and (6') again, we deduce that {S, T^/s) is good. We now observe 
that there is a pushout diagram 



A^ 



A2 



Since A^ is good by {i) and A| is good by {iv), assertion (a') guarantees that {S, Tfj) is good as desired. 

□ 

Corollary 3.8.8. Let S = {S,T) be a scaled simplicial set containing a vertex y, and let X be a fibrant 
object of {Sef^) . Then the canonical map St^'^(X Xgj {t/}') — >■ {St^''-gX){y) is an equivalence of marked 
simplicial sets. 

Proof Choose a weak equivalence St'^'^gX 3^, where 9^ is a fibrant object of (Seti)'^"!'^]. It follows 
from Proposition 3.8.4 that the adjoint map X Vir^'^-gS^ is a weak equivalence between fibrant objects of 
{Set~^)^g, so that Lemma 3.2.25 guarantees a weak equivalence of fibers 

^ X5, (Un-5 J) Xs, 0, Un- J{y) 
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in the category of marked simplicial sets. It follows from Corollary 3.6.3 that the adjoint map St*''^(X x gj 
{y}") ^ is again an equivalence of marked simplicial sets. The desired result now follows from the 

two-out-of-three property, applied to the diagram 



(St-^X)(t/). 



□ 



4 oo-Bicategories 

In §3.1 wc introduced the category Set^ of scaled simplicial sets. Our main goal in this section is to endow 
§et^ with the structure of a model category and to show that the underlying homotopy theory is the theory 
of (oo, 2)-categories. More precisely, we will show that the scaled nerve functor N^^ : Catgg^+ Set^ is 

a right Quillen equivalence (Theorem 4.2.7). The main step in the proof is to show that if C = (C,T) is 

a scaled simplicial set satisfying appropriate filling conditions, then there is a recipe for determining the 
homotopy type of the mapping objects Map^aofe] (a;, y) directly in terms of X. In fact, we will show that 

Mapg.sc[e](a;, y) is weakly equivalent to the fiber of a map of marked simplicial sets 6 ^ ^ C" over the vertex 
y. The construction of this map will be given in §4.1. We will apply this construction (in combination with 
the scaled straightening functor of §3) in §4.2 to give a proof of Theorem 4.2.7. 

It follows from Theorem 4.2.7, Theorem 2.2.16, Proposition 2.3.1, and Proposition 1.5.7 that there is a 
chain of right Quillen equivalences 

Set^^ ^ eats^^+ ^ Se5set+ - Fun(A°f , SetJ) ^ (Sei+)/ 

which relates §et^ to the category (§et^)/N(A)°p (endowed with the complete Segal model structure of 
Proposition 1.5.7). In §4.3, wc will complete the proof of Theorem 0.0.3 by directly constructing a left 
Quillen equivalence sd"*" : 8et^ — > (§ef^)/N(A)op- Here the functor S(i+ is a close relative of the barycentric 
subdivision functor on simplicial sets. Our proof that sd+ is a left Quillen equivalence is very indirect, and 
makes use of all of the models for {oo, 2)-categories appearing in this paper. 

The remainder of this section is devoted to describing some applications of the subdivision construction 
of §4.3. In §4.4, we will use it to obtain a classification for self-equivalences of the oo-category Catoo- In §4.5, 
we will apply this classification result to obtain a compatibility between the straightening constructions of 
§3 and §T.3.2. 

4.1 The Scaled Slice Construction 

Let 6 be an oo-category containing an object x. Then we can define a new oo-category equipped with 
a left fibration C^^ 6, whose objects arc morphisms x ^ y in C. Our goal in this section is to describe an 
analogous construction in the (oo, 2)-categorical setting, where the simplicial set 6 is replaced by a scaled 
simplicial set. Our first step is to formulate some conditions on 6 which will guarantee that this construction 
is well-behaved. 

Definition 4.1.1. An weak oo-bicategory is a scaled simplicial set {X,T) which has the extension property 

with respect to every scaled anodyne morphism of §ct^. 

Remark 4.1.2. Let X be a scaled simplicial set, and suppose that every 2-simplex of X is thin. Then X is 
a weak oo-bicategory if and only if the underlying simplicial set is an oo-category. The only nontrivial point 
is to verify that X has the extension property with respect to morphisms of type (C) appearing in Definition 
3.1.3, which follows from Lemma T. 1.2. 4. 3. 
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Remeirk 4.1.3. Let {X,T) be a weak cx)-bicategoiy. Let X' C X he the simplicial subset spanned by those 
simplices a of X such that every two-dimensional face of a is thin. Then X' is an oo-category. We will refer 
to X' as the underlying oo-mtegory of {X,T). 

Example 4.1.4. Let 6 be a fibrant Set^-enriched category. Then N'''^(e) is a weak oo-bicategory. 

Notation 4.1.5. Let 6 = (C, T) be a scaled simplicial set, and let X be a vertex of 6. We can identify 
edges of the simplicial set C^^ with diagrams 



X 



Y 



id 



X 



in e. Let M denote the collection of all edges of such that the upper right 2-simplex in the diagram 
belongs T, and let Mq C M be the subset consisting of those edges for which both nondegenerate 2-simplices 

in the diagram belong to T. Wc let 6 denote the marked simplicial set (Cq , Mq), where Cg denotes the 
simplicial subset of spanned by those simplices a for which every edge of a belongs to M. 

The canonical map 
of (§et+)/e. 



C determines a map from to C, so that we can regard C''' as an object 



■XI 



Proposition 4.1.6. Let C = (C, T) he a weak oo-bicategory and let X be a vertex of Q. Then 6 is a 
fibrant object of (Set^)^g. 

Proof. The proof proceeds in several steps, each of which amounts to the verification of a certain extension 
property. 

(1) The underlying map of simplicial sets p : Gq^ — > C is an inner fibration: that is, it has the extension 
property with respect to A" C A" for < i < n. We need to prove the existence of solutions to 
extension problems of the form 



A" X A^. 

Here .go|A" x {0} is constant at the vertex X, and the restriction of go to the 2-simplex of A" x A-"^ 
spanned by (i, 0), (i, 1), and {j, 1) is thin, for all < i < j < n (except in the case = i<j = n = 2, 
which case we must guarantee that the restriction of g to this simplex is thin). 

We first define a sequence of n-simplices 

n, . . . , r„_i : A" ^ A"-i x A^ ~ a^0'--'-1''+1'-'"> x A^ C A" x A^ 

On the level of vertices, these simplices are given by maps of partially ordered sets tj : [n] [n — 1] x [1] 
described by the formula 

'(fc,0) iffc<.7 
(fc-1,1) iffc>j. 

For j < n — 1, let Kj — Kq U ti U . . . U Tj . We prove by induction on j that the function go can be 
extended to a map gj : Kj — > C. To prove this, we observe that there is a pushout diagram 



rj{k) 



K 



K 
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and that (if n > 2) the composition 

is a thin 2-siniplex. If n = 2 (so that j = 1), we instead choose gj to guarantee that the composition 

^O-UJ+i} ~ A" ^ ii-j- ^ e 

is a thin 2-simplex. 

We now define a sequence of (n + l)-simpUces 

ao,...,a„:A"+i^A"x A^. 

On vertices, these simphces are defined by maps of partially ordered sets aj : [n + 1] — > [n] x [1] given 
by the formulae 

'(fc,0) iffc<i 
(A; -1,1) iik>j. 



For < j < n, let Kn+j C A" x A^ denote the union Kn-i U (Tq U . . . U (jj, so that we have a chain of 
inclusions 

We will prove that Qn-i can be extended to a map gn+j ■ Kn+j 6, using induction on j. For j < n, 
it suffices to observe that there is a pushout diagram 

AJ'+i^ ^Kn+j-i 



and that the composition 

is a thin 2-simplex of 6. For j = n, we have instead a pushout diagram 



2n-l 



A"+i > K- 



2n 

and the composition 

corresponds to the 2-simplex of C which is degenerate at the vertex X, and therefore thin. 

(2) Every marked edge of C is locally p-coCartesian. To prove this, it suffices to show that 6 has the 
extension property with respect to every inclusion 



/:(A^)^ [] (A{0'i>)« C (A")^ ]J (A{0'i>)«, 

(A{o,i})b (A{o.i})b 
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where n > 1 and the image of A^O-^'"} in 6 is thin. Let Kq = (AJf x A^) UA-xaAiC^" x ^^^)- To 

show that e has the extension property with respect to /, we need to prove the existence of solutions 
to extension problems of the form 



A" X Ai. 

Here go has the following properties: 

(a) The map qq carries A" x {0} to the vertex X, 

(b) The map go carries A^"'^'"'' x {1} to a thin 2-simplex of 6, 

(c) The map go carries the 2-simplex spanned by the vertices (0,0), (1,0), and (1,1) to a thin 2- 
simplex of 6. 

(rf) For < i < j < n, the map go carries the 2-simplex spanned by the vertices {i, 0), {i, 1), and {j, 1) 
to a thin 2-simplex of C (except in the case where i = 1 and j = n = 2). 

Moreover, if n = 2, then we must guarantee that g carries the 2-simplex spanned by the vertices (1, 0), 

(1, 1), and (2, 1) to a thin 2-simplex of C. 

We define a sequence of n-simplices 

Ti,...,T„_i:A"^A"xAi, 
which are given on vertices by the formula 



(i + 1,0) ifj<i 
(i,l) i{j>i- 



For i < n, let Ki = KoUtiU .. .UTi C A" x A^. We prove by induction on i that go can be extended 
to a map gi : Ki ^ G. To prove this, we observe the existence of a pushout diagram 

A? > Ki. 



A" ^Ki, 

where the composition 

is a thin simplex by virtue of assumption (d) (unless n = 2, in which case we instead choose gi so that 
the composition A^'-i'''*+^> ~ A" ^ ifj C is a thin 2-simplex). 

We now define a sequence of (n -|- l)-simplices 

ao,...,a„:A"+i^A"xAi, 
which are given on vertices by the formulae 



(.?,0) ifj<i 
(j — 1,1) otherwise. 
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For < i < n, let Kn+i = Kn-i U ctq U . . . U (t„. We prove by induction on i that the map Qn-i can 
be extended to a map Qn+i '■ Kn+i C- Hi < n, this follows from the pushout diagram 



n+l 
1 



n+i— 1 



■ Kn+i 



together with the observation that the map 

^{M+i..+2} c AJVV ^ Kn+i-1 "-^-^ e 

is a thin 2-simplex of C (by virtue of assumption (d)). If i = n, we have instead a pushout diagram 



K 



2n-l 



K 



In- 



To prove the existence of the desired extension, it will suffice to show that the composition 

^{0,1} c a;j+i ^ K^n-i ' e 

is degenerate (which follows from (a)) and that the composition 



2n-l 



S2n 



is a thin 2-simplex of C. To prove the latter result, we apply Remark 3.1.4 to the image in C of the 
3-simplex spanned by the vertices (0,0), (1,0), (1,1), and (n, 1). Using assumptions (c) and (d), we 
are reduced to proving that the image in 6 of the 2-simplox spanned by (0, 0), (1, 1), and (n, 1) is thin. 
This follows by applying Remark 3.1.4 to the image of the 3-simplcx spanned by (0,0), (0,1), (1,1) 
and (n, 1), by virtue of the thinness guaranteed by assumptions (6) and (d). 

(3) For every vertex w €E Cq ^^i*^ every edge e : p{v) w, there exists a marked edge e : v ^ w in Gq 
lifting e (this edge will automatically be locally p-coCartesian, by virtue of (2), so that p is a locally 

coCartesian fibration). To prove this, we must show that C has the extension property with respect 
to inclusions of the form / : {0}' C {A^)K Let K = {A'^ x d A^)l[rQ-.^g ^^{{0} x A^). To prove that 



5^/ 



G has the extension property with respect to /, it suffices to show that every extension problem of 
the form 




(Ai X Ai)„ 

admits a solution, provided that go carries A^ x {0} C if to the vertex X in G. Let a denote the 
2-simplex of A^ x A^ spanned by the vertices (0,0), (0, 1), and (1, 1), and let K' denote the union of 
K with a. The inclusion K^j C if^ is a pushout of an inclusion of type {A) appearing in Definition 

3.1.3. Since 6 is a weak cxD-bicategory, we can extend go to a map g'g : K'^ G. Let cj) denote the edge 
of 6 obtained by applying gQ to the edge spanned by the vertices (0, 0) and (1, 1), and let r denote the 
2-simplex of C defined by the composition 



A 



2 P. 



A' 
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where p~^{l} = {2}. Let r denote the 2-simplex of x spanned by the vertices (0, 0), (1, 0), and 
(1, 1). Then there is a unique extension g of q'q to A^ x A^ such that ^(r) = r; it is easy to see that 
the map g has the desired properties. 

(4) Every equivalence appearing in a fiber of the map p is marked in C . To prove this, it suffices to 

show that C has the extension property with respect to every inclusion / : C i^T", where is a 

—X j 

Kan complex and the map ^ 6 is constant at a vertex F G C. To prove that 6 has the extension 
property with respect to it suffices to prove the following: 

— Let g : K X A^ — > e be a map of simplicial sets. Assume that: 
(i) The map g carries K x {0} to the vertex X. 

Then for every edge e : A^ — » if , the restriction of to A^ x A^ carrries the 2-simplex spanned 
by the vertices (0, 0), (1, 0), and (1, 1) to a thin 2-simplex of C. 

Since if is a Kan complex, we can choose a simplex a : A"^ K with the following properties: 

(ii) The restriction of a to A^°'^'"^^ is given by the composition 

^{0,2,3} ^1 ^ 

where p~'^{l} = {3}. 
(iii) The restriction of a to A'f^'^} is degenerate. 

Let g' denote the map A^ x A-^ ^ C obtained by composing g with a x id^i- To prove (iv), it will 
suffice to show that (/'(r) is thin in C, where r is the 2-simplex of A^ x A^ spanned by the vertices 
(0,0), (3,0), and (3, 1). Let r denote the 4-simplex of A^ x A^ spanned by the vertices (0,0), (1,0), 
(2, 0), (3, 0), and (3, 1). Since C is a weak oo-bicategory, we can apply part (B) of Definition 3.1.3 to 
the simplex ^(t) to reduce to proving the following five assertions: 

— The simplex g{To) is thin in 6, where tq is the 2-simplex of A^ x A^ spanned by the vertices (1, 0), 
(2,0), and (3,0). This follows immediately from {i). 

— The simplex g{Ti) is thin in C, where ti is the 2-simplex of A^ x A^ spanned by the vertices (0, 0), 
(2,0), and (3, 1). This follows immediately from (ii). 

— The simplex g{T2) is thin in 6, where T2 is the 2-simplex of A"^ x A^ spanned by the vertices (0, 0), 
(1,0), and (3,0). This again follows immediately from (i). 

— The simplex girs) is thin in C, where T3 is the 2-simplex of A^ x A^ spanned by the vertices (1, 0), 
(3,0), and (3, 1). This follows immediately from (iii). 

— The simplex g{T4) is thin in 6, where T4 is the 2-simplex of A^ x A^ spanned by the vertices (0, 0), 
(1,0), and (2,0). This follows from (i). 

(5) The object C S (Set J) has the extension property with respect to every inclusion of the form 

/ : (Ai)''lJ(A2)t(^^)'' ^ (^^)'', provided that A^ maps to a thin 2-simplex of C. To prove that C^^ 
has the extension property with respect to /, it will sufiice to prove the following: 

(*) Let T denote the collection of all degenerate 2-simplices of A^ x A^, together with the following 
nondegenerate 2-simplices: 

* The simplex ctq spanned by the vertices (0,0), (1,0) and (2,0). 

* The simplex u\ spanned by the vertices (0, 1), (1, 1), and (2, 1). 

* The simplex ai spanned by the vertices (0,0), (0, 1), and (1, 1). 

* The simplex 0-3 spanned by the vertices (0,0), (0, 1), and (2, 1). 
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* The simplex (T4 spanned by the vertices (1,0), (1, 1), and (2, 1). 

* The simplex 0-5 spanned by the vortices (0,0), (1,0) and (1, 1). 

* The simplex erg spanned by the vertices (1, 0), (2, 0), and (2, 1). 

Let g : (A^ x A^,T) — > C be a map of scaled simplicial sets. Then ^(t) is a thin simplex of C, 
where r denotes the 2-simplex spanned by the vertices (0, 0), (2, 0), and (2, 1). 

To see this, we argue as follows. Since g{(Ti), (7(0-2), and ^(crs) are thin, g{To) is thin, where tq is 
spanned by the vertices (0,0), (1,1), and (2,1). Since .g(ro), gia^) and g{(J4) are thin, g{Ti) is thin, 
where ri is spanned by the vertices (0,0), (1,0), and (2, 1). Finally, since (?(ti), g{ao), and g{(Te) are 
thin, g{T) is thin as desired. 

(6) Every locally p-coCartesian edge e : v ^ w in Gq^ is marked. To prove this, we begin by choosing 
a marked edge e' : v ^ w' lifting p{e) (invoking (3)). Since e' is locally p-coCartesian, we can find a 
2-simplex 





in . Since e and e' are both locally p-coCartesian (by (2)), the edge e" is an equivalence in the 
fiber p~^{p{w)}. Invoking (4), we conclude that e" is marked. It follows from (5) that e is marked, as 
desired. 

(7) The restriction of p to every thin 2-simplex cr of 5 is a coCartesian fibration. This follows immediately 
from (2), (5), (6), and Proposition T.2.4.2.8. 

□ 

Lemma 4.1.7. Let S — {S, T) he a scaled simplicial set, let f : B x ^ S be a map of simplicial sets, M 
a collection of edges of B (containing every nondegenerate edge), and {A, Mq) a marked simplicial subset of 
{B,M). Suppose that the following condition is satisfied: 

(*) For every ri-simplex A" — > B which does not factor through A, the composite map A" x A""^ — > S 
carries the 2-simplex spanned by (0,0), (0, 1), and (n, 1) to a thin simplex in S. 

Then the inclusion 

f : {{A, Mo) X (Ai)«) H {{B, M) x {0}«) C (B, M) x (A^)" 

(A,Mo)x{0}« 

is ^-g-anodyne. 

Proof. Working simplcx-by-simplcx, we can reduce to one of the following two cases: 

• The marked simplicial set {B,M) is {A^Y, and (A, Mq) is (A^)^ In this case, the inclusion / is a 
pushout of a morphism of type (Ao) appearing in Definition 3.2.10. 

• The marked simplicial set {B,M) is (A")^, and the marked simplicial subset {A,Mo) is (c^A")^ We 
define a sequence of (n + l)-simplices 



given on vertices by the formulae 



. , C7„ : A"+i ^ A" X A\ 



(.?, 0) a j <n-i 

(i-1,1) iij>n-i. 
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Let Kq = (a A" X A^) LJaA»x{0}(^" ^ {0})' and for 1 < i < n + 1 let i^i = i^o U ctq U . . . U (Ti_i. Let 

Ni denote the collection of all marked edges of (A")'' x (A^)' that belong to Ki. We wish to prove 
that the inclusion {Kq^No) C {Kn+i, Nn+i) is *P^anodyne. It will therefore suffice to prove for each 
i < n that the inclusion {Ki,Ni) C (i^Tj+i, A^j+i) is ^^-anodyne. K i < n, then the inclusion /j is a 
pushout of the inclusion (A"l^)'' C (A"^-'^)'', which is a morphism of type (Ci) appearing in Definition 
3.2.10. If n = 0, then /„ is a morphism of type (Bq) appearing in Definition 3.2.10. If n > 0, then /„ 
is a pushout of the inclusion 

(Ao+')' II (A{°'i>)« C (A"+i)' H (A{o^i>)«, 

(A{o,i})b (A{o.i})b 

which is of the type (Co) appearing in Definition 3.2.10 by virtue of assumption (*). 

□ 

Proposition 4.1.8. Let 6 = {C,T) be a weak co-bicategory containing a vertex x, and let X denote the 

—xl — 
vertex of Q corresponding to the degenerate edge idx in C. Then the inclusion 

i:{X}^cr^ 

is a ^i-Q- anodyne morphism. 

Proof. As in Notation 4.1.5, we let Cg^ denote the underlying simplicial set of C^^. There is a canonical 
evaluation map e : Cq^ xA^ — > 6. Let p : A^ x A^ — > A^ be the map which is given on vertices by the 
formula ij. The composition 

eS^xAixAi ""4^ e^/xA^ 

is adjoint to a map of simplicial sets 

eS^xAi^eS/. 

This underlies a map of marked simplicial sets 

r -.r^ X {Ay ^r^ . 

We have a commutative diagram 

{x}i X {i}« X {i}» 



{{X} X Ai)«Uw.x{o}.(e'^ X {0'}«) X (Ai)« 

r 

i . e-/ 

in the category (Sef^) ^g. This diagram exhibits z as a retract of the inclusion j; it will therefore suffice to 
show that j is ^^anodyne, which follows from Lemma 4.1.7. □ 
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4.2 oo-Bicategories and SetJ-Enriched Categories 

Our goal in this section is to prove the main result of this paper: Theorem 4.2.7, which establishes the 
existence of a model structure on Set^ such that the scaled nerve functor N'^'^ : Catg^^+ Set^ is a right 
Quillen equivalence. The main ingredient is Theorem 4.2.2, which gives a direct description of the homotopy 
type of the mapping objects Mapg.sc[s](a;,y) when 5 is a weak oo-bicategory. 

To begin, suppose that S = (S*, T) be a scaled simplicial set. For every pair of vertices x,y e S*, wc let 

Homg(x, y) £ Set^ denote the fiber product S^^ x 511 {y}K If S" is a weak 00-bicatcgory, then it follows from 
Proposition 4.1.6 that B.om-g{x,y) is a fibrant object of §et^: that is, it has the form (C, M) where 6 is an 
00-category and M is the collection of all equivalences in 6. 

Remark 4.2.1. Let 6 be an Set^-enriched category containing two objects x and y. Then we have a 

canonical isomorphism of marked simplicial sets Un'^'^ Mapg(.T, y) ~ HomNac e{x, y). 

More generally, given a scaled simplicial set S, an Set^-enriched functor (j> : 6, and two 

vertices x and y of S, we can compose the adjoint S — > N^'^ C of ^ with the adjoint St^'^ HomN=c e{^x, cfyy) 
Mapg(^a;, (f)y) to obtain a morphism 

: St^'^ 'H.om-g{x, y) — > Mapg(^a;, (fry). 

Theorem 4.2.2. Let S be a weak oo-bicategory and let cj) : €.^'^[8] ^ G be a weak equivalence of Sef^- enriched 
categories, where C is a fibrant Scf^- enriched category. Let -0 : 5 — > N^"^ C be the morphism adjoint to (j). 
Then, for every pair of vertices x and y in S, the induced map 

f : Romg{x,y) Bom^^oc e{il>x,tpy) 

is a weak equivalence of marked simplicial sets. 

Proof. Let ^' : £^'^[N'*^ C] — > C denote the counit map. We have a commutative diagram of marked simplicial 
sets 

Romg{x, y) ^ Sf^^ Homg-(a;, y) — — — ^ Mapj.,c[5] v) 



f 



MapNsc(e)(?!'a;, (t)y) < St"'^ Ma,p^,c(^e){(f>x, (f>y) Mape(0a;, (t)y), 

where aid and a^,, arc defined as in Remark 4.2.1. We wish to prove that / is a weak equivalence. Proposition 
3.6.1 implies that the left horizontal maps are weak equivalences, so it will suffice to show that St'^'^ / is a 
weak equivalence. For this, it will suffice to prove the following: 

(?) The map /' is a weak equivalence. This follows from our assumption that (f> is a weak equivalence. 

{ii) The map is a weak equivalence. This map is adjoint to the isomorphism HomNsc e((/)a;, ~ 
Un'*^ Mapg(^a;, (/ly) of Remark 4.2.1. This follows from the fact that (St^'^, Un^'^) is a Quillen equivalence 
(Corollary 3.6.3), since the marked simplicial set Mapg(0a;, (f)y) is fibrant. 

{Hi) The map aid is a weak equivalence. To prove this, let C-g{S ) be defined as in Definition 3.5.1, let * 
denote the cone point of C-g{S ), and observe that we have a canonical map of scaled simplicial sets 



/' 
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TT : C-g{S^ ) — > S. This map fits into a commutative diagram 

St-(r/ x^, {y}«) (St-^^^/)(j/) (St^V{a;}«)(y) 

*0 Si ^2 

w y '1 

St«^Hom^(a;,t/) Map^^^^./^ Map£.e[s](a;,y) 




Mapg.,<,[s,(a:,y). 



Here the maps Sq, 5i, and 62 are isomorphisms of marked simpHcial sets. Propositions 4.1.8 and 3.5.5 
imply that 7 is a weak equivalence. By the two-out-of-three property, we deduce that e is a weak 
equivalence. It follows from Corollary 3.8.8 and Proposition 4.1.6 that (3 is also a weak equivalence, so 
that aid is a weak equivalence by another two-out-of-three argument. 

□ 

Lemma 4.2.3. Let S be a weak 00-bicategory containing a pair of vertices x and y. Then there is a canonical 
isomorphism Hom^(a;,y) ~ Mapu.[5](a;, y) in the homotopy category of marked simplicial sets. 

Proof. We have a chain of maps 

Mape.e[5](a;,y) ^ (St^=^{x}«)(y) ^ {St'^^sT^M ^ St^^ Hom^(a;, y) ^ Hom^(x,y), 

each of which is a weak equivalence in Set J (as in the proof of Theorem 4.2.2). □ 

Lemma 4.2.4. Let f : S ^ S be a map of oo-bicategories which is surjective on vertices. Then f is 
bicategorical equivalence if and only if, for every pair of vertices x and y of S, the map Hom^(a;, y) — > 
Homg(/a;, fy) is a weak equivalence of marked simplicial sets. 

Proof. The map / is a bicategorical equivalence if and only if €^'' [f] is a weak equivalence of Set^-enriched 
categories. Since is essentially surjective, this is equivalent to the requirement that for every pair 

of vertices x and y in S, the map Map^-acj^j (x, y) — *■ Mapg-scj^'j (/a;, /y) is a weak equivalence of marked 
simplicial sets. We now invoke Lemma 4.2.3. □ 

Lemma 4.2.5. Let f : G ^ D be a functor between fibrant Sef^- enriched categories. Assume that f is 
surjective on objects, and that the induced map N'*^(/) is a bicategorical equivalence. Then f is a weak 
equivalence of $et\- enriched categories. 

Proof. Since / is essentially surjective, it suffices to show that the map Mapg(x,y) Mapj, (/x, /y) is a 
weak equivalence of marked simplicial sets for every pair of objects x,y £ G. Since C and D are fibrant, this 
is equivalent to the assertion that the map Un^*^ Mapg {x, y) Uif'^ Map^j {fx, fy) is a weak equivalence 
(Corollary 3.6.3). The desired result now follows from Remark 4.2.1 and Lemma 4.2.4. □ 

Lemma 4.2.6. Let f : X ^ X' and g -.Y ^Y' be bicategorical equivalences of scaled simplicial sets. Then 

the induced map f x g : X x Y —>■ X' x Y' is a bicategorical equivalence. 

Proof. Working one variable at a time, we may assume that Y = Y' and that g is the identity map. Choose 
a scaled anodyne map Y ^ Z, where Z is a weak 00-bicategory. We have a commutative diagram 

X xY ^X X Z 



X' xY ^ X' X Z. 
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Using Proposition 3.1.8, we deduce that the horizontal maps are scaled anodyne, and therefore bicategorical 
equivalences. Consequently, the left vertical map is a bicategorical equivalence if and only if the right vertical 
map is a bicategorical equivalence. We may therefore replace Y hy Z and reduce to the case where F is a 
weak oo-bicategory. 

Choose a scaled anodyne map X' —* X" , where X" is a weak oo-bicategory. We have a commutative 
diagram 

X' xY 




Proposition 3.1.8 guarantees that /i x 5 is scaled anodyne, and therefore a categorical equivalence. By the 

two-out-of-threc property, it will suffice to show that ft, x g is a bicategorical equivalence. We may therefore 
replace X' by X" and thereby reduce to the case where X' is a weak oo-bicategory. 
Choose a factorization of / as a composition 

X C Xq^-^ X' 

where /' is scaled anodyne and the map /" has the right lifting property with respect to all scaled anodyne 
morphisms. We have a commutative diagram 

XoxY 




Proposition 3.1.8 guarantees that /' x g is scaled anodyne, and therefore a bicategorical equivalence. By the 
two-out-of-three property, it will suffice to show that /" x g is a bicategorical equivalence. We may therefore 
replace X by Xq, and thereby reduce to the case where X is a weak oo-bicategory. 

We now prove that the map 't^'^lf x g] is fully faithful. Choose vertices Xo,Xi e X and yo,yi € Y; we 
wish to show that the map 

Map£sc[xxy]((a;o,2/o),(a;i,yi)) ^ Map£sc[x'xy]((/a;o,2/o), (M,yi)) 

is a weak equivalence in Set^. In view of Lemma 4.2.3, it suffices to show that the induced map 

B.omxxY{{xo, yo), {xi,yi)) Bomx'xYiifxo, yo), {fxi,yi)) 

is a weak equivalence of marked simplicial sets. Since the collection of weak equivalences in §et^ is stable 
under the formation of products, it suffices to show that the map Homx(a;o, -ti) Romx'ifxo, fxi) is a 
weak equivalence. This follows from Lemma 4.2.3. since the functor is fully faithful. 

To complete the proof, it suffices to show that C^^lf x g] is essentially surjcctive. Choose an object (x', y) 
of <f^[X' X Y]. Since is essentially surjective, there exists a vertex x of X such that fx is equivlaent 

to x' in It is then easy to see that {x',y) is equivalent to {fx,y) in (i?'^[X' x Y]. □ 

Theorem 4.2.7. There exists a left proper, combinatorial model structure on the category Set^ of scaled 

simplicial sets with the following properties: 

(C) The cofibrations in §et^ are monomorphisms of scaled simplicial sets. 
iW) The weak equivalences in Set^ are the bicategorical equivalences. 

(F) A morphism in Set^ is a fibration if and only if it has the right lifting property with respect to all 
morphisms satisfying both (C) and {W). 
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Moreover, the adjoint functors 8et^ < Cat t determine a Quillen equivalence o/Set^ wiift Cat^. 

Proof. To prove the first assertion, we will show that §et^ satisfies the hypotheses of Proposition T. A. 2. 6. 13: 

(1) The class of weak equivalences in Set^ is perfect; this follows by applying Corollary T. A. 2. 6. 12 to the 
functor C^"^. 

(2) The collection of weak equivalences in §et^ is stable under the formation of pushouts; this follows from 
the fact that Set^ is left-proper. 

(3) Let / : {X,T) — > {Y,T') be a map of scaled simplicial sets which has the right lifting property with 
respect to all cofibrations. Wc wish to prove that / is a bicatcgorical cqiiivalence. Our hypothesis 
implies that the underlying map of simplicial sets X ^ Y \s, a. trivial Kan fibration, and T =^ f^^T'. 
It follows that / admits a section s. Moreover, the composition s o / is homotopic to the identity, in 
the sense that there exists a contractible Kan complex K and a map h : x {X, T) {X, T) with 
the following properties: 

(i) The composition / o h coincides with the composition / o tt, where n : x {X, T) — > {X, T) 
denotes the projection onto the second factor. 

(m) There exists a pair of vertices x,y G K such that h\{{x}^ x {X, T)) is the identity and /i|({y}tt x 
{X, T)) coincides with so/. 

We then have a commutative diagram 

Msx(x,r)-U(y,r') 



i^„x(X,T)— ^(X,T) 

TT / 

which exhibits / as a retract of h; it will therefore suffice to show that ft- is a bicatcgorical equivalence. 
The map h has a right inverse, given by the inclusion i : {X,T) ~ {x}^ x {X,T) C x {X,T). It 
will therefore suffice to show that i is a bicategorical equivalence, which follows from Lemma 4.2.6 and 
Proposition 3.5.10. 

This completes the proof that Set^ is a left proper, combinatorial model category. The functor (^'^ : §et^ — > 
Set J preserves cofibrations and weak equivalences, and is therefore a left Quillen functor. We will complete 

the proof by showing that (C'^,N'''^) is a Quillen equivalence. Let 5 be a scaled simplicial set and C an 
Set^-enriched category; we wish to show that the unit and counit maps 

ve iL^^^lRW^ e] ^ e 

arc isomorphisms in the homotopy categories h§ct^ and hCat^, respectively. We first show that Uir is 
an isomorphism. Choose a weak equivalence <t^'^[S] D of Set^-enriched categories which is bijective on 
objects, where D is fibrant. We wish to show that the adjoint map S — > N^^ D is a bicategorical equivalence. 
This follows from Lemma 4.2.4 and Theorem 4.2.2. 
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We now show that each of the maps ve is an isomorphism in the homotopy category hCat^. In other 
words, we must show that for every fibrant object C e Cat^ , the counit map v : €.^'' [N^'^ 6] — > 6 is a weak 
equivalence of Set^-enriched categories. The map v admits a factorization 

g.sc[i^scg] X e' ^ e, 

where v' is a weak equivalence and v" is a fibration (so that C' is fibrant) . By the two-out-of-three property, 
it will suffice to show that v" is a weak equivalence of Set ^-enriched categories. Since v" is surjective on 
objects, it will suffice to show that N^^(t;") is a bicategorical equivalence (Lemma 4.2.5). We conclude by 
observing that W'^{v") a left homotopy inverse to the weak equivalence uns<= e- D 

Definition 4.2.8. We will say that a scaled simplicial set C is an oo-bicategory if it is a fibrant object of 

Sct^, with respect to the model structure described in Theorem 4.2.7 

Remark 4.2.9. Let C be a fibrant Set^-enriched category. Then the scaled nerve N**'^ C is an oo-bicategory. 
This follows immediately from Theorem 4.2.7. 

4.3 Subdivision 

In this section, we will study the subdivision functor sd'^ : Set^ — ^ (§et^) /n(A)''p- Our main result. Theorem 
4.3.13, asserts that this functor is a left Quillen equivalence (where Set^ is endowed with the bicategorical 
model structure and (§et^)/N(A)°p with the complete Segal model structure). 
We begin by introducing some definitions. 

Definition 4.3.1. Let X he a. simplicial set. We let sd{X) denote the simplicial set N(Aj)f)°P, where Ax 
denotes the category of simplices of X (see §T.4.2.3). The forgetful functor Ax — > A determines a map of 
simplicial sets sd{X) — > N(A)''^'. We will regard sd as defining a functor SetA — > (SetA)/N(A)<'p- 

Suppose that {X,T) is a scaled simplicial set. We let sd'^{X,T) denote the marked simplicial set 
(sd(X),£), where £ denotes the collection of all edges e of of sd{X) which satisfy one of the following 
conditions: 

(a) The edge e corresponds to a diagram of simplicial sets 

A™ 5> A" 




X 



such that image of [m] is a convex subset of [n] . 
(6) The edge e corresponds to a diagram of simplicial sets 

^{0,2}C ^ ^2 



X 

such that (T e T. 

We will regard srf+ as defining a functor from §et^ to (§et^)/ n(a)°p- 

Remark 4.3.2. The functor sd : SetA (SetA) / n(A)°p is fully faithful. Its essential image consists precisely 
of those maps Z N(A)°^' such that Z is isomorphic to the nerve of a category C, and the induced functor 
p : C A°^ is cofibered in sets; in this case we can recover the underlying simplicial set by the formula 

[n] i-^p~^{[n]}. 
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Notation 4.3.3. Let F denote the composite functor 

SetA ^ (§otA)/N(A)op ^'^^"'^ Fun(A°P,§otA). 

Using Example T.3.2.5.6, we can describe the functor F as follows: it carries a simplicial set X to the 
simplicial object F{X), described by the formula 

F(X)„ = N(AxXAA[„]/)°f. 

Note that F{X)n admits a natural descomposition F{X)n ~ F{X)cr, where a ranges over all n-simplices 
of X. 

Let F+ denote the composite functor 

Set^^ (§e4)/N(A)oP ^''--^""^ Fun(A°f,Seti). 

Then carries a scaled simplicial set {X,T) to the simplicial object F+(X, T), of §ct^ described by the 
formula 

F+{X,T)n = (F(X)„,£„) 
where £„ denotes the collection of all edges of F{X)n which correspond to diagrams 

satisfying one of the following two conditions: 
(o) The image of [k] under the map / is a convex subset of [k'] . 

(6) The map / is isomorphic to an inclusion A{0, 2} C A^ and the 2-simplex a belongs to T. 
We define another functor F' : SetA — ^ Pun(A°^, SetA) to be the composition 

SetA ^ eatset^ ^ eatset^ C Segsct^ "^""^ Fun(A°f , SetA), 

where i : CatgetA ~^ CatSetA is the functor induced by the equivalence X i— > X°p from SetA to itself. More 
concretely, F' carries a simplicial set X to the simplicial object F'{X), of SetA described by the formula 

= Y[ Mape;.o[x](a;o,a;i)°^ x . . . x Mape;sc[jf](a;„_i, a;„)°^'. 

Wc observe that there is a natural transformation of functors a : F ^ F', which is uniquely determined 
by the following conditions: 

• For every simplicial set X and every n-simplex cr of X with vertices xq, . . . , a;„, the map ax ■ 
F'{X), restricts to a map 

aSc : F{X)^ Mape=c[x] (xq, xi)°f x . . . x Mape=c[;fj(a;„_i, x„)°f C i^'(X)„. 

• The map is the product of the opposite of maps 

A : F{Xyj> ^ Mapc 

[X] {Xi,Xi+l). 

Here the maps /3i are defined as follows. Suppose given a fc-simplex r of F{X)^, corresponding to a 
commutative diagram 

A™o s- A™i • • • s- j^^mk 



A" ^X. 
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Let y and z denote the images of i,i + 1 S [n], and for < j < fe let Sj denote the subset of [mfe] 
consisting of those elements mo such that y < mo < z and such that mo lies in the image of the map 
[rrij] [rrife]. The chain of subsets So C . . . C Sk determines a fc-simplex r' in Ma,-p^^^m^-^{y, z), and 
we define /3i(r) to be the image of r' in Ma,p^^x]{^i>^i+i)- 

We define a functor F'~^ : Set^ Fun(A°^, Set J) to be the composition 

Sett e^hetX ^ e^hetX ^ Seg,^ti "'-^'^ Fun(A°P, §et+), 

where i : Catgg^+ — > Catg^^+ is again the functor induced by the equivalence X i-^ X°p from Set^ to itself. 
We observe that the natural transformation a extends uniquely to a natural transformation a+ : F'^ . 

Remark 4.3.4. Let {X,T) be a scaled simplicial set. Assume that X satisfies the following condition: 
(*) Every face of a nondegenerate simplex of X is again nondegenerate. 

We let sdo{X) C sd{X) denote the full simplicial subset spanned by the nondegenerate simplices of X. Let 
scJq (X, T) = {sdo{X), £), where £ is the collection of all edges of sdo{X) which are marked in sd{X). 

Condition (*) implies that the inclusion sdo{X) C sd{X) admits a right adjoint G, so that we have a 
canonical homotopy h : sd{X) X — » sd{X) from G to the identity, which is trivial on sdQ{X). This 
homotopy determines a map 

sd+{X,T) X (A^)" ^ sd+{X,T). 

The diagram 

sd+{X,T) X ^ sd+{X,T) X {!}» 

{sd+{X,T) X (Ai)«)U,<i+(x,T)x{0}«N+(^'T^) X ^sd+{X,T) X (A^)" 



s4 {X, T)C > sd+ {X, T) 

exhibits the inclusion sd^ {X, T) C s(i+ [X, T) as a retract of the map 

(s4(X,r) X (Ai)») ]J (sd+(X,T) X {0}") C sd+(X,r) X (A^)* 

sd+(X,T)x{0}« 

which is the opposite of a marked anodyne map (by Proposition T. 3. 1.2.3). It follows that the inclusion 
sdQ{X,T) C srf+(X, T) is a coCartesian equivalence in (Sef^)/N(A)op- 

Notation 4.3.5. Let {X, T) be a scaled simplicial set such that X satisfies condition (*) of Remark 4.3.4. Let 

F^{X^ T), denote the simplicial object of Set^ obtained by applying the functor 5^,(A°'') : (Set^) /n(A)°p ^ 
Fun(A°P,Seti) to sd^{X,T). It follows from Remark 4.3.4 (and the fact that g^.(A°^') is a left Quillen 
functor) that the induced map F^{X, T), ^ F^{X, T), is a trivial cofibration with respect to the projective 
model structure on Fim(A°'', Set^). 

For each n > 0, we define a marked simplicial subset F+{X,T)n = (N(e)°P,£) C F+{X,T)n as follows: 
C is the full subcategory of Ax x a spanned by those objects which correspond to diagrams 

A" i> A'= ^ X 

such that (T is nondegenerate, /(O) — 0, and f{n) = k; and £ is the collection of all edges of N(C)°P which 
are marked edges of F+{X,T). We note that the inclusion N(e)°P C sdo{X) admits a left adjoint F. This 
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left adjoint determines a homotopy H : sdo{X) x ^ sdQ{X) from the identity to F, and H induces a 
map of marked simplicial sets 

Fo+(X,r)„x(Ai)«^F+(X,T)„. 

Arguing as in Remark 4.3.4, we deduce that the inclusion F^{X, T)n ^ ^o'^(-''^, T)n is marked anodyne and 
therefore a weak equivalence of marked simplicial sets. It follows that F^{X,T)n C T)„ is again an 

equivalence of marked simplicial sets. 

Warning 4.3.6. Let {X^T) be as in Notation 4.3.5. The construction [n] F^ {X^T)n is functorial only 
with respect to maps / : [n\ [m] such that /(O) = and f{n) = m, so wc cannot regard F^ {X,T), as a 
simplicial object of §ct^. 

Note also that the constructions {X,T) ^ sd.'^{X.T) and {X,T) ^ F^l{X,T) arc not functorial in the 
pair {X, T) , since the image of a nondegenerate simplex of X under a map X -^Y need not be nondegenerate 
in Y. 

F 

Lemma 4.3.7. Suppose given a Quillen equivalence between combinatorial model categories A < ^ B . 

G 

(1) // the functor F preserves weak equivalences, then it carries homotopy colimit diagram,s in A to homo- 
topy colimit diagrams in B and homotopy limit diagrams in A to homotopy limit diagrams in B. 

(2) // the functor G preserves weak equivalences, then it carries homotopy colimit diagrams in A to homo- 
topy colimit diagrams in B and homotopy limit diagrams in A to homotopy limit diagrams in B. 

Proof. Wc will give the proof of (1); the proof of (2) is identical. 

Let 3 be a small category and p : tJ*[0] ^ A a homotopy colimit diagram in A. We wish to prove that 
-F o p is a homotopy colimit diagram in B. Since F preserves weak equivalences, we are free to replace p 
by a weakly equivalent diagram if necessary; we may therefore suppose that p is a colimit diagram and that 
p =p\2 is projectively cofibrant, in which case the result is obvious. 

In the case of limit diagrams, we must work slightly harder. Let q : [0] * tl — > A be a homotopy limit 
diagram in A. Let q = q\3, and choose a weak equivalence F o q ^ q' ^ where : ^ B is injectively 
fibrant. Let g' : [0] 3 ^ B be a limit of q' . Then Gq' is a homotopy limit diagram in A. For each J G 3, 
the map Fq(J) — > q'{ J) is a weak equivalence. Since (F.G) is a Quillen equivalent and F preserves weak 
equivalences, it follows that the adjoint map q{J) —>■ Gq'{J) is a weak equivalence. Since q and Gq' are 
both homotopy limit diagrams, wc deduce that the map q — » Gq' is a weak equivalence of diagrams, so that 
the adjoint map Fq ^ g' is a weak equivalence of diagrams as well. It follows that Fq is a homotopy limit 
diagram in B, as desired. □ 

Lemma 4.3.8. The functor F'^ : Set^ Fun(A°^', Set^) preserves weak equivalences and homotopy colimit 
diagrams, and induces an equivalence of homotopy categories. 

Proof. The functor F'~^ factors as a composition of left and right Quillen equivalences 
Sets - eats,,+ ^ eatg,,+ C 5e5g,,+ ^ Fun(A°^ §et+), 

(Theorem 4.2.7, Theorem 2.2.16, and Proposition 2.3.1), each of which preserves weak equivalences (Defini- 
tion 3.5.6, Remark 2.2.19, and Lemma 2.3.14). We now conclude by invoking Lemma 4.3.7. □ 

Lemma 4.3.9. Let {X,T) be a scaled simplicial set which is isomorphic either to Aj or to A"^, for some 
n > 0. Then the map 

a+^^^y.F+{X,T).^F'+{X,T), 

is a weak equivalence in Fun(A°'', Set^) with respect to the injective model structure. 
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Proof. We will show that the indTiccci map / : F~^{X,T)k — >■ F'~^{X,T)k is a weak equivalence in Set J for 
each fc > 0. We have a commutative diagram 

F+{X,T)k 



^F'+{X,T)k 



where g is the weak equivalence of Notation 4.3.5. A direct calculation shows that h is an isomorphism of 
marked simplicial sets, so that / is a weak equivalence by the two-out-of-three property. □ 

Proposition 4.3.10. Let {X,T) be a scaled simplicial set. Then the induced map a(x,T) • F^{X,T), — > 
F'~^{X,T), is a weak equivalence with respect to the complete Segal model structure on Fun(A°^, Set^). 

Proof. Let us say that a scaled simplicial set {X, T) is good if the map a(x,T) is a weak equivalence. We 
wish to prove that every scaled simplicial set {X, T) is good. For this, we argue as follows: 

(a) The functors F^ and F'^ commute with filtered colimits, and the collection of weak equivalences in 
Fun(A°^, §et^) is stable under filtered colimits (Proposition 1.5.10 and Example 1.5.11). It follows 
that the collection of good scaled simplicial sets is stable under filtered colimits. 



(&) Suppose given a pushout diagram 



(X,T) 



{X',T') 



(Y',S') 



of scaled simplicial sets, in which the vertical morphisms are cofibrations. If {X,T), {X',T'), and 
{Y, S) are good, then {¥', S') is good. To prove this, it suffices to show that the diagrams 



F+{X,T), ^F+{X',T'), 



F+{Y,S), ^F+{Y',S'), 



F'+(X,r). 



F'+{X',T'), 



F'+{Y, S), ^ F'+{Y', S') 



are both homotopy pushout squares with respect to the complete Segal model structure on the category 
Fun(A°?',§cti). For the square on the left this is obvious, since it is a pushout square and the vertical 
maps arc cofibrations. For the square on the right, we invoke Lemma 4.3.8. 

(c) By virtue of (a), it will suffice to prove that {X,T) is good whenever the simplicial set X has only 
finitely many nondegenerate simplices. We now work by induction on the number of nondegenerate 
thin simplices of X. If this number is not zero, then we have a pushout diagram 



-(x,r) 

and we conclude using the inductive hypothesis together with (b) and Lemma 4.3.9. We may therefore 
assume that {X, T) = where X is a finite simplicial set. 
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(d) We now work by induction on the dimension n of X and the number of nondegenerate simphces of 
maximal dimension. If X is empty, the result is obvious. Otherwise, we have a pushout diagram 

d A" 5> A" 

X' ^X. 

Using the inductive hypothesis, wc deduce that (9A")^ and X^ are good. Lemma 4.3.9 implies that 
A^ is good. Invoking (6), we deduce that X\, is good, as desired. 

□ 

Proposition 4.3.11. The functor sd^ : Set^ (§ei J)/ N(^)op curries bicategorical equivalences of scaled 
simplicial sets to weak equivalences in (§ei^)/N(A)°p {with respect to the complete Segal model structure). 

Proof. Let / : {X,T) — !■ {Y,S) be a map of scaled simplicial sets. We wish to prove htat sd+(/) is a weak 
equivalence. By virtue of Proposition 1.5.8, it will suffice to show that F^(f) is a weak equivalence with 
respect to the complete Segal model structure on Fun(A°^, 8et^). This follows by applying Proposition 
4.3.10 and Lemma 4.3.8 to the diagram 

F+{X,T).^^F+iY,S), 
F'+{X,T). ^F'+(y,5).. 

□ 

Corollary 4.3.12. The functor sd : SetA (§etA)/N(A)°p carries categorical equivalences in Set a to weak 
equivalences in (§etA)/N(A)<'p (with respect to the complete Segal model structure). 

Proof. Let f : X ^ Y he a, categorical equivalence of simplicial sets. Then the induced map : Xj — > Yj is a 
bicategorical equivalence (Proposition 3.5.10). It follows that sd'^{ff) : sd+Xj — > sd+Yj is a weak equivalence 
with respect to the complete Segal model structure on (§ef^)/N(A)<'!'- Since the forgetful functor F : 
(Sef^)/N(A)<'p — * (^®tA)°N(A) ^ Quillen functor (Remark 1.5.9), we conclude that sd{f) = Fsd'^{f^) 
is a weak equivalence as desired. □ 

Theorem 4.3.13. (1) The functor is a left Quillen equivalence from §ct^ (endowed with the bicate- 
gorical model structure) to (§et^)/ n(a)''p {endowed with the complete Segal model structure). 

(2) The functor sd is a left Quillen equivalence from Set a {endowed with the Joyal model structure) to 
§etA/N(A)°p {endowed with the complete Segal model structure). 

Proof. We will give the proof of (1); the proof of (2) is similar (but slightly easier). It is easy to see that 
sd'^ preserves cofibrations and admits a right adjoint. Proposition 4.3.11 implies that sd'^ preserves weak 
equivalences. To complete the proof, it will suffice to show that sd+ induces an equivalence from the homotopy 
category hSet^ to the homotopy category h(§etJ)/N(A)°p- Invoking Proposition 2.3.1, we can reduce to 
proving that the functor f+ = ^J+(A°'') o sd^ induces an equivalence from hSet^ to hFun(A°P, Set^). 
Proposition 4.3.10 allows us to replace by the functor F'~^, so that the desired result follows from 
Lemma 4.3.8. □ 

Corollary 4.3.14 (Joyal-Tierney). Let Q : SetA Fun(A°P, SetA) be the functor described as follows: 
for every simplicial set X, Q{X)n is the discrete simplicial set corresponding to the set HomsetA(^"') ^) of 
n-simplices of X . Then Q is a left Quillen equivalence from Set a (endowed with the Joyal model structure) 
to Fun(A°^,S) (endowed with the complete Segal model structure). 
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Proof. The functor Q evidently has a right adjoint, which carries a simplicial object X, of SetA to the 
simpHcial set given by [n] i— *■ }lom$et^{A'^ , Xn). It is easy to see that Q preserves cofibrations. To complete 
the proof, it will suffice to show that Q preserves weak equivalences and induces an equivalence of homotopy 
categories. To prove this, we first construct a natural transformation (3 : F ^ Q oi functors from SetA to 
Fun(A°^, SetA), which may be described as follows: for every simplicial set X, F{X)n can be described as 
the N(e)°P, where C denotes the category of diagrams of the form 

A" A™ ^ X. 

This category breaks up as a disjoint union of categories, indexed by the set HomsotA(^"i ^) of n-simplices 
of X, and this decomposition induces a map of simphcial sets (/3x)n : N(e)°^ Q{X)n. These maps depend 
functorially on X and n, and therefore determine a natural transformation jS : F ^ Q as desired. Note that 
the fiber of {/3x)n over an n-simplex a G HomsotA(^": ^) is isomorphic to the nerve of a category N(Ccr)''^, 
where denotes the category of diagrams of the form 




A" >X 

This category evidently has an initial object, where we take / to be the identity map. It follows that N(Ccr)°^ 
is weakly contractible for each a, so that {Px)n is a weak homotopy equivalence. Consequently, Px is a 
weak equivalence with respect to the injective model structure on Fun(A°^, SetA), and in particular with 
respect to the complete Segal model structure. It will therefore suffice to show that the functor F preserves 
weak equivalences and induces an equivalence on homotopy categories. This follows from the factorization 
F ~ S^.(A°f ) o sd and Theorem 4.3.13. □ 

Corollary 4.3.15. Let E : Fun(A°^, SetA) — > SetA denote the functor given by the coend 

X.^ J Xix (A")^ 

Then E determines a left Quillen equivalence from Fun(A°^, SetA) {endowed with the complete Segal model 
structure) to Set^. 

Proof. We observe that E has a right adjoint, given by the formula 

X^([r^]^Map^((A")^X)). 

Let A denote the category Fun(A°^, SetA) of bisimplicial sets, endowed with the injective model structure. 
Note that this coincides with the Reedy model structure on SetA (Example T. A. 2. 9. 21). Since the standard 
simplex [n] (A")'' is a Reedy cofibrant cosimplicial object of Set^, Proposition T. A. 2. 9. 26 guarantees that 
the functor E : A ^ Set J is a left Quillen functor. We wish to prove that E is also a left Quillen functor 
with respect to the complete Segal model structure on Fun(A''^, SetA)- In view of Proposition T.A.3.7.9, 
this is equivalent to the assertion that the right adjoint of E carries fibrant objects of Set^ to fibrant objects 
of Fun(A°^, SetA)- Let X e Set^ be fibrant, so that X = (6, £) where C is an oo-category and £ is the 
collection of all equivalences in 6. Then the right adjoint of E carries X to the simplicial object Y, of SetA, 
where is the largest Kan complex contained in the oo-category Fun(A", 6). Then Y, is injectivcly fibrant, 
and determines a simplicial object Z, of S; we wish to prove that Z, is a complete Segal space object of S. 
We first claim that Z, is a category object of S. In other words, we claim that for each n > 0, the canonical 
map Zn Zi X Zo . . . X Zo ^1 '^s. a, weak equivalence. This follows from the observation that the inclusion 

A{0.1}]Ja{1'2}-Q -Q ^{n-l,n}^A" 

{1} {2} {n-1} 
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is a categorical equivalence. Let Z'^ be the miderlying groupoid object of Z». Unwinding the definitions, we 
can identify Z', with the simplicial object of S given by the formula 



W ^ Map^((A")«,X) C Map^((A")^X). 

Since every map [to] — > [n] in A induces a weak equivalence (A'")" (A")^ of marked simplicial sets, we 
conclude that Z', is a constant groupoid object of §, so that Z, is a complete Segal space object as desired. 
This completes the proof that is a left Quillcn functor. 

To prove that is a left Quillen equivalence, it will suffice (by virtue of Corollary 4.3.14) to show that 
the composite functor Q o E : SetA — > Set^ is a left Quillen equivalence; this is a special case of Theorem 
T.3.1.5.1. □ 

Corollary 4.3.16. Let f : N(A) Catoc be the functor induced by the Yoneda embedding A SetA, and 
let F : J'(N(A)) Catoc be a functor which preserves small colimits such that the composition of F with 
the Yoneda embedding j : N(A) — > J'(N(A)) is equivalent to f (the functor F exists and is unique up to 
equivalence, by virtue of Theorem T. 5. 1.5.6). Then F admits a fully faithful right adjoint G. Moreover, the 
essential image of S consists precisely of the complete Segal space objects of §. In particular, we have an 
equivalence Catoo — > CSS§. 

Proof. Let A be the simplicial model category Fun(A''^, SetA), endowed with the injective model structure. 
Let F' : N(A°) N((§et^)°) ~ Catoo be the functor induced by the simphcial left Quillcn functor E 
of Corollary 4.3.15, so that F' corresponds to F under the equivalence (j) : Fun(N(A)°^', S) ~ J'(N(A)) of 
Proposition T.4.2.4.4. Corollary 4.3.15 implies that F' admits a fully faithful right adjoint whose essential 
image corresponds (under the equivalence (f)) to the full subcategory spanned by the complete Segal space 
objects. □ 



4.4 Application: Automorphisms of Catoo 

For every oo-category C, the opposite simplicial set 6°^ is again an oo-category. We will see below that 

the construction C determines an equivalence from the oo-catcgory Catoo to itself. In fact, this is 

essentially the only nontrivial self-equivalence of Catoo- More precisely, we have the following result due to 
Toen (see [65]): 

Theorem 4.4.1. [Toen] Let £ denote the full subcategory o/Pun(Catoo, Catoo) spanned by the equivalences. 
Then £ is equivalent to the (nerve of the) discrete category {id, r}, where r : Catoo — * Catoo is a functor 
which associates to every oo-category its opposite. 

Our goal in this section is to give a proof of Theorem 4.4.1. We first outline the basic strategy. Fix an 
equivalence / from Catoo to itself. The first step is to argue that / is determined by its restriction to a 
reasonably small subcategory of Catoo- To prove this, we will introduce the notion of a subcategory C° C C 
which strongly generates C (Definitions 4.4.2 and 4.4.6). We will then show that Catoo is strongly generated 
by the subcategory consisting of nerves of partially ordered sets (in fact, it is generated by an even smaller 
subcategory: see Example 4.4.9). This will allow us to reduce to the problem of understanding the category 
of self-equivalences of the category of partially ordered sets, which is easy to tackle directly: see Proposition 
4.4.13. 

We begin by introducing some definitions. 

Definition 4.4.2. Let / : C — »■ D be a functor between cx)-categories. We will say that / is strongly generates 
the oo-category D if the identity transformation id : / — > / exhibits the identity functor idu as a left Kan 

extension of / along /. 

Remark 4.4.3. In other words, a functor f : Q ^ D strongly generates the oo-category D if and only if, for 
every object G D, the evident diagram (C Xd D/d)'^ — >^ "^^/d ~^ ^ exhibits D as a colimit of the diagram 
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(C x© D/o) ^ e ^ D . In particular, this implies that every object of D can be obtained as the colimit of 
a diagram which factors through 6. Moreover, if 6 is small and D is locally small, then the diagram can be 
assumed small. 

Remark 4.4.4. Let / : 6 ^ D be a functor between cxD-categories, where C is small, D is locally small, and 
D admits small colimits. In view of Theorem T. 5. 1.5. 6, we may assume without loss of generality that / 
factors as a composition 

e ^ j'(e) ©, 

where j denotes the Yoncda embedding and F preserves small colimits. Corollary T.5.2.6.5 implies that F 
has a right adjoint G, given by the composition 

2)^Pun(D''f,S)^3'(e), 

where j' denotes the Yoneda embedding for D; moreover, the transformation 

f = Foj^{Fo{GoF))ojc^{FoG)of 

exhibits {F o G) as a left Kan extension of / along itself. It follows that / strongly generates D if and only 
if the counit map F oG ^ id© is an equivalence of functors. This is equivalent to the requirement that the 
functor G is fully faithful. 

In other words, the functor / : C — > 2) strongly generates D if and only if the induced functor F : J'(C) 
D exhibits D as a localization of CP(C). In particular, the Yoneda embedding C — > T(C) strongly generates 
J'(e), for any small oo-category C. 

Remark 4.4.5. Let / : 6 ^ D be as in Remark 4.4.4, and let £ be an oo-catcgory which admits small 
colimits. Let Fun''(D, £) denote the full subcategory of Fun(D, £) spanned by those functors which preserve 
small colimits. Then composition with / induces a fully faithful functor Fun°(2),£) Fun(e, £). This 
follows from Theorem T.5. 1.5.6, Proposition T.5. 5.4.20, and Remark 4.4.4. 

Definition 4.4.6. generates!stronglystrongly generates Let 6 be an oo-category. We will say that a full 
subcategory 6° C 6 strongly generates G if the inclusion functor 6° — »■ 6 strongly generates C, in the sense 
of Definition 4.4.2. 

Remark 4.4.7. In other words, C*' strongly generates C if and only if the identity functor ide is a left Kan 
extension of ide | C°. It follows from Proposition T.4.3.2.8 that if 6° C 6^ C 6 are fuU subcategories and 6° 
strongly generates C, then also strongly generates C. 

Example 4.4.8. The oo-category § of spaces is strongly generated by its final object; this follows immedi- 
ately from Remark 4.4.4. 

Example 4.4.9. The oo-category Catoo is strongly generated by the full subcategory consisting of the 
objects {A"}„>o. This follows immediately from Corollary 4.3.16. 

It follows from Remark 4.4.7 and Example 4.4.9 that Catoo is strongly generated by the full subcategory 
spanned by those oo-categories of the form NP, where P is a partially ordered set. Our next step is to 
describe this subcategory in more intrinsic terms. 

Proposition 4.4.10. Let C be an oo-category. The following conditions are equivalent: 

(1) The oo-category C is equivalent to the nerve of a partially ordered set P. 

(2) For every oo-category D and every pair of functors F,F':D^C such that F{x) ~ -^'(a;) for each 
object X gD, the functors F and F' are equivalent as objects o/Fun(D, 6). 
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(3) For every oo-category T), the map of sets 



TTo Mape^t^ (2), 6) ^ Homset(7ro Mapg^t^ (A°, D), ttq Mapcat^ (A°, 6)) 

is injective. 

Proof. The implication (1) (2) is obvious, and (3) is just a restatement of (2). Assume (2); we will show 
that (1) is satisfied. Let P denote the collection of equivalence classes of objects of C, where a; < y if the 
space Mape(.T,y) is nonempty. There is a canonical functor 6 ^ NP. To prove that this functor is an 

equivalence, it will suffice to show the following: 

(*) For every pair of objects G C, the space Mapg(.T,y) is cither empty or contractible. 

To prove (*), we may assume withoiit loss of generality that C is the nerve of a fibrant simplicial category 
6. Let X and y be objects of 6 such that the Kan complex K — Mapg-(a;, y) is nonempty. We define a new 
(fibrant) simplicial category D so that D consists of a pair of objects {x', y'}, with 

Map^ix', x') - Map^(j/', y') ~ 

Map:^(.x', ?/) =i K Map^(y', x') ~ 0. 
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We let F, F : D ^ 6 be simphcial functors such that F{x') = F (x') = x, F{y') = F [y') = y, where F 
induces the identity map from Map^(a;',y') = K = Mapg-(a;, y) to itself, while F induces a constant map 

from K to itself. Then F and f' induce functors F and F' from N(D) to 6. It follows from assumption (2) 
that the functors F and F' are equivalent, which implies that the identity map from K to itself is homotopic 
to a constant map; this proves that K is contractible. □ 

Corollary 4.4.11. Let a : Catoo Catoo &e an equivalence of oo- categories, and let C be an oo-category 
{which we regard as an object of Catoo)- Then 6 is equivalent to the nerve of a partially ordered set if and 
only if <t{G) is equivalent to the nerve of a partially ordered set. 

Lemma 4.4.12. Let a, a' G {idA,?"} C Fun(A, A), where r denotes the reversal functor from A to itself. 
Then 

HomF„„(A,A)(a-,o- ) = <^ , 
[{id} tf(T = a'. 

Proof. Note that a and a' are both the identity at the level of objects. Let a : a ^ a' be a natural 
transformation. Then, for each n > 0, is a map from [n] to itself. We claim that a[„] is given by the 
formula 

'' ■ if a = a' 

- i if a ^ a'. 



a[n](i) = 



To prove this, we observe that a choice of i e [n] determines a map [0] [n], which allows us to reduce to 
the case n = (where the result is obvious) by functoriality. 

It follows from the above argument that the natural transformation a is uniquely determined, if it exists. 
Moreover, a is a well-defined natural transformation if and only if each «[„] is an order-preserving map from 
[n] to itself; this is true if and only if a = a'. □ 

Proposition 4.4.13. Let 7 denote the category of partially ordered sets, and let a : f ^ V be an equivalence 
of categories. Then a is isomorphic either to the identity functor idy or the functor r which carries every 
partially ordered set X to the same set with the opposite ordering. 
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Proof. Since a is an equivalence of categories, it carries the final object [0] € T to itself (up to canonical 
isomorphism). It follows that for every partially ordered set X, we have a canonical bijection of sets 



?7x : X ~ Homy([0],X) ~ Homy((T([0]), ct(X)) ~ Homy([0], (t(X)) ~ a{X). 

Wc next claim that cr([l]) is isomorphic to [1] as a partially ordered set. Since ry[i] is bijective, the partially 
ordered set (t([1]) has precisely two elements. Thus cr([l]) is isomorphic either to [1] or to a partially ordered 
set {x,y} with two elements, neither larger than the other. In the second case, the set IIomg>((7([l]), (t([1])) 
has four elements. This is impossible, since a is an equivalence of categories and Hom3>([l], [1]) has only 
three elements. Let a : cr([l]) [1] be an isomorphism (automatically unique, since the ordered set [1] has 
no automorphisms in 7). 

The map a o r/^i] is a bijection from the set [1] to itself. We will assume that this map is the identity, and 
prove that cr is isomorphic to the identity functor idy. The same argument, applied to a or, will show that 
if a o T^j]^] is not the identity, then a is isomorphic to r. 

To prove that a is equivalent to the identity functor, it will suffice to show that for every partially ordered 
set X , the map rjx is an isomorphism of partially ordered sets. In other words, we must show that both r]x 
and rj^^ are maps of partially ordered sets. We will prove that r/x is a map of partially ordered sets; the 
same argument, applied to an inverse to the equivalence cr, will show that rj^^ is a map of partially ordered 
sets. Let x,y G X satisfy x < y; we wish to prove that rix{x) < rjx{y) in (t{X). The pair (x,y) defines a 
map of partially ordered sets [1] X. By functoriality, we may replace X by [1], and thereby reduce to 
the problem of proving that 77[i] is a map of partially ordered sets. This follows from our assumption that 
a o ?7[;^] is the identity map. □ 

Proof of Theorem 4-4-1- Let C be the full subcategory of Catoo spanned by those oo-categories which are 
equivalent to the nerves of partially ordered sets, and let C° denote the full subcategory of 6 spanned by 
the objects {A"}„>o. Corollary 4.4.11 implies that every object cr e £ restricts to an equivalence from 6 to 
itself. According to Proposition 4.4.13, <j\ C is equivalent either to the identity functor, or to the restriction 
r| C. In either case, we conclude that a also induces an equivalence from 6° to itself. 

Using Example 4.4.9 and Remark 4.4.5, we deduce that the restriction functor £ Fun(e°, 6°) is fully 
faithful. In particular, any object cr G £ is determined by the restriction a\ C, so that a is equivalent to either 
id or r by virtue of Proposition 4.4.13. Since 6° is equivalent to the nerve of the category A, Lemma 4.4.12 
implies the existence of a fully faithful embedding from £ to the nerve of the discrete category {id, r}. To 
complete the proof, it will suffice to show that this functor is essentially surjective. In other words, we must 
show that there exists a functor R : Catoo Catoo whose restriction to C is equivalent to r. 

To carry out the details, it is convenient to replace Catoo by an equivalent oo-category with a slightly more 
elaborate definition. Recall that Catoo is defined to be the simplicial nerve of a simplicial category Cat^, 
whose objects are oo-categories, where Mapga^jA {X,Y) is the largest Kan complex contained in Fun{X,Y). 
We would like to define R to be induced by the functor X X°p, but this is not a simplicial functor from 
Cat^ to itself; instead we have a canonical isomorphism Mapg.-^^A {X°p, ~ Mapg^^^A {X, However, 

if we let Cat(^ denote the topological category obtained by geometrically realizing the morphism spaces in 
Cat^, then i induces an autoequivalence of Cat^ as a topological category (via the natural homeomorphisms 
\K\ ^ \K°P\, which is defined for every simplicial set K). Wc now define Cat'^^ to be the topological nerve 
of Cat;^ (see Definition T. 1.1. 5. 5). Then Cat^,,^ is an oo-category equipped with a canonical equivalence 
Catoo Cat^, and the involution i induces an involution I on Cat^, which carries each object 2) e Cat'^^ 
to the opposite oo-category D°^. We now define R to be the composition 

where the last map is a homotopy inverse to the equivalence Catoo Cat'oo- It is easy to see that R has 
the desired properties (moreover, we note that for every object D e Catoo, the image RD is canonically 
equivalent with the opposite oo-category D°^). □ 
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4.5 Application: Comparison of Universal Fibrations 

Let S — {S, T) be a scaled simplicial set. The scaled straightening and unstraightening functors ^t^'^-g and 
Un'^'^^ of §3.5 are analogous to the functors Stg and Uns introduced in §T.3.2. However, it is difficult 
to relate them by a direct combinatorial construction. Our goal in this section is to show that they are 
nevertheless related by virtue of universal properties enjoyed by both constructions. Our argument makes 
use of the classification of self-equivalences of Catoo established in §4.4. 

Definition 4.5.1. Let Catoc denote the scaled nerve N'''^(§et where §et^° denotes the full subcategory 
of Set^ spanned by the fibrant objects (viewed as an Set^-enriched category). Then Catoo is a (large) scaled 
simplicial set, which is an oo-bicategory by Remark 4.2.9. We will refer to Catoo as the oo-bicategory of 
oo-categories. Note that the underlying oo-category of Catoo (obtained by discarding all simplices which 
contain non-thin faces as in Remark 4.1.3) is canonically isomorphic to the oo-category Catoo- 

Let (f) : C^'^ [Catoo] Set^ be the composition of the counit map with the inclusion §et^ C Set J. It 
follows from Proposition 3.5.5 that Un'^^catoo (<^) is a fibrant object of (§et^)/cat^- which we can identify 
with a locally coCartesian fibration q : Z —> Catoo- We will refer to q as the universal locally coCartesian 
fibration. 

Given a scaled simplicial set S = {S, T) and a fibrant object X E (Set^)^-^, we will say that X is 

classified by a map x ■ S ^ Catoc if X is isomorphic to Un^^^'((/)), in the homotopy category h(Set^)^g, 

where x' ■ ^^"^[S] Set^° is adjoint to In this case, we will also say that x is classified by the fibrant 
object X e (§ef^) y^, or by the underlying locally coCartesian fibration X ^ S. 

Proposition 4.5.2. Let S be a small marked simplicial set, and (j) : S ^ Q a weak equivalence o/§et^- 
enriched categories. Let 3", S : 6 — > (Set^)° be BetX-enriched functors. The following conditions are equiva- 
lent: 

(1) The functors "S and S are homotopic in the homotopy category of (large) §iei\- enriched categories. 

(2) The functors 5" and S are isomorphic in the homotopy category (Set^)*^. 

(3) The objects Un^'^^ J and Un^'^^ S are isomorphic in the homotopy category of (§ef^) j-g. 

(4) The compositions o cf) -. S ^ Catoo and €^^{3) o : 5 — > Catoo are homotopic in the model 
category of (large) scaled simplicial sets. 

Proof. The equivalence of (2) (3) follows from Theorem 3.8.1, and the cqiuvalence (1) <^ (4) from Theorem 
4.2.7. It will therefore suffice to prove that (1) and (2) are equivalent. Suppose first that (1) is satisfied. 
Choose a weak equivalence / : C' — > C, where 6 is cofibrant. Then the adjoint functors (/:,/*) determine a 
Quillen equivalence of (§et^)^ with (Set^)'^. Consequently, it will suffice to show that /* J and /* S are 
isomorphic in the homotopy category of (Set^)^ . We may therefore replace C by C', and thereby reduce to 
the case where C is cofibrant. Since 3" and S are homotopic, there exists a cylinder object 

for e, such that the map JUS : CIJC ^ (Set^)" extends to a functor J{ : C" ^ (SetJ)". Since tt is a 
weak equivalence, the adjoint fimctors (k\,w) determine a Quillen equivalence of (Set^)*^ with (Set^)*^, so 
that there exists an object 'Kq S (Set^)*^ such that 'K is isomorphic to tt* IKq in the homotopy category of 
(SetJ)^ . It follows that J and S are both isomorphic (in the homotopy category of (Set^)'^) to the functor 

Jfo, and are therefore isomorphic to one another. 

Now assume that (2) holds. We define a (large) Sct^-enrichcd category M as follows: 

• The objects of M are trivial fibrations a : X —^Y m. Set^, where Y e Set^ is fibrant. 
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• Given a pair of objects a : X ^ Y and (3 : X — > y in M, we let Mapjyj (a, /3) denote the marked 
simplicial set 

• Composition is defined in the evident way. 

We have canonical projections ttq, tti : M — > (Set given by the formula 



7ri(a :X^Y) 



X if i = 
F if i = 1. 



Moreover, we have a diagonal embedding 5 : (§etj)° M, which carries an object X G (§etj)° to the 
identity map id : X ^ X. Wo claim that tti is an cqiiivakuicc of §ct^-cnriclicd categories. The essential 
surjectivity of tti follows from the equation niod = id; to prove that tti is fully faithful, we observe that the 
projection map 

MaPset+(^>^') XMap^^^+(x,F') Maps^,+ (F, F') ^ Mapg^,+ (F,F') 

is a trivial fibration whenever the map X ~* Y is a trivial fibration. It follows from the two-out-of-three 
property that the maps 5 and ttq are also equivalences of Set^-enriched categories. 

Since and S are fibrant objects of (Set^)*^, there exists a fibrant-cofibrant object £ £ (SetJ)*^ and a 
pair of trivial fibrations 3^ ^ £ ^ S. The trivial fibration £ ^ 5" determines a functor 3i : C ^ M, so 
that £ = ttq o J{ and 5" = tti o 5{. We can therefore regard !K as a right homotopy from £ to 3^. The same 
argument shows that £ and S are homotopic, so that 3^ is homotopic to S by transitivity; this completes the 
proof of (1). □ 

Remark 4.5.3. Let 5 be a scaled simplicial set, C an cx)-bicategory, and f,g : S ^ G a, pair of maps. Fix 
a contractible Kan complex K containing a pair of distinct vertices x and y. The following conditions are 
equivalent: 

• The maps / and g are homotopic (with respect to the model structure on Set^ described in Theorem 
4.2.7). 

• There exists a map h : x S ^ C such that / = ft^|{a;})j x S and g = h\{y}j^ x S. 

In this case, we will say that h is & homotopy from / to g. To establish the equivalence, it suffices to show 
that the diagram 

{a;,y}ti xSCK^xS^S 
exhibits x S as a cylinder object for S, which follows from Lemma 4.2.6 and Proposition 3.5.10. 

Corollary 4.5.4. Let S = {S, T) he a small marked simplicial set, and let X G (Sef^)^^ he a (small) fihrant 

object. Then there exists a map % : 5 — > Catoo which classifies X. Moreover, x is uniquely determined up 
to homotopy. 

In other words, the "classification" relation of Definition 4.5.1 determines a bijection between equivalence 
classes of fibrant objects of (§et^)^^ and homotopy classes of diagrams S Catoo, for every small scaled 

simplicial set S. For technical purposes, it will be important to have a generalization of this result when S 
is not assumed to be small. To establish this generalization, we need to introduce a bit of notation. 

Notation 4.5.5. Let k be an uncountable regular cardinal. We let CatJ^ denote the nerve N-(§eti°'''), 
where Set^"'" denotes the full subcategory of Set^ spanned by the K-small fibrant-cofibrant objects. 

Corollary 4.5.6. Let S = {S,T) he a (small) m,arked simplicial set, let X = {X,M) e (§et^)y^ he a (small) 
fihrant object, and let k be an uncountable regular cardinal. The following conditions are equivalent: 
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(1) For every vertex s of S, the fiber Xg is essentially K-small. 

(2) The object X is classified by a map x' S ^ C!at^ . 

Moreover, if these conditions are satisfied, the map x is uniquely determined up to homotopy. 

Proof. Let C denote the scaled nerve N'"^(eo), where Co is the full subcategory of §ct^ spanned by the 
fibrant-cofibrant objects which arc essentially K-small. Since the inclusion Set J ' C Co is a weak equivalence 
between fibrant Set^-enriched categories, the inclusion i : Cat^ C C is a weak equivalence between fibrant 
oo-bicategories. Consequently, assertion (2) is equivalent to the following: 

(2') The object X is classified by a map x' • 5* ^ 6, which is determined imiqucly up to homotopy. 

The equivalence of (1) with (2') follows immediately from Corollary 4.5.4. Now suppose that (1) is satisfied, 
so that there exist maps x and x' satisfying (2) and (2'), respectively. We wish to show that x is uniquely 
determined up to homotopy. Since i is a weak equivalence, it will suffice to show that x' is uniquely 
determined up to homotopy. This follows immediately from the description of homotopies supplied by 
Remark 4.5.3. □ 

Corollary 4.5.7. Let S = {S,T) be a scaled simplicial set (not necessarily small), and let X e (§et^) be 
S-fibered. The following conditions are equivalent: 

• For every vertex s in S, the fiber Xg is essentially small. 

• The object X is classified by Q> map X '• S — ^ CatoQ . 

Moreover, in this case, x is determined uniquely up to homotopy. 

Proof. This is a special case of Corollary 4.5.6, applied in a larger universe. □ 

Corollary 4.5.8. Let S be a simplicial set (not necessarily small), and letp : X S be a locally coCartesian 
fibration. The following conditions are equivalent: 

• For every vertex s G S , the fiber Xg is essentially small. 

• The object {X,M) € (Set^)/5^ is classified by a map x '■ S\, ^ Catoo- Here M denotes the collection 
of all locally p-coCartesian edges of X. 

If these conditions are satisfied, then x is uniquely determined. Moreover, p is a coCartesian fibration if and 
only if X factors through . 

Suppose that p : X S is a, Cartesian fibration of simplicial sets whose fibers are essentially small. 
Corollary 4.5.8 implies that p is classified by a map of scaled simplicial sets Catoo, which we can 

identify with a map of ordinary simplicial sets x '■ S —>■ Catoo- In this case, we will also say that x classifies 
the coCartesian fibration p, or that p classifies the map x- However, there is now some danger of confusion: 
in §T.3.3.2, we said that a coCartesian fibration p : X —>■ S is classified by a map x ■ S —>■ Catoo if the 
Cartesian fibration X°p 8°^ is classified by x> in the sense of Definition T.3.3.2.2. These definitions are 
not equivalent. Instead, we have the following: 

Proposition 4.5.9. Let p : X ^ S be a coCartesian fibration of simplicial sets, and assume that the fibers 

of p are essentially small. Let x ■ ^ Catoo be a map of scaled simplicial sets which classifies the object 
X'^ G (in the sense of Definition 4-5.1), corresponding to a map of simplicial sets Xo '■ S ^ Catoo- 

Let ^ : S — »■ Catoo be a functor which classifies the Cartesian fibration X°p — > S"^, in the sense of Definition 
T.3.3.2.2. Then xo is homotopic to ro^, where r : Catoo — > Catoo is the functor which carries each oo-category 
to its opposite (up to homotopy; see Theorem 4-4- V- 
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Proof. Let S = Catoo and let p : X —> S he the universal coCartesian fibration. In this case, the classifying 
functors Xo,^ '■ S Catoo are equivalences of oo-categories so that xo is homotopic to t/^ o ^ for some 
equivalence ip from Catoo to itself. It follows by functoriality that xo is homotopic to ?/'oC for any coCartesian 
fibration p : X ^ S with essentially small fibers. Theorem 4.4.1 implies that ip is equivalent to either r or 
the identity functor id : Catoo — > Catoo- To complete the proof, it will suSice to show that the latter case 
is impossible. To see this, we take S to consist of a single vertex. In this case, we can identify xo with the 
vertex of Catoo corresponding to the oc-catc!gory X, while ^ corresponds to the vertex of Catoo corresponding 
to the oo-category X°p. In general the cxD-categories X and X°p are not equivalent. □ 

Remark 4.5.10. The proof of Proposition 4.5.9 is somewhat unsatisfying: it proceeds via a classification 
of all criuivalcnccs of Catoo with itself, rather than by establishing a direct relationship between the functors 
Xo and ^. It seems difficult to describe this relationship using the simplicial language presented here. The 
classifying functor xo is defined using the scaled straightening functor of Definition 3.5.4, while ^ is defined 
in terms of the ordinary straightening functor defined in §T.3.2.1. These straightening functors play similar 
philosophical roles, but are implemented differently in the formalism of simplicial sets and do not seem to 
be directly comparable to one another. 



5 The Goodwillie Calculus 

Let C be a presentable pointed oo-category. Then we can consider also the cx)-category Sp(C) of spectrum 
objects of C (see §S.8). The following question arises naturally: to what extent can Sp(C) be regarded as a 
functor of C? For example, suppose that F : C ^ D is a functor between pointed presentable oo-categories. 
Under what conditions does F determine a functor from Sp(C) to Sp('D)? The most obvious case to consider 
is when the functor F is left exact. In this case, composition with F determines a / : Sp(C) Sp{D). This 
functor / fits into a commutative diagram 



Sp(C) 



■ Sp(D) 



D. 



There is a dual situation which is equally important. Suppose that the functor F preserves small colimits. 
Applying Corollary T.5.5.2.9, we deduce that F admits a right adjoint G. Since G is left exact, we can apply 
the above reasoning to obtain an induced functor g : Sp(D) — * Sp(C). We can use Corollary T.5.5.2.9 again 
to deduce that g admits a left adjoint /. We can regard / as an "extension" of F, in the sense that the 
diagram 

Sp(C) ^ Sp(2)) 
C — 

commutes up to homotopy. 

This raises a number of questions. For example, suppose that a functor F : Q T) preserves small 
colimits and finite limits. In this case, we can apply either of the above constructions to produce a functor 
Sp(C) Sp(D): do the resulting functors coincide up to homotopy? On the other hand, suppose that F 
satisfies neither condition; can one still hope to find an exact functor / : Sp(C) Sp('D) which is somehow 
related to F? 

To answer these questions, let us recall a bit of terminology. A functor : C — » D is excisive if F 
carries zero objects of C to zero objects of D, and carries pushout diagrams in C to pullback diagrams in 
C. (Our terminology here is somewhat nonstandard; most authors do not require the preservation of zero 
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objects in the definition of an excisive functor.) According to Proposition 5.1.10, the cx;-catcgory of colimit 
preserving functors Fun^(Sp(e), Sp(D)) is equivalent to the full subcategory of Fun(e,2)) spanned by the 
excisive functors which preserve filtered colimits. Consequently, we may rephrase our problem as follows: 
given a functor F : Q D, can we choose an excisive functor F' : G ^ T> which preserves filtered colimits 
and is, in some sense, a best approximation to the original functor F? 

The Goodwillie calculus allows us to address these questions, provided that some mild assumptions are 
satisfied. Suppose that C and D be well-pointed oo-categories (see Definition 5.1.1). Let Funo(C),'D) denote 
the full subcategory of Fun(C, D) spanned by those functors which preserve zero objects and sequential 
colimits, and let Funexc(C, f) denote the full subcategory of Funo(C, 2)) spanned by the excisive functors. 
Then the inclusion Fmicxc(C, D) Q Funo(C, D) admits a left adjoint (Corollary 5.1.17), which carries a functor 
F € Funo(C,D) to its {Goodwillie) derivative DF — lini ^^ fl^^ o F o In this case, we can write DF as 
a composition o / o Eg^, where / : Sp(C) Sp(D) is an exact functor which we call the linearization 
of /. Finally, there is a chain rule: given a composable pair of functors F : C ^ D and G : D ^ £ with 
linearizations / : Sp(C) Sp(2)) and g : Sp(D) — > Sp(£), we can identify the composition g o f with the 
linearization of G o F (Proposition 5.1.23). 

Our goal in this section is to give an overview of some rudimentary parts of the Goodwillie calculus 
(specifically, the theory of first derivatives) using the language of oo-categories. (For a more comprehensive 
study of the Goodwillie calculus in the classical setting, we refer the reader to Goodwillie's work ([20], [21], 
and [22]); see also [35] and [1] for a discussion of the chain rule). We will begin in §5.1 by defining the 
linearization and Goodwillie derivative of a (well-pointed) functor F : C — > D, and establishing some of 
their basic formal properties. In §5.2 we will discuss the situation more systematically by introducing a 
notion of linearization for locally coCartesian fibrations: this can be regarded as a parametrized version of 
the stabilization construction C h- > Stab(C). We will apply this parametrized linearization construction in 
§5.3 to reformulate the theory of first derivatives using the (oo, 2)-categorical language introduced earlier in 
this paper. Finally, in §5.4 we will consider consider the relationship between the linearization of a functor 
F : e — > D and the linearization of its adjoint G. 

5.1 Derivatives and Lineeirizations of Functors 

Our goal in this section is to describe some of the basic notions from Goodwillie's calculus of functors. With 

an eye toward future applications, we will try to work in as general a setting is possible. We begin by 
axiomatizing the types of oo-categorics and functors to which the calculus can be applied. 

Definition 5.1.1. We will say that an oo-category 6 is well-pointed if the following conditions are satisfied: 

(1) The oo-catcgory C is pointed. 

(2) The oo-category 6 admits finite limits. In particular, the loop functor fie ^ C — > 6 is well-defined. 

(3) The oo-category 6 admits countable colimits. 

(4) The loop functor ile : C ^ C preserves sequential colimits. 

Definition 5.1.2. We will say that a functor F : C — > D between oo-categories is well-pointed if the following 
conditions are satisfied: 

(1) The oo-categories C and D are well-pointed. 

(2) The functor F preserves zero objects and sequential colimits. 

Notation 5.1.3. If F : 6 D is a well-pointed functor between oo-categories, then we let F+ : PSp(C) 
PSp(D) denote the functor given by composition with F. 

Proposition 5.1.4. Let F : G ^ T) be a well-pointed functor. LetLe : PSp(e) Sp(e) andL-r, : PSp(D) — > 

Sp('D) denote left adjoints to the inclusions. Suppose that a : X ^ X' is a map of prespectrum objects of C 
such that LQ{a) is an equivalence in Sp(C). Then L^F'^^a) is an equivalence in Sp(2)). 
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Proof. Let us say that a morphism a in PSp(C) is good if the induced map LDF^{a) is an equivalence in 
Sp(D). We wish to prove that if Le{a) is an equivalence, then a is good. The proof proceeds in several 
steps. 

(a) Let a : X ^ X' he a, map of prespectrum objects of 6 which induces equivalences X[n] X'[n] for 
n 3> 0. Then the map F~^{a) has the same property, so that Lq)F~^{a) is an equivalence by virtue of 
Remark S.8.18. It follows that a is a good morphism. 

(6) Let a : X ^ X' he such that Le{a) is an equivalence. We have a commutative diagram 



LeX ^ LeX', 

where the bottom horizontal map is an equivalence (and therefore good). Since the collection of good 
morphisms in PSp(C) has the two-out-of-three property, it will suffice to prove that the vertical maps 
are good. 

(c) Since the functors and L-o commute with sequential colimits, the collection of good morphisms in 
PSp(C) is stable under sequential colimits. 

{d) Corollary S.8.17 implies that the localization functor Lq can be written as the colimit of the sequence 
of functors L„ : PSp(e) — > PSp(e) described in Corollary S.8.16. It will therefore sufSce to show that 
each of the maps X LnX is good. This follows from (a). 

□ 

Definition 5.1.5. Let : C ^ D be a well-pointed functor, let / : Sp(C) Sp(D) be an arbitrary functor. 
Let a : F+| Sp(C) — »■ / be a natural transformation of functors from Sp(C) to PSp(D). We will say that a 
exhibits f as a linearization of F'^ if, for every object X € Sp(C), the induced map ax '■ — >■ f{X) 
exhibits f{X) as a Sp('D)-localization of F^(X). 

Remark 5.1.6. In the situation of Definition 5.1.5, there exists a natural transformation a : F+ 1 Sp(e) f 
which exhibits / as a linearization of F, and the functor / is uniquely determined up to equivalence. For 
example, we can take / = {Lq)oF~^)\ Sp(C), where Ld denotes a left adjoint to the inclusion Sp(2)) C PSp(2)). 

Remark 5.1.7. Let F : C ^ D be a well-pointed functor. It follows from Proposition 5.1.4, Proposition 
T. 5. 2. 7. 12, and Remark 5.1.6 that the composition Ld o-f"*" : PSp(e) — > Sp(D) is equivalent to foLe, where 
/ denotes a linearization of F. 

Proposition 5.1.8. Let F : G ^ D be a well-pointed functor, and let a : F+ f exhibit f as a linearization 
of F. Then f is an exact functor from Sp(C) to Sp{D). 

Proof. In view of Corollary S.10.9, it will suffice to show that for every object X G Sp(C), the canonical map 

Egp(23)/(-'^) .fC^Spie)^) is an equivalence in Sp(D). Let Le : PSp(C) Sp(C) denote a left adjoint to 
the inclusion, and let he defined similarly. Without loss of generality we may assume X = LqY for some 
Y e PSp(C). According to Proposition S.8.29, we have a pushout diagram 

LeY ^LeS+{Y) 



LeS-{Y) ^LeS{Y) 
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in Sp(C) (see Notation S.8.25); we wish to show that the induced diagram 

fLeY ^fLeS+{Y) 



fLeS-{Y) ^fLeS{Y) 

is a pushout diagram in Sp(D). Remark 5.1.7 impUes that fLe ~ L-bF~^. We observe that we have identities 

F+S{Y) = S{F+Y) F+S+{Y) = S+{F+Y) F+S-{Y) = S-{F+Y). 
It will therefore suffice to show that the diagram 

F+Y ^S+{F+Y) 



S-{F+Y) ^S{F+Y) 

becomes a pushout square after applying the functor L©, which follows from Proposition S.8.29. □ 

The following result characterizes the linearization of a functor F : C — > D by a universal property: 

Proposition 5.1.9. Let F : C — > D be a well-pointed functor, let a : F+ — > / exhibit f as a linearization 
of F, and let g : Sp(C) Sp(D) be any exact functor. Let Lq and Ld denote left adjoints to the inclusions 
Sp(C) C PSp(C) and Sp(2)) C PSp(D). Then the composite map 

MapFu„(Sp(e),sp(i.)(/>fi') ^ ^^PFun{PSp{e),Sp('D){f ° Le,g o Le) 

~ MapFu„(psp(e),sp(i.) {Lt, o F+ , g o Le) 
^ MapFu„(psp(e),PSp(D)(^"^>fi'°^e) 

^ MapF„„(e,D)(i^D o F+ o Sg=, fig o 5 o Le o 
~ Map^^^e,v){F,n^ogoi:^) 

is a homotopy equivalence. Here denotes the equivalence provided by Remark 5.1.7. 

Proof. We first observe that goL^ is a right Kan extension of the restriction {goLe) \ Sp(C) ~ g. This proves 

that 00 is a homotopy equivalence. The map (j)i is a homotopy equivalence by construction, and the map 02 
is a homotopy equivalence because the image oi go Lq is contained in the essential image of the localization 
functor Ld (namely, Sp(D)). 

For every integer n. let t„ : PSp(D) PSp"^^!^) denote the restriction functor. The mapping space 
M3'PFun(PSp(e),PSp(ii))(-^^5 5 o Lg) can be described as the homotopy inverse limit of the tower of spaces 

{Zn = MapFu„(psp(e),psp!!:„(i>) {tu ° F~^, Tnogo Le)}. 
It will therefore suffice to prove the following: 

(1) Composition with Eg' and the map e : PSp° ^^(CD) — > D given by evaluation at (0, 0) gives a homotopy 
equivalence 

Zq MapF„„(e,i,)(e o tq o o e o tq o gi o o S§=) ~ MapF„„(g_i,)(F, ft^ o g o S^). 

(2) For each n > 0, the restriction map Zn Zn-i is a homotopy equivalence. 
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Our next step is to compute the homotopy types of the spaces Z„. We will employ the conventions of 
Notation S.8.10. 

(a) Let T : PSp('D) ^ PSp^{D) denote the restriction map. Using Lemma S.8.12, we deduce that r„ o 
g takes values among those functors N((5(— oo,n)) D which are right Kan extensions of their 
restrictions to N((5(n, n)). It follows that the restriction map 

Zn MapFu„(psp(e),PSp:j(ii))(TO-P'"^,Toc/oLe) 

is a homotopy equivalence. 
(6) Combining (a) with Lemma S.8.13, we deduce that the restriction map 

Z„ ^ MapF„„(psp(e),B)(J^D ° f^^"" ° 5 ° ^e) = Map^,,^psp{e),'D) {F o fl^"", fl^"" o g o Le) 
is a homotopy equivalence. 

(c) Let £ denote the full subcategory of PSp(C) spanned by those functors which are suspension prespectra 

above n. Using Lemma S.8.20, we deduce that F o is a left Kan extension of its restriction to 

£. Combining this observation with (&), we deduce that the restriction map 

Zn ^ MapF^„(e,23)(i^ o Q'^-^, o g o Le) 

is a homotopy equivalence. 

(d) Let £o denote the full subcategory of £ spanned by the n-suspension prespectra. Using Lemma S.8.12 
and Remark S.8.18, we deduce that o ^ o Lgj £ is a right Kan extension of its restriction to £o. 
Combining this observation with (c), we deduce that the restriction map 

Zn - MapFu„(e„,D)(i^ o 17--", 17--" o 5 o Le) 

is a homotopy equivalence. 

(e) According to Proposition S.8.21, evaluation at {n,n) induces a trivial Kan fibration £o —>■ C, which 
admits a section -". Combining this observation with (d), we deduce that the map 

Zn ^ MapF„„(e,D) {F o Q^"" o 12^-" o g o Lq o E~-") = MapF„„(e,D) {F, 0^"" ° g o S^-") 

is a homotopy equivalence. 

We note that in the case n = 0, the map described by (e) agrees with the map appearing in statement (1), 
which is therefore a homotopy equivalence as desired. To prove (2), we observe that the restriction map 
Z{n) — > Z{n— 1) can be identified with a map 

V : MapF„„(e,D)(i^, ° 9 ° S^"") - Me.p^^^e,^^{F, o g o 

which is well-defined up to homotopy. We wish to show that tp is a, homotopy equivalence. Unwinding 
the definitions, we observe that tp is induced by composition with the canonical natural transformation 
g ^SpiD) ° 9 ° Ssp(2))- This transformation is an equivalence, by virtue of our assumption that g is an 
exact functor. □ 

We would like to use Proposition 5.1.9 to reformulate the definition of linearization. We begin with the 
following result: 
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Proposition 5.1.10. Let k be a regular cardinal. Let C and T) be pointed oo-categories which admit finite 
limits and n-small colimits, and suppose that the loop functor fl'j) commutes with n-small filtered colimits. 

Let Funo(Sp(C), Sp(D)) denote the full subcategory o/Fun(Sp(C), Sp(D)) spanned by those functors which 
preserve K-small colimits, and let 

9 : Funo(Sp(e), Sp(D)) ^ Fuii(e, D) 

be given by the formula F i-^ il"^ o F o Eg'. Then is fully faithful, and the essential image of consists of 
those functors which are excisive and preserve K-small filtered colimits. 

The proof of Proposition 5.1.10 requires the following lemma: 

Lemma 5.1.11. Let Q be a pointed oo- category which admits finite colimits, and let T) be a pointed oo- 

category which admits finite limits. Let K be a simplicial set such that 6 and D both admit K-indexed 
colimits, and suppose that the loop functor preserves K-indexed colimits. Then: 

(1) The oo-category Sp(2)) admits K-indexed colimits. 

(2) A diagram p : K'^ Sp(D) is a colimit if and only if f2^~" o p -. K^ — » Sp(2)) is a colimit, for each 
n > 0. 

(3) A functor : C — > Sp(D) preserves K-indexed colimits if and only if f2^~" o F : G ^ T) preserves 
K-indexed colimits, for every n > 0. 

(4) A right exact functor F : C — > Sp(D) preserves K-indexed colimits if and only if the excisive functor 
fl^ o F : e — > D preserves K-indexed colimits. 

Proof. Assertions (1) and (2) follow immediately from the description of Sp(D) as the homotopy inverse 
limit of the tower 

^ '2) ^ 2) 

(Proposition S.8.14). The implication (2) (3) is obvious. We now prove (4). The "only if" direction follows 
immediately from (3). For the converse, it suffices to observe that since F is right exact, the composition 
o F is equivalent to the functor fl'^ o F o Eg , and both o F and Eg preserve ii'-indexed colimits. □ 

Proof of Proposition 5.1.10. Using Proposition S.10.12 and Lemma 5.1.11, wc deduce that composition with 
induces an equivalence from Funo(C, Sp(D)) to the full subcategory of Fun(e, D) spanned by the excisive 
functors which preserve K-small filtered colimits. We now conclude by applying Corollary S.15.5. □ 

Remark 5.1.12. Let 3 be a filtered oo-category with only countably many simplices. Then there exists 
a cofinal map N(Z>o) —>■ 3. To prove this, we first invoke Proposition T. 5. 3. 1.16 to choose a cofinal map 
N(A) — > 3, where A is a filtered partially ordered; note that the proof of Proposition T. 5. 3. 1.16 produces 
a countable partially ordered set A in the case where C has only countably many simplices. Let A = 
{ao: ^1) 0^2) • • •}• Let bo = ao, and for each n > 1 choose an element 6„ G A which is an upper bound for 
the set {bn-i,an}. The sequence bo < bi < b2 < ■ . ■ determines a map N(Z>o) — + N(A); Theorem T. 4. 1.3.1 
implies that this map is cofinal. 

Remark 5.1.13. Using Remark 5.1.12, we deduce the following: 

(1) Let C be an oo-category. Then 6 admits countable filtered colimits if and only if it admits sequential 
colimits. (In particular, if C also admits finite colimits and sequential colimits, then 6 admits all 
countable colimits.) 

(2) Let F : e — > D be a functor where the cxD-category 6 satisfies the equivalent conditions of (1). Then F 
preserves countable filtered colimits if and only if F preserves sequential colimits. 



163 



Theorem 5.1.14. Let F : C ^ "D be a well-pointed functor and let f : Sp(C) Sp(D) be an exact functor 
which preserves sequential colimits. Suppose we are given a natural transformation a : F+ f of functors 
from Sp(C) to PSp('D). The following conditions are equivalent: 

(1) The transformation a exhibits f as a linearization of . 

(2) Let (3 denote the composition 

Eg- o F o 0~ = Eg" o 0~ o F+ ^ F+ /. 
Then, for every exact functor g : Sp(C) — > Sp(!D), composition with /3 induces a homotopy equivalence 
MapFun(Sp(e),Sp(ii))(/,5) ^ ^^PFiin{e,^)iP,^v ° 9 °'^e')- 

(3) For every well-pointed exact functor g : Sp(C) — > Sp(D), composition with (3 induces a homotopy 
equivalence 

MapFu„(Sp(e),sp(B))(/>5) ^ ^^VYnn{e,T:){F^^'S ° 9 °^e)- 

(4) Let 7 denote the composition 

F ^ F o o = o o ^ o / o si^. 

Then for every well-pointed excisive functor G : C — > D, composition with a induces a homotopy 
equivalence 

MapF„„(e,D)(i^D o / o G) ^ Me^p^^^e,^^{F, G). 

Proof. The implication (1) ^ (2) follows from Proposition 5.1.9, the implication (2) ^ (3) is obvious, and 

the equivalence (3) <^ (4) follows from Proposition 5.1.10 and Remark 5.1.13. To prove that (3) implies (1), 
let f = Lqo F+, where Lq : PSp(C) — > Sp(C) denotes a left adjoint to the inclusion. Since F preserves 
sequential colimits, the functor F+ has the same property, so that /' again preserves sequential colimits. 
Since /' is exact (Proposition 5.1.8), wc conclude that /' preserves countable colimits. Since / takes values 
in Sp(D), the map a factors as a composition 

F+ % f"^i f 

where a' exhibits /' as a linearization of F. We wish to prove that if condition (3) is satisfied by a, then 
a" is an equivalence. To prove this, it will sufiice to show that composition with a" determines a homotopy 
equivalence 

for every functor g G Fun'"(Sp(C), D)). This follows by applying the two-out-of-three property to the diagram 
M:aPFun(Sp(e),Sp(D)(/)5) ^ Mappun(Sp(e),Sp(i>)(/')fi') 



MapF„„(e,B)(i^,f^^o5oSg=); 

here the vertical maps are both homotopy equivalences because both a and a' satisfy condition (3). □ 

Remark 5.1.15. In the situation of Theorem 5.1.14, the natural transformation /3 : o F o Q.^" — > / 
is determined up to equivalence by property of (2). We will therefore adopt the following variation on the 

terminology of Definition 5.1.5: we will say that an arbitrary natural transformation /3 : E^ o F o fi^ f 
exhibits f as a linearization of F if the functor / is exact and condition (2) is satisfied (it follows in this case 
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that / automatically preserves countable colimits). Note in this case that (3 is determined up to homotopy 
by a number of adjoint transformations 

7 : F ^ o / o o F ^ / o F o ^ n~ o /; 

we will abuse terminology by saying that any one of these transformations exhibits f as a linearization of F. 

Similarly, we will say that a natural transformation ^ : F ^ F' exhibits F' as a derivative of F if 
the functor F' is well-pointed and cxcisivc, and condition (4) of Theorem 5.1.14 is satisfied. In this case, 
Proposition 5.1.10 implies that F' is equivalent to a composition fl'^ o / o E^, where / : Sp(C) Sp(D) is 
a functor which preserves small colimits. Then 7 exhibits F' as a derivative of F if and only if it exhibits / 
as a linearization of F; in other words, the notations of derivative and linearization are interchangable. 

Remark 5.1.16. Let F : C ^ D be a well-pointed functor. Then we can produce a derivative of F via the 
composition 

F' : e ^ PSp(e) ^ PSp(D) ^ Sp(D) ^ 2) . 

Combining this observation with the equivalence Ld ~ lim L„ of Corollary S.8.17, we deduce that F' is 
equivalent to the colimit lirti ^^ o F o Eg . 

Corollary 5.1.17. Let G and D be well-pointed 00-categories. Let £ denote the full subcategory o/Fun(C,D) 
spanned by the well-pointed functors, and £0 C £ the full subcategory spanned by the well-pointed excisive 
functors. Then £0 is a localization of £ . 

Proof. For every functor F G £, let / denote a linearization of /. Then the induced map F il^g' 0/0 Eg^ 
exhibits 0/0 as a £o-localization of F, by Theorem 5.1.14. □ 

We now study the linearization of functors in some special cases. 

Proposition 5.1.18. Let C and D be well-pointed 00-categories, and let F : G ^ D and f : Sp(C) Sp('D) 
be left- exact functors which preserve sequential colimits. Then a natural transformation a : Fofig^ — > Cl^of 
exhibits f as a linearization of F if and only if a is an equivalence. 

Proof. Since F is left exact, the functor F+ : PSp(C) PSp(!D) given by composition with F carries Sp(C) 
into Sp(D). It follows that the identity transformation exhibits F+| Sp(C) as a linearization of F. To prove 
the "only if" direction, we may assume without loss of generality that / = F+| Sp(e), in which case we can 
identify q: with the identity map from F o $1^ to itself. 

For the converse, let fo = F+| Sp(C) be as above, let a : Fo^Iq' ^^of be any natural transformation, 
and let /? : E^oFofig^ ^ / be adjoint to a. Since /o is a linearization of F, the map /? factors as a composition 

E^ o F o ^ /o ^ /. 

We wish to prove that (3" is an equivalence. For this, it suffices to prove that the induced map fl^ ° fo 
o / coincides with a, and is therefore an equivalence as desired. □ 

Corollary 5.1.19. Let F : G —>■ Ti be a left exact well-pointed functor, and let f : Sp(C) Sp(2)) be given 
by composition with F. Then the identity transformation F o Og= — »• o / exhibits f as a linearization of 
F. 

Proposition 5.1.20. Let G and D be well-pointed 00-categories and let F : G T) and f : Sp(C) Sp(D) 
be functors which preserve countable colimits. A natural transformation a : Eg" o F — > / o Eg' exhibits f as 
a linearization of F if and only if a is an equivalence. 
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Proof. We will prove the "only if" direction; the converse will then follow as in the proof of Proposition 
5.1.18. Wc observe that / o ~ / o o Ej^ ~ Ld o F+ o S^, where the second equivalence follows from 
Remark 5.1.7. Similarly, we can write Sip oi<" as a composition Lq^ oT,'^ oF. In terms of these identifications, 
the map a is obtained by applying L-o to the natural transformation 

To prove that Ld(q;o) is an equivalence, it will suffice to show that for every object C S 6, the map of 
prespectra _ _ 

Eg'F(C) ^F+oE^(C) 

induces an equivalence after evaluation at (n, n) for each n > (Remark S.8.18). Unwinding the definitions, 
we must show that the canonical map 

E?,F((7) ^ F(EgC) 

is an equivalence for n > 0, which follows from the assumption that F is right exact. □ 

Proposition 5.1.21. Let F : & ^ D he a well-pointed functor, f : Sp(C) — > Sp(CD) a well-pointed exact 
functor, and a : F o fl^ ff^ o / a nat'iiral transformation. Then a exhibits f as a linearization of F if 
and only if a exhibits fl'^ o f as a derivative of F o fi^. 

Proof. The functors / and are both left exact and well-pointed, so the composition fiig" o / is left exact 
and well-pointed. Since the domain of Cl^ o / is stable, it follows that fl"^ o / is excisive. Suppose first that 
a exhibits fl'^ o f as a derivative of F o fig^. We wish to prove that a exhibits / as a linearization of F. 
Let /3 : Eg" o F o f he the map adjoint to a, and let g : Sp(C) — > Sp(D) be an exact functor which 

preserves sequential colimits; we must show that composition with /? induces a homotopy equivalence 

1p : Mapirun(gp(e)_sp(li))(/,S') MapF„n(Sp(e),Sp(©))(^'D ° 

Using Proposition S.10.12 and the adjointness between E^ and O^, we can identify ip with the map 
MapFu„(Sp(e),i.)(^^© o /, 0~ o fif) ^ Mapp^^^Spie),-D){F on'^,n^og) 

induced by composition with a. This map is a homotopy equivalence by virtue of our assumption on a, 
and the fact that fiSp o g is a well-pointed excisive functor (this follows from the fact that and g are 
well-pointed and left exact, and the domain of fiig" o is stable). 

To prove the converse, let us suppose that a exhibits / as a linearization of F. The argument above 
shows that composition with a induces a homotopy equivalence 

MapFu„(Sp(e),i.)(^^© °f,G)^ ^aPFnn{Sp{e),'D)iF ° ^^e'. G) 

for every functor G : Sp(C) — *■ D which can be obtained as a composition fig" o where g : Sp(C) Sp(I') 
is cixact and commutes with sequential colimits. To prove that a exhibits Oip o / as a derivative of F o fl'g, 
it will suffice to show that every well-pointed excisive functor G : Sp(C) D can be obtained in this way. 
Using the excisiveness of G and Proposition S.10.12, we deduce that G fl'^og, where g : Sp(C) Sp(I') is 
exact. Using Lemma 5.1.11 and the compatibility of G with sequential colimits, we deduce that g preserves 
sequential colimits as desired. □ 

Corollary 5.1.22. Let G be a well-pointed oo-category. Then the identity transformation ide oilg' — > fig^ o 
idsp(e) exhibits the identity functor idsp(e) : Sp(C) Sp(C) as a linearization of the identity functor ide ■ 

Proof. By virtue of Proposition 5.1.21, it will suffice to show that the identity transformation exhibits 
Sl'g : Sp(C) ^ C as a derivative of itself. This is clear, since Og^ is well-pointed and excisive. □ 
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Proposition 5.1.23 (Chain Rule for First Derivatives). Let F : C — > D and G : D — > £ 6e well-pointed 
functors. 

(1) Assume that a : F o fl'^ Q'^ o f exhibits f : Sp(C) Sp(D) as a linearization of F, and that 
(3 : G o Q,^ r2g° o g exhibits g : Sp(D) Sp(£) as a linearization of G. Then the composite map 

-f. G o F ofl'^ G oCl?^ o f A flf o g o f 

exhibits go f as a linearization of Go F. 

(2) Assume that a : o F ^ f o Eg' exhibits f : Sp(C) Sp(D) as a linearization of F, and that 
(3 : Sg° oG ^ go exhibits g : Sp(D) — > Sp(£) as a linearization of G. Then the composite map 

7:E^oGoFA5oEgoF^5o/oE^ 
exhibits g o f as a linearization of G o F. 

Proof We will prove (1); the proof of (2) is similar. Let : PSp(D) Sp(D) and Le : PSp(£) ^ Sp(£) 
denote left adjoints to the inclusion functors. In view of Theorem 5.1.14, we may assume without loss of 
generality that / = Ld o F~^, g = Lg o G+, and that a and /? are given by the compositions 

FoQ^ = n^ oF+ oL'DoF+ = n^ o f 

G o = nf o G+ ^ o Li^ o G+ = o g. 
Then the map 7 factors as a composition 

G o F oQ'^ ^ Qf o Le o {G o F)+ Qf o o G+ o L-D o F+, 

where 7' exhibits -Le o (G o F)^ as a linearization of G o F. Consequently, it will suffice to show that 
7" is an equivalence. In other words, it will suffice to show that for X e PSp(D), the canonical map 
LeG^{X) LeG^{L'X)X) is an equivalence; this follows immediately from Proposition 5.1.4. □ 

The chain rule is most conveniently stated in terms of linearizations. However, in some cases it can also 
be rephrased in terms of derivatives: 

Proposition 5.1.24. Let F : G ^ D and G : D ^ £ be well-pointed functors. 

(1) Suppose that F is right exact, and let a : G ^ G' exhibit G' as a derivative of G. Then the induced 
map G o F ^ G' o F exhibits G' o F as a derivative ofGoF. 

(2) Suppose that G is left exact, and let j3 : F ^ F' exhibit F' as derivative of F. Then the induced map 
Go F G o F' exhibits G o F' as a derivative of G o F. 

Proof We will prove (2): the proof of (1) is similar. Let : PSp(D) ^ Sp(Ii) and Le : PSp(£) Sp(£) 
denote left adjoints to the inclusions. By virtue of Theorem 5.1.14 may assume without loss of generality 
that F' = o Ld o F+ o Eg', and that (3 is induced by the natural transformation idpsp(D) ^ -Ld- We 
have a commutative diagram 

nfoG+oF+o Ctf o Le. o G+ o F+ o E^ 

V v' 

nf oG+ oL'DoF+ o E~ — ^ n'^ o Le o G+ o L-D o F+ o Sg= 
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where u exhibits o o o o as a derivative of G o F, and we wish to prove that v exhibits 
G o F' = V>f^ o G^ o L'Xi o F+ o Sg^ as a derivative oi G o F. To prove this, it will suffice to show that the 
natural transformations u' and v' are equivalences. 

To prove that u' is an equivalenee, it will suffice to show that the functor G^ o L-o : PSp(D) PSp(£) 
takes values in Sp(£). Since Lx> takes values in Sp('D), this follows from the observation that G^ : PSp(I') 
PSp(£) carries Sp(I') into Sp(£), since G is left exact. To prove that v' is an equivalence, it will suffice to 
show that for every object X e PSp(D), the canonical map LsoG~^{X) — > oG+(LdX) is an equivalence, 
which follows from Proposition 5.1.4. □ 



5.2 Linecirization in Families 

In §5.1, we introduced the linearization f of a, well-pointed functor F : G ^ "D. To the functor F, we can 

associate a coCartesian fibration p : M. ^ such that C ~ M x^i{0} and CD ~ M x^i{l}. In this case, 
the linearization of F can be described directly in terms of the map p: it is the functor associated to another 
coCartesian fibration Sp{p) — > A^, such that Sp(p) x {0} ~ Sp(e) and Sp{p) x^i {1} ~ Sp('D). Our goal in 
this section is to define the oo-catcgory Sp(p) for a general locally coCartesian fibration of oo-catcgories, and 
to study its basic properties. Our main result is Theorem 5.2.10, which characterizes Sp(p) by a universal 
property. 

Definition 5.2.1. Let p : X ^ S he an inner fibration of simplicial sets. We define simplicial sets 

Sp(p) C PSp(p) C PSp(p) s 

as follows: 

• For every map of simplicial sets K ^ S, we have a canonical bijection 

Roms{K,'PSp{p)) ~ Roms{K x N(Z x Z),X). 

In particular, we can identify vertices of PSp(p) with pairs {s,F), where s is a vertex of S and 
F : N(Z X Z) ^ Xs is a functor. 

• We let PSp(p) denote the full simplicial subset of PSp(p) spanned by those vertices (s, F) such that F 
is a prespectrum object of Xg ■ 

• We let Sp(}j) denote the full simplicial subset of PSp(p) spanned by those vertices (s, F) such that F 
is a spectrum object of Xg. 

Definition 5.2.2. Let p : X ^ S he a locally coCartesian fibration of simplicial sets. We will say that p is 

well-pointed if the following conditions are satisfied: 

(z) For every vertex s in 5*, the fiber Xg is well-pointed. 

{ii) For every edge s — > s' in S, the associated functor Xg Xg' is well-pointed. 
We will say that p is stable if the following stronger conditions are satisfied: 
{i') For every vertex s in S, the fiber Xg is stable. 

{ii') For every edge s — > s' in S, the associated functor Xg — > Xgr is exact. 
Proposition 5.2.3. Let p : X ^ S be an inner fibration of simplicial sets. Then: 

(1) The maps Sp{p) — »■ PSp(p) — > S are inner fibrations. 

(2) Assume that: 
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(a) The map p is a coCartesian fibration. 

(b) For every vertex s € S, the oo-category is pointed. 

(c) For every edge / : s — *■ s' in S, the associated functor f\ : Xg ^ Xgf preserves zero objects. 
Then: 

{i) The induced map q : PSp{p) S is a coCartesian fibration. 

(ii) An edge x x' in PSp(p) is q-coCartesian if and only if the induced map x{n,n) x'{n,n) is a 

p-coCartesian edge in X , for every integer n. 

[Hi) Evaluation at (0, 0) determines a functor PSp(p) X which carries q-coCartesian edges to p- 
coCartesian edges. 

(2') Assume that: Assume that: 

(a) The map p is a Cartesian fibration. 

(6) For every vertex s G S, the oo-category Xg is pointed. 

(c) For every edge / : s — > s' in S, the associated functor f* : X^i Xg preserves zero objects. 
Then: 

{i) The induced map q : PSp(p) S is a Cartesian fibration. 

{ii) An edge x ^ x' in PSp(p) is q-Cartesian if and only if the induced map x{n,n) — > x'{n,n) is a 

p-Cartesian edge in X , for every integer n. 

(Hi) Evaluation at (0,0) determines a functor PSp(p) — *■ X which carries q-Cartesian edges to p- 
Cartesian edges. 

(3) Suppose that p satisfies the conditions (a) of (2), together with the following stronger versions of (b) 
and (c); 

(6') For every vertex s of S, the fiber Xg admits finite limits. 

(c') For every edge / : s — > s' in S, the induced functor f\ : Xg ^ Xgi is left exact. 

Then: 

(i) The induced map q : Sp{p) ^ S is a coCartesian fibration. 

{ii) An edge x ^ x' in Sp(p) is q-coCartesian if and only if the induced map x{n,n) x'{n,n) is a 
p-coCartesian edge in X, for every integer n. 

{Hi) Evaluation at (0,0) determines a functor Sp(p) — > X which carries q-coCartesian edges to p- 

coCartesian edges. 

(3') Suppose that p satisfies the conditions (a) of (2'), together with the following stronger versions of {b) 
and (c); 

(6') For every vertex s of S, the fiber Xg admits finite limits. 

(c') For every edge / : s — > s' in S, the induced functor f* : Xgi — > Xg is left exact. 
Then: 

{i) The induced map q : Sp{p) S is a coCartesian fibration. 

{ii) An edge x ^ x' in Sp{p) is q-coCartesian if and only if the induced map x{n,n) x'{n,n) is a 
p-coCartesian edge in X, for every integer n. 
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(iii) Evaluation at (0,0) determines a functor Sp(p) — > X which carries q-Cartesian edges to p- 
Cartesian edges. 

(4) Assume that p is a well-pointed coCartesian fibration. Then: 

(i) The induced map q : Sp(p) S is a coCartesian fibration. 

(ii) Let f : X ^ x' be an edge o/Sp(p) lying over an edge f : s ^ s' in S. Then f is q-coCartesian if 
and only if the induced map f\ox ^ x' exhibits x' € Sp(Xs/) as a Sp{Xs') -localization of f\ox in 
the oo-category PSp(Xs'). 

Proof. To prove (1), we consider the sequence of maps 

Sp(p) PSp(p) ^ PSp(p) ^ s. 

The first two maps are inclusions of full simplicial subsets, and therefore inner fibrations. The third map is a 
pullback of Fun(N(Z xZ),X) ^ Pun(N(Z x Z), 5), and therefore an inner fibration by Corollary T.2.3.2.5. 

We next prove (2); the proofs of (2'), (3), and (3') arc identical. Assume that p satisfies conditions (a), 
(b), and (c) of (2). Combining (a) with Proposition T. 3. 1.2.1, we deduce: 

{i') The map q : PSp(p) — » 5 is a coCartesian fibration. 

{ii') An edge x ^ x' in PSp(p) is q-Cartcsian if and only if the induced map x{m,n) x'{m,n) is a 
p- Cartesian edge in X, for every pair of integers m, n G Z. 

To deduce (i) from {i'), it suffices to observe that {ii') and (c) imply that for every g-coCartesian edge 
X ^ y, ii X G PSp(p), then y e PSp(p). Moreover, an edge of PSp(p) is g-coCartesian if and only if it is a 

^'-coCartesian edge of PSp(p). Assertion {ii) follows from {ii'), together with the observation that an edge 
X ^ y in PSp(p) automatically induces p-coCartesian edges x{m,n) x'{m,n) for m ^ n, by virtue of (c). 
Assertion {Hi) follows immediately from {ii). 

We conclude by observing that (4) follows from (2), Proposition 5.1.4, and Lemma M.1.3.8. □ 

Remeirk 5.2.4. Let p : X — > 5 be a map of simplicial sets satisfying the hypotheses of part (4) of Proposition 
5.2.3. We observe that for every edge / : s — > s' in 5, the associated functor 

PSp(p), ~ PSp(X,) ^ PSp(X,0 ~ PSp(p),, 

can be identified with the functor f^ given by composition with f : Xg ^ Xg' . Consequently, the associated 
functor 

Sp(p), Sp(X,) ^ Sp(X,0 Sp{p),, 

is given by the composition 

Sp{X,) C PSp(X,) ^-t PSp{Xs') ^ Sp{X,,), 

where L denotes a left adjoint to the inclusion. In other words, the associated functor Sp(p)s Sp(p)s' can 
be identified with the linearization of the functor f] : Xg — > Xgi . 

In the situation of part (3) (or (3')) of Proposition 5.2.3, it is easy to characterize Sp(p) by a universal 
property: 

Proposition 5.2.5. (1) Suppose given maps of simplicial sets p : X ^ S, q : Y ^ S satisfying the 

following conditions: 

(a) The maps p and q are coCartesian fibrations. 

(6) For every vertex s G 5, the fiber Xg is pointed and admits finite limits, while the fiber Yg is stable. 
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(c) For every edge s ^ s' in S, the induced functors Xg — > X^i and — > Y^/ are left exact. 

Let e : Sp(p) X he the functor given by evaluation at (0,0). Let C denote the full subcategory of 
Hom5(F, X) spanned by those objects which carry q-coCartesian edges of Y to p-coCartesian edges 
of X, and induce left exact functors Yg Xg for each s £ S. Let C C Homs(y, Sp(p)) be defined 
similarly. Then composition with e induces a categorical equivalence 6 — > 6. 

(2) Suppose given maps of simplicial sets p : X ^ S, q:Y ^ S satisfying the following conditions: 

(a) The maps p and q are Cartesian fibrations. 

(b) For every vertex s G S, the fiber Xg is pointed and admits finite limits, while the fiber Yg is stable. 

(c) For every edge s s' in S, the induced functors Xg/ Xg and Ys> Yg are left exact. 

Let e : Sp{p) X be the functor given by evaluation at (0,0). Let C denote the full subcategory of 
YiomsiY,X) spanned by those objects which carry q-Cartesian edges ofY to p- Cartesian edges of X, 
and induce left exact functors Yg Xg for each s € S. Let C C Hom5;(y, Sp(p)) be defined similarly. 
Then composition with e induces a categorical equivalence 6^6. 

Proof. We will prove (2); the proof of (1) is similar. It will suffice to show that for every simplicial set K, the 
induced map Fun(if , 6) Fnn{K, 6) induces a bijection between equivalence classes of objects. Replacing 
X by Fun{K, X) XFun(if,s) S, we are reduced to the problem of showing that the functor C — > 6 is bijective 
on equivalence classes of objects. 

The Cartesian fibrations p and q are classified by functors Xp '■ ~* Catoo and Xq '■ Catoo, 
respectively. Let x' ■ Catoo classify the map Sp(p) S, which is a Cartesian fibration by virtue of 

Proposition 5.2.3. Let C' denote the full subcategory of Roms{Y, X) spanned by those functors which carry 
g'-Cartesian edges to p-Cartesian edges, and let C C Map5(y, Sp(p)) be defined similarly. Using Theorem 
T. 3. 2. 0.1 and Proposition T.4.2.4.4, we deduce that the collection of equivalence classes of objects of C' can 
be identified with ttq Mapp^^^gop eat^)iXq^ Xp)i and the collection of equivalence classes of objects of C can 
be identified with ttq Mapp^„(5op gg^t^-j (xg, %'). Let £ denote the subcategory of Catoo spanned by pointed 
oo-categories which admit finite limits, and left exact functors between them. Then Xp, Xqi and x' all factor 
through £. Moreover, the set of isomorphism classes of objects in C can be identified with 

7roMapir^,n(sop,e)(X9,Xp) C ttq MapFu„(sop^e) iXqi Xp)) 

and the set of isomorphism classes of objects in C can be identified with 

7roMapFu„(sop^e)(Xg,x') C ttq MapFu„(sop^eat«,)(Xg, xO- 

Let £o C £ denote the full subcategory spanned by the stable oo-categories. By assumption, Xq factors 
through £o. Consequently, to complete the proof, it will suffice to show that the canonical map x' — * Xp 
exhibits x' as a Fun(5°*', £o)-colocalization of Xp- Foi" this, it suffices to prove that for every vertex s G S, 
the induced functor x'("'') — Sp(X5) — > ~ Xp{^) exhibits x'{^) as a £o-colocalization of Xp(s) S £, which 
follows from Proposition S.10.12. □ 

Remark 5.2.6. Suppose given a commutative diagram of simplicial sets 



X ^Y 




S 



where p and q are locally coCartesian fibrations, but the map r is not assumed to preserve locally coCartesian 
edges. Let / : s ^ s' be an edge of 5", and let f,^ : Xg Xg> and : Yg Yg> denote the associated 
functors. There is a locally p-coCartesian natural transformation a : idx^ f\^- Applying r, we obtain a 
natural transformation from to r^/ o f^. Invoking the universal property of /]^, we deduce that this map 
factors through a natural transformation f^ org—* rgi o f^^ . 
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Definition 5.2.7. Let p : X ^ S he a locally coCartesian fibration of simplicial sets. Assume that each 
fiber Xg of p is well-pointed, and that the functor f,^ : Xg Xs' associated to each edge / : s — > s' of 5 is 
well-pointed. We will say that a map r :¥ ^ X exhibits Y as a linearization ofp if the following conditions 
are satisfied: 

(1) The composite map q :¥ ^ S is a. locally coCartesian fibration. 

(2) For each vertex s G S, the fiber Yg is stable. 

(3) For each vertex s G S, the induced map : Vg — > Xg is left exact. Consequently, the map rg admits 
an essentially unique factorization Yg ^ Sp(Xs) Xg, where fg is exact. 

(4) For each vertex s € S, the functor Tg is an equivalence of oo-categories, and therefore admits a homotopy 
inverse which we will denote by f~^. 

(5) For every edge / : s — > s' in 5, the natural transformation 

o Sl^^ ^ f,^ o Tg o ^ rg' o fr o ~ Q^^, o {Tg, o o rj^ 

determined by Remark 5.2.6 exhibits Tgi o o rj^ : Sp(Xs) — > Sp(Xg') as a linearization of f,^. 

Proposition 5.2.8. Let p : X ^ S he a locally coCartesian fibration of simplicial sets. Assume that each 
fiber Xg ofp is well-pointed, and that the functor f^ : Xg Xgi associated to each edge f : s ^ s' of S is 
well-pointed. Let e : Sp(p) X be given by evaluation at (0,0). Then e exhibits Sp(p) as a linearization of 
P- 

Proof. Wc must show that conditions (1) through (5) of Definition 5.2.7 arc satisfied. It follows from 
Proposition 5.2.3 that the map q : Sp(p) ^ 5* is an inner fibration. To prove that g is a locally coCartesian 
fibration, we can reduce to the case where S = A^; in this case, p is a coCartesian fibration and the desired 
result follows again from Proposition 5.2.3. This proves (1). Conditions (2) through (4) arc obvious (wc can 
take fg and rj^ to be the identity maps). Finally, assertion (5) follows from Remark 5.2.4 after unwinding 
the definitions. □ 

Lemma 5.2.9. Suppose given a commutative diagram of simplicial sets 




Assume that p is a well-pointed locally coCartesian fibration and that e exhibits X as a linearization ofp. 
Let C be any well-pointed oo-category. Let V be the full simplicial subset o/Fun(C,X) Xp^jj-g S .spanned 
by the collection of well-pointed excisive functors G Xg for s G S, and let V be defined similarly. Then 
composition with e induces a categorical equivalence V ^V. 

Proof. In view of Lemma 3.2.25, it will suffice to prove the following: 

(i) The projection g : W — > 5 is a locally coCartesian fibration. 

(m) The projection q : W ^ S in a locally coCartesian fibration. 
{Hi) The map W ^ W carries locally g-coCartesian edges to g-coCartesian edges. 
{iv) For every vertex s € S, the induced map Vg Vg is an equivalence of oo-categories. 
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The map q admits a factorization 



y^Fun(e,X)xF„„(e,s)5^5. 

The first factor is the inclusion of a full simplicial subset, and therefore an inner fibration; the second factor 
is a pullback of Fun(e,X) — > Fun(C,S'), and therefore an inner fibration by Corollary T.2.3.2.5. It follows 
that q is an inner fibration; likewise q is an inner fibration. To prove the remaining assertions, we can reduce 
to the case where 5 is a simplex of dimension < 1; in particular, we may assume that p and p are coCartesian 
fibrations. 

We now prove (z). Proposition T. 3. 1.2.1 implies that the projection g' ; Fim(C, X) Xpujjje g) 5* ^ 5* is a 
coCartesian fibration. Moreover, an edge f ^ g in the fiber product Fun(C,X) XFun(e <j) S is g'-coCartcsian 
if and only if, for each C S C, the induced edge /(C) — > g{C) is an p-coCartesian edge of X. Since every 
edge s s' induces a well-pointed exact functor Xg Xg', we conclude that if / G W, then g G W. This 
proves that q ~ q'\W is a coCartesian fibration, and that an edge of W is ^-coCartesian if and only if it is 
^'-coCartesian. 

Assertion (iv) follows immediately from Proposition S.10.12. To prove (Hi), we may assume without 
loss of generality that S ~ A^, so that we can view X as the correspondence associated to a functor 
F : Xq Xi. Since e exhibits X as a linearization of F, it is the correspondence associated to the 
linearization / : Sp(Xo) Sp(Xi) of F. Let G : G ^ Sp(Xo) be a well-pointed excisive functor, and let 
e : G ^ f o G he the corresponding g-coCartcsian edge of V; we wish to show that the image oieinV is q- 
coCartesian. Unwinding the definitions, we are reduced to proving that the canonical natural transformation 
F o o G — > il^^ o / o G exhibits o / o G as a derivative of o o G. Since G is an excisive functor 
with stable codomain, it is right exact. Invoking Proposition 5.1.24, we may reduce to showing that the 
canonical map Fofl"^^^ ft"^^ of exhibits f2^^ o/ as a derivative of FoCf^^, which follows from immediately 
from Proposition 5.1.21 (and our assumption regarding e). 

We now prove (m). Suppose we are given an vertex f : G ^ Xg oi V and an edge e : s ^ s' in 5; we 
wish to prove that e can be lifted to a g-coCartesian edge f ^ g. Using (w), we may assume without loss of 
generality that / can be lifted to a vertex / : C — »• Xg in V. Using {i), we can choose an g-coCartesian edge 
f lifting e. Applying [iii), we deduce that the image of this edge in ^ is a g-coCartesian lift / ^ 5 of 
e, as desired. □ 

Theorem 5.2.10. Suppose given a commutative diagram of simplicial sets 

Y X^^X 




satisfying the following conditions: 

(1) The map q is a stable locally coCartesian fibration. 

(2) The map p is a well-pointed locally coCartesian fibration. 

(3) The map e exhibits X as a linearization ofp (in particular, p is a stable locally coCartesian fibration). 

Let G denote the full subcategory of Funs (Y, X) spanned by those maps which induced well-pointed left exact 
functors Yg — > Xg for every vertex s € S, and let G C Funs{Y,X) be defined similarly. Then composition 
with e induces an equivalence of 00-categories C — >■ C. 

Proof Without loss of generality, we may suppose that e is a categorical fibration. We define a simplicial 
set Z by the following universal property: for every simplicial set K, B.om§gi^^{K, Z) can be identified with 
the set of pairs (&, (p) , where b : K ^ S is a. map of simplicial sets and (f): KxsY^KxsX is a map which 
is compatible with the projection to K, and induces a left exact functor ^"^(fe) — > Xi,(^k) for each vertex k of 
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K. Let Z be defined similarly, using X in place of X. The map 6 ^ 6 is a puUback of the canonical map 
Fun(S', Z) Fun(5, Z). It will therefore suffice to show that the map Z Z is a, trivial Kan fibration. In 
other words, we need only show that every lifting problem of the form 



5 A" ^ Z 

A" ^Z 



admits a solution. Without loss of generality, wc may replace S by A"; let Y' = Y Xj^n 9 A". Unwinding 
the definitions, we are required to solve a lifting problem of the form 




Moreover, if n = 0, we must further guarantee that the functor (j) is left exact and preserves sequential 
colimits. 

Let us first consider the case n ~ 0. By assumption, the map e is equivalent to the functor fix ■ Sp{X) — > 
X, and (pQ is a left exact functor whose domain is stable, which is therefore excisive. Invoking Proposition 
S.10.12, we deduce that 00 — e o 0', where 0' : F — > X is an exact functor. Since e is a categorical fibration, 
any equivalence of e o 0' with 0o can be lifted to an equivalence of 0' with an exact functor </> : y — » X 
satisfying e o = 0o- The compatibility of with sequential colimits follows from Lemma 5.1.11. 

We now treat the case n > 0. Since g is a locally coCartesian fibration, Proposition 3.7.4 guarantees 
the existence of a simplicial functor 3^ : C[A"] SetA and a map u : M{J') — > Y which induces categorical 
equivalences 3^{i) Y Xa™ {i} for < z < n. For every face cr C A", let Wa = M(5'| €-[a]). Finally, for every 
simplicial subset S' C S, let Ws' denote the colimit colimCTes' M^ct- For each S' C S, we have a canonical map 
tpS' ■ ^S' ^ Y Xs S' . Using Proposition 3.7.3, we deduce that ips' is a categorical equivalence whenever S' 
is a simplex. Since the domain and codomain of tps' both carry pushout squares of simplicial subsets of S to 
homotopy pushout squares of simplicial sets, we deduce that ips' is a categorical equivalence for all S' C S. 
Invoking Proposition T. A. 2. 3.1, we are reduced to solving the lifting problem depicted in the diagram 

Wa A" ^ X 

r ^ 

/ e 

Wa» ^ X. 



Let C = (A^)" denote an n-dimensional cube, and d C its boundary. Then the left vertical map is a pushout 
of the inclusion (9C) x 5'(0) C C x S'(O). Consequently, the above lifting problem is equivalent to providing 
a dotted arrow in the diagram 

(aC)x J(0) 

/ e 
' ' ^ 'I 

C X J(0) ^ X. 

We may assume without loss of generality that the functor 7 is projectively fibrant (otherwise, we simply 
make a fibrant replacement for 9^), so that 9^(0) is an co-category which is equivalent to the fiber F xa" {0}. 
In particular, 9^(0) is stable. Let V denote the full simplicial subset of Fun(3^(0),X) XFun(3^(o),s) S spanned 
by those vertices which correspond to well-pointed left exact functors 3^(0) Xg, for some vertex s in S, 
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and let V be defined similarly. We can now rewrite our lifting problem yet again: 

dc — 



c ^v. 

To solve this lifting problem, it suffices to show that e' is a trivial Kan fibration. Since e is a categorical 
fibration, wc deduce that e' is a categorical fibration. We complete the proof by observing that Lemma 
5.2.9 guarantees that e' is a categorical equivalence (since J(0) is stable, a functor from 5'(0) to another 
oo-category is excisive if and only if it is left exact). □ 

5.3 Lineeirization as a Functor 

Our goal in this section is to formulate Goodwillie's theory of first derivatives in the language of (oo, 2)- 
categorics. 

Definition 5.3.1. We define a pair of Set^-enriched categories (Cat^)-^" C (Cat^)*P as follows: 

(1) The objects of (Cat^)^P are small well-pointed oo-categories. An object of (Cat^)™P belongs to 
(Cat^)'''^ if and only if it is stable. 

(2) For every pair of objects 6, 2) e (Cat^)*P, we let 

Map(cae)wp(e,D) = (Fun-P(e,2)),M) 

where Fun™P(e,D) denotes the full subcategory of Fun(e, D) spanned by the well-pointed functors, 
and M is the collection of all equivalences in Fun^P(e, D). Similarly, we let Map^cat^ )'"'(S> ^) = 
(Fun^''(e, D), M), where Fun''''(e, D) is the full subcategory of Fun(e, D) spanned by the°well-pointed 
exact functors, and M is the collection of all equivalences in Fun'^'^(C, D). 

(3) Composition in (Cat^)"P and (Cat^)°'^ are defined in the obvious way. 
Definition 5.3.2. We define scaled simplicial sets Cat^ and Cat^ by the formulas 

Cat::f = N-((Cat^)-P) Cat^^ = N-(Cat^^). 

Remark 5.3.3. Since the marked simplicial categories (Cat^)^P and (Cat^)'^'' are not small, the scaled 
simplicial sets Cat^P and Cat^ are likewise not small. 

Remark 5.3.4. By construction, the marked simplicial categories (Cat^)^P and (Cat^)'''' are fibrant. It 
follows that the scaled simplicial sets Cat^ and Cat^P are oo-bicategories (Remark 4.2.9). 

Remark 5.3.5. Unwinding the definitions, we deduce that the underlying oo-category of Cat^P is the 
subcategory of Catoo spanned by the well-pointed oo-categories and well-pointed functors between them. 
Similarly, the underlying oo-category of Cat^ is the subcategory of Catoo spanned by the stable well-pointed 
oo-categories and exact well-pointed functors between them. 

Remark 5.3.6. Let S = {S, T) be a scaled simplicial set. According to Corollary 4.5.8, the scaled unstraight- 
ening functor Un'^'^g- determines a bijective correspondence between homotopy classes of maps S Catoo 
in §et^ and equivalence classes of locally coCartesian fibrations X ^ S with essentially small fibers, whose 
restriction to every simplex of T is a coCartesian fibration. Restricting our attention to maps S — > Catoo 
that factor through Cat^, we deduce the following analogue: 

(a) The unstraightening functor Un'*'^^ induces a bijective correspondence between homotopy classes of 
maps S Cat^P and equivalence classes of well-pointed locally coCartesian fibrations X ^ S with 
essentially small fibers, whose restriction to every simplex of T is a coCartesian fibration. 
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Similarly, we obtain the following characterization of Cat 



(6) The unstraightening functor Un^'^g induces a bijcctive correspondence between homotopy classes of 
maps S Catoowp and equivalence classes of stable well-pointed locally coCartesian fibrations X ^ S 
with essentially small fibers, whose restriction to every simplex of T is a coCartesian fibration. 

Let Cat^P = {S,T). Applying assertion (a) of Remark 5.3.6 to the identity map {S,T) Cat™P, we 
deduce the existence of a universal well-pointed locally coCartesian fibration p : X S whose fibers are 
essentially small and whose restriction to every simplex of T is a coCartesian fibration. Choose a linearization 
X' — > X of p. The characterization of linearizations given in Theorem 5.2.10 shows that X' is well-defined 
up to equivalence. 

Proposition 5.3.7. In the above situation, the induced map p' : X' ^ S is a stable well-pointed locally 
coCartesian fibration with essentially small fibers. Moreover, the restriction of p' to every thin 2-simplex of 
S is a coCartesian fibration. 

Proof. Without loss of generality, we may suppose that X' = Sp(p) (Proposition 5.2.8). In this case, the 
desired result follows from Proposition 5.2.3. □ 

Remark 5.3.8. Alternatively, we can deduce Proposition 5.3.7 directly from the definition of a linearization. 
The only nontrivial point is to verify that the restriction of p' to every thin 2-simplex of 5 is a coCartesian 
fibration; this is simply a translation of the chain rule (Proposition 5.1.23). 

Combining Proposition 5.3.7 with part (6) of Remark 5.3.6, we deduce that the map p' : X' ^ S \s 
classified by a map of scaled simplicial sets (5, T) — > Cat^ 



i.ex 



Definition 5.3.9. We lot £in : Cat™^ Cat^ denote the map of oo-bicategories constructed above. We 

will refer to Hin as the linearization functor. 

Remark 5.3.10. The functor Lin of Definition 5.3.9 is well-defined up to equivalence. Moreover, the map 
X' X va. the above discussion determines a natural transformation a from L'va. to the identity functor 
idcatSf- "^^^ universal property of linearizations (Theorem 5.2.10) translates in this context to a universal 
property of the natural transformation a, which determines £;in and a up to a contractible ambiguity; we 
will not pursue the matter further here. 

Remark 5.3.11. We can summarize Definition 5.3.9 informally as follows: the functor £<in carries a well- 
pointed oo-category C to the oo-category Sp(C) of spectrum objects of C, and a well-pointed functor F : 
C ^ D to its linearization / : Sp(C) — > Sp(D). The compatibility of this procedure with composition of 
morphisms is guaranteed by the chain rule (Proposition 5.1.23). 

Variant 5.3.12. Let Catoo and Catoo be defined like CatooWp and Cat^, but without the requirement 

— wp — — ex — wp — ex 

that the objects of Catoo and Catoo be small. Then Catoo and Catoo are very large oo-bicategories 

— ^ wp ^ ex 

(for example, the oo-categories of maps between objects of Catoo and Catoo are not small). Nevertheless, 
all of the constructions of this section can be carried out without essential change, to obtain a linearization 

wp ex 

functor Catoo ~* Catoo which we will also denote by iLin. This is the setting in which the Goodwillie 
calculus is usually studied. 



5.4 Adjoint Functors and Linearization 

Our starting point for this section is the following observation: 

F 

Proposition 5.4.1. Suppose given a pair of adjoint functors C < ^ D between well-pointed oo-categories 

G 

C and T). Let f be a linearization of F, and let g : Sp(D) — > Sp(C) he given by composition with G. Then f 
and g are adjoint to one another. In particular, if G preserves sequential colimits, then the linearizations of 
F and G are adjoint to one another. 
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Proof. Let p : M ^ be a correspondence associated to the adjoint functors F and G. Then the induced 
map q : Sp(p) ^ is a correspondence between Sp(C) and Sp(CD). Proposition 5.2.3 imphes that q is both 
a Cartesian and a coCartesian fibration. The associated functor Sp(C) — > Sp('D) can be identified with a 
hnearization of F (by Remark 5.2.4), while the associated functor Sp('D) Sp(C) is given by composition 
with G. It follows that the correspondence Sp(p) exhibits the functors / and g as adjoint to one another. 
The final assertion follows from Corollary 5.1.19. □ 

F 

We now ask the question: given an adjunction C < ^ D as in Proposition 5.4.1, when is the induced 

G 

adjunction 

Sp(e)^Sp(D) 

an equivalence of oo-categories? Corollary 5.4.4 below allows us to give an affirmative answer to this question 
in a variety of situations. Before we can state it, we need to review a bit of terminology. 

F 

Suppose given a pair of adjoint functors G < * D . In §M.3, we showed the that composition T = GoF 

G 

admits the structure of a monad on the oo-category 6. Moreover, the functor G factors (up to canonical 
homotopy) as a composition 

D ^ ModT(e) ^' e, 

where ]V[odT(C) denotes the oo-category of T-modules in C (that is, the oo-category of objects C e C 
equipped with a map TC C which is coherently associative in a suitable sense) . If the functor G' is an 
equivalence, then we say that the oo-category D is monadic over 6. In this case, we think of G as a forgetful 
functor, so that an object D G T) can be identified with its image GD e C, together with some additional 
data (a T- module structure on GD). 

Proposition 5.4.2. Let G -.D ^ C be a functor between pointed oo-categories which exhibits D as monadic 
over C. Assume that D and C admit finite limits. The functor G is left exact, and therefore induces a functor 
g : Sp(I') Sp(C). Suppose that g admits a left adjoint. Then g exhibits Sp(I') as monadic over Sp(C). 

We will give the proof of Proposition 5.4.2 at the end of this section. 

Corollary 5.4.3. Suppose given a pair of adjoint functors 

Q- — ^T) 

G 

between pointed presentable oo-categories. Suppose further that the functors G, Qe> o,nd O© are continuous, 
and that G exhibits D as monadic over 6. Then: 

f 

(1) The resulting adjoint functors Sp(C).e-— ^ Sp(lD) exhibit Sp(2)) as monadic over Sp(C). 

(2) The monad go f associated to the adjunction of (1) is equivalent to the linearization of Go F. 
Proof. Assertion (1) follows immediately from Proposition 5.4.2, and (2) follows from Proposition 5.1.24. □ 

F 

Corollary 5.4.4. Suppose given an adjunction 6 < * D between pointed presentable oo-categories. Sup- 

G 

pose further thai the functors G, Cle, and fli) are continuous, and that G exhibits D as monadic over 
C. // the unit map ide GF induces an equivalence after linearization, then G induces an equivalence 

Sp(2))^Sp(e). 

The proof of Proposition 5.4.2 relies on the following lemma: 
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Lemma 5.4.5. Suppose given a diagram q : S ^ Catoo whose limit is an co-category G. For each vertex 
s € S, we will denote by 6^ the image of s in Catoo- Let p : K ^ Q be a diagram. Assume that: 

{i) For every vertex s € S, the resulting diagram, : K ^ &g admits a colimit Pg : — »■ . 

{ii) For every edge s ^ s' in S, the induced functor / : Cg — > 6^/ carries p^ to a colimit diagram — > C/j . 

Then: 

(1) The diagram p admits a colimit in 6. 

(2) Let p : & he an arbitrary extension of p. Then p is a colimit diagram if and only if each of the 
induced diagrams is a colimit diagram. 

Proof. The diagram q is classified by a coCartesian fibration g : X ^ S (sec §T.3.3.2). Let D = Mapg(S', X) 
denote the oo-category of sections of g. According to Corollary T.3.3.3.2, we can identify C with the full 
subcategory of D spanned by coCartesian sections of g. Under this identification, we may view p as defined 
by a map P : K x S ^ X . Using Lemma M.2.3.1 and Proposition T. 4. 3. 1.10, we conclude that there is an 
extension P : x S ^ X which classifies a colimit diagram p : K'^ T), and having the property that 
for each s G S the induced map p^ : ^ Cg is a colimit diagram. Using condition {ii), we deduce that p 
factors through CCD, and is therefore a colimit diagram in C. This proves (1). The "only if" direction of 
(2) follows from the uniqueness of colimit diagrams. 

To prove the "if" direction of (2), let p : — > C be the colimit diagram constructed above, and let 
p' : ^ C be an arbitrary extension of p. Then there exists a map a : p ^ p' in Cp/ . If p' induces 
colimit diagrams in each Cg, then we conclude that each of the induced transformations :pg —* p'^ is an 
equivalence. It follows that a is an equivalence, so that p' is a colimit diagram as desired. □ 

Proof of Proposition 5.4.2. According to the Barr-Beck Theorem (Theorem M.3.4.5), it will suffice to verify 
the following conditions: 

(1) The functor g is conservative. 

(2) If U, is a simplicial object of Sp(D) which is 5-split, then U, admits a colimit in Sp(2)), and that 
colimit is preserved by g. 

Let a : X — > y be a morphism in Sp(I)). Suppose that g{a) is an equivalence. We wish to show that a 
is an equivalence. It will suffice to show that for each n > 0, the induced map 0^~"(q) is an equivalence 
in D. This follows from the fact that fl'^~'^{g{a)) is an equivalence in C, since G induces a conservative 
functor from ID to C. This proves (1). 

We now prove (2). Let U, be a jf-split simplicial object of Sp(2)). For each n > 0, the composition 
fl^~"U, is a G-split simphcial object of 2). It follows from Theorem M.3.4.5 that 0!^^"C/, admits a colimit 
G D, which is preserved by G. It will therefore suffice to show that we can assemble the augmented 
simplicial objects {V,"}n>o into colimit diagram in Sp(D). Applying Lemma 5.4.5 to the tower 

...^ D, 

we are reduced to showing that each of the induced maps VT^ fl'sV^i^ is an equivalence in D. Since 
G is conservative, we are reduced to proving that the induced map GV"i GflDV^^^ ~ ^eGV^^^ is an 
equivalence in C. This follows from the fact that Oe preserves the colimits of split simplicial objects in C 
(Remark M.3.4.4). □ 

For applications elsewhere, we record the following consequence of the Barr-Beck theorem: 
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Proposition 5.4.6. Suppose given a commutative diagram of oo- categories 




G 



£ 



Suppose that G exhibits £ as monadic over C, that G" is conservative, and that G' admits a left adjoint. 
Then G' exhibits £ as monadic over D. 

Warning 5.4.7. Monadicity is not transitive: in the situation of Proposition 5.4.6, if G" exhibits D as 
monadic over C and G' exhibits £ as monadic over D, then G need not exhibit £ as monadic over C. 

Proof. We will show that the functor G' satisfies the hypotheses of Theorem M.3.4.5: 

(1) The functor G' is conservative. For suppose that a : E ^ E' is a morphism in £ such that G'{a) is an 
equivalence. Then G{a) is an equivalence. Since G is conservative (by Theorem M.3.4.5), we deduce 
that a is an equivalence. 

(2) Let E, be a simplicial object of £, and suppose that G'E, is a split simplicial object of D. Then 
GE, = G"G'E, is a split simplicial object of 6. Since G exhibits £ as monadic over C, Theorem 
M.3.4.5 implies that E, admits a colimit \Et\ in £, and that the canonical map a : \GE, \ G\E,\ is 
an equivalence in C. We wish to show that /3 : IG'i^.l — » G'\E,\ is an equivalence in D. Since G" is 
conservative, it will suffice to show that G"{(3) is an equivalence in 6. Using the commutative diagram 



we are reduced to proving that 7 is an equivalence. In other words, we must show that G" preserves 
the colimit of the split simplicial object G'E,, which follows from Remark M.3.4.4. 



G"\G'E, 



\GE.\ 




□ 
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